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Todorka Samardzioska EDITOR – IN - CHIEF 

 

Dear Readers, 

Scientific Journal of Civil Engineering 
(SJCE) was established in December 
2012. It is published bi-annually and is    
available online at the web site of the 
Faculty of Civil Engineering in Skopje 
(www.gf.ukim.edu.mk).  

This Journal welcomes original works 
within the field of civil engineering, which 
includes: all the types of engineering 
structures and materials, water 
engineering, geo-technics, highway and 
railroad engineering, survey and geo-
spatial engineering, buildings and 
environmental protection, construction 
management and many others. The 
Journal focuses on analysis, experimental 
work, theory, practice and computational 
studies in the fields. 

The international editorial board 
encourages all researchers, practitioners 
and members of the academic community 
to submit papers and contribute for the 
development and maintenance of the 
quality of the SJCE journal.  

As an editor of the Scientific Journal of 
Civil Engineering (SJCE), it is my pleasure 
to introduce the First Issue of VOLUME 6. 
The primary goal continues to be high 
quality of publications, enhancing 
objectivity and fairness of the review 
process.  

This issue includes five articles in the field 
of modelling and testing of different 
building materials, cartographic conic 
projection and estimation of prices of real 
estates. The first paper explains a new 

material model of externally bonded FRP 
strips and sheets, used for strengthening 
and repair of shear walls. The second 
paper provides information of modified 
testing of the properties of shear 
connectors, while the basic elementary 
calculation of conformal conic projection 
with two standard parallels applied on the 
territory of Republic of Macedonia is 
explained in detail in the third paper.  

Physical and mechanical properties of the 
concrete made with variable quantity of 
processed waste glass aggregates are 
presented in the fourth article. Finally, the 
fifth paper investigates the sensitivity of 
dilation angle on numerical simulation of 
reinforced concrete (RC) deep beams.  

Wishing you nice summer and successful 
completion of the academic year! 

 

Sincerely Yours, 

Prof. Dr. Sc. Todorka Samardzioska 

July, 2017    

http://www.gf.ukim.edu.mk/
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MATERIAL MODEL OF 
FRP STRENGTHENED RE-
INFORCED CONCRETE IN 
BIAXIAL STRESS STATE 
SUBJECTED TO MONO-
TONIC LOADING CONDI-
TIONS 

The application of shear walls as a primary 
earthquake resistant mechanism in structural 
design is traditionally accepted and used over 
the last decades. However, very often, older 
structures having shear walls no longer com-
ply with the contemporary standards and 
codes which raise the need for their strength-
ening and retrofit. Many strengthening meas-
ures and techniques have been designed and 
used. One of the newest and most promising 
is the use of externally bonded FRP strips and 
sheets. Intensive research has started in order 
to design the most economic and efficient 
technique for application of these materials. 
Different modelling approaches have been 
employed in these designs. This paper pre-
sents the attempt to formulate a new material 
model that could be used to model FRP 
strengthened RC member and its implementa-
tion into ANSYS. The model results are tested 
against the available experimental data in or-
der to verify its correctness and practical us-
ability. The obtained results show satisfactory 
match when compared with the experimental 
data. 

Keywords: Finite Element Method (FEM), 

ANSYS, reinforced concrete, strengthening, 
FRP 

1. INTRODUCTION  

The conventional earthquake resistant design 
of reinforced concrete structures advises use 
of shear walls as effective way to add earth-
quake resistance to the reinforced concrete 
frames. A problem arises with structures 
erected decades ago following design rules 
which are by today’s standards obsolete, in-
adequate and inefficient. Major earthquake 
events from around the world have shown the 
design deficiencies of these structures by in-
ducing extensive damages in the structural 
members. Many of the old shear wall buildings 
are at risk of suffering damages from a major 
earthquake mostly due to their insufficient in-
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plane stiffness, flexural and shear strengths 
and ductility owing to the older design codes 
which didn’t adequately estimate the demands 
that major earthquakes impose on the struc-
tures. This problem is ever increasing as the 
existing structures are getting older and their 
members gradually deteriorate. 

Many different methods of seismic strengthen-
ing and repair of shear wall structures have 
been developed and tested in the last thirty 
years. Recently, state-of-the-art strengthening 
and retrofit techniques increasingly utilize ex-
ternally bonded fiber reinforced polymer (FRP) 
composites, which offer unique properties in 
terms of strength, lightness, chemical resis-
tance, and ease of application. Such tech-
niques are most attractive for their fast execu-
tion and low labor costs. 

Only recently have researchers attempted to 
simulate the behavior of reinforced concrete 
strengthened with FRP composites using the 
finite element method. The majority of the 
studies that included numerical modeling of 
FRP strengthened RC members with FEM use 
element overlaying, where one-, two- or even 
three dimensional elements (solid or layered) 
that represent the FRP material are superim-
posed over the concrete elements, either with 
(ex. Khomwan and Foster [7]; Wong and Vec-
chio [12]) or without (ex. Kheyroddin and Nad-
erpour [6]) interface elements that represent 
the influence of the adhesive material or the 
bond between the FRP and the concrete. 

A different approach is presented in this paper. 
An attempt is made to formulate a new mate-
rial model which will simplify the modeling of 
FRP strengthened reinforced concrete mem-
bers. The newly formulated material model is 
implemented into ANSYS [1] and tested using 
available experimental data. 

2. MODEL FORMULATION 

In the analysis of RC structures plane stress 
problems make up a large majority of practical 
cases. Therefore, the numerical model pre-
sented here is based on the inelastic model for 
cyclic biaxial loading of reinforced concrete of 
Darwin and Pecknold [3] which was designed 
to be used for such type of structures (shear 
walls, beams, slabs, shear panels, shells, re-
actor containment vessels). 

2.1 CONCRETE 

The concrete is treated as incrementally linear, 
elastic material, which means that during each 

load increment the material is assumed to be-
have elastically. It is also considered to exhibit 
stress-induced orthotropic material behavior. 
The constitutive relationship for incrementally 
linear orthotropic material with reference to the 
principal axes of orthotropy can be written as: 
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where id  and id are the stress and strain 

increments, 1E  and 2E  are initial concrete 

stiffness modules in principal directions, 

21  is the “equivalent” poison ratio, 
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shear modulus and CD  is the concrete consti-

tutive matrix in the principle directions. Before 
it can be used in the finite element procedure, 
the concrete constitutive matrix is transformed 
to global coordinates using: 

TDTD C

T

C '
  (3) 

where T  is the strain transformation matrix 
(Cook, 1974). At the moment when the princi-
ple tensile stress exceeds the concrete tensile 
strength a “crack” forms perpendicular to the 
principle stress direction. This is modelled by 

reducing the values of E  and   to zero. This 

has an effect of creating a “smeared” rather 
than discrete crack. The constitutive equation 
for the cracked concrete then takes the form: 
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If the tensile strength in the other principle di-
rection is exceeded then a second crack oc-
curs and the constitutive matrix is then re-

duced to ]0[CD . In order to keep track of 
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the material degradation, the concept of 
“equivalent uniaxial strain” is used. It allows 
derivation of the actual biaxial stress-strain 
curves from uniaxial curves. The equation 
suggested by Saenz [10] is frequently used for 
this purpose: 
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where 0E  is the tangent modulus of elasticity 

at zero stress, SE  is the secant modulus  at 

the point of maximum  compressive stress 

( ci ), and ci  is the equivalent uniaxial strain 

at maximum compressive stress, Fig.1. The 
concrete biaxial strength envelope suggested 
by Kupfer and Gerstle [9], Fig. 2, is used to 

determine the value of ci . 

 

Figure 1. Equivalent Uniaxial Stress-Strain Curve in 
Compression [4]. 

 

Figure 2. Analytical Biaxial Strength Envelope [9] 

2.2 REINFORCING STEEL  

Generally, the reinforcing steel can be mod-
eled as discrete or distributed. The model pre-
sented here considers the reinforcing steel to 
be distributed, or “smeared”, throughout the 
concrete. A simple, bilinear model with strain 
hardening is adopted for the stress-strain be-
havior of the steel. The constitutive matrix of 
the steel defined in the steel direction is 


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with steelE  the tangent stiffness of the steel 

and Sp  the reinforcing ratio. Depending on 

the stress level in the steel, steelE  can be ei-

ther equal to the initial steel stiffness SE  or 

reduced by a strain hardening stiffness ratio 

( ), see Fig.3. Before using it in the compos-

ite material matrix, SD  is transformed to the 

global coordinates using the strain transforma-

tion matrix (T ). 

 

Figure 3. Stress-strain curve of reinforcing steel  

2.3 FRP STRENGTHENING  

The influence of the FRP strengthening is ac-
counted for in the same fashion as the rein-
forcing steel. The material is treated as distrib-
uted, or “smeared” throughout the concrete. Its 
material behavior is assumed to be elastic-
brittle, having abrupt failure after reaching its 
maximal strength (Fig.4). It is also capable of 
transmitting only tension stresses. The consti-
tutive matrix of the FRP defined in the direc-
tion of the FRP fibers is therefore: 
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with FE  the tangent stiffness of the FRP and 

Fp  the “strengthening” ratio. Before using it in 

the composite material matrix FD  must also 

transformed to the global coordinates using 

the strain transformation matrix (T ). 

 

Figure 4. Stress-strain curve of FRP  

2.4 COMPOSITE MATERIAL MATRIX  

After defining the constitutive matrices of the 
constituent materials, the constitutive matrix of 
the composite material in the global coordi-
nates is obtained by their summation: 


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m

i

iF
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i

iSC DDDD
1
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where D , CD , iSD ,
 and iFD ,

  are the consti-

tutive matrices if the composite material, con-
crete, steel and FRP in global coordinates, 
respectively, n  is the number of different rein-

forcing steels and m  is the number of different 

FRPs used for strengthening. 

3. VERIFICATION 

The material model briefly described in the 
second section was coded and implemented 
into ANSYS in order to test its correctness and 
usability by comparing the results from nu-
merical analyses with the available experimen-
tal data from the literature. 

3.1 GARDEN AND HOLLAWAY (1998)  

Garden and Hollaway [5] performed four point 
bending tests on 1 m long RC beams 
strengthened with CFRP. The CFRP plates 
with a thickness of 0.82 mm were attached to 
the soffit of the beam. The beam with designa-

tion U,1.0m3  was analyzed here (Fig. 5). Three 

different sections or parts of the beam (top, 
bottom and middle) were defined in order to 
accommodate the steel reinforcement and 
FRP strengthening placement in the actual 
beam cross-section (Fig.6). Only half of the 
beam was model making use of the beam and 
load symmetry. The material properties for the 
reinforcing steel and the FRP strengthening for 
the three parts of the beam model are given in 
Table 1. The concrete definition for the whole 
beam was the same, having uniaxial compres-

sion strength of MPa43Cf , uniaxial tensile 

strength of MPa3tf , initial modulus of 

elasticity GPa400 E , equivalent uniaxial 

strain at maximum strength 0022.0cu  

and equivalent Poisson’s ratio 2.0 .  

 

Figure 5. Test specimen U,1.0m3 [5]  

 

 

Figure 6. FEM model of test specimen U,1.0m3 in 

ANSYS 

Displacement control analysis was performed 
by applying series of vertical displacements at 
the point where the load was applied in the 
actual test. The obtained load-deflection curve 
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is shown in Fig. 7. While the beam stiffness in 
the initial load increments was apparently 
overestimated, the rest of the curve stays very 
close to the shape of the experimental curve. 

 

Table 1. Material parameters for the U,1.0m3  beam 

used in the analysis  

 Steel #1 (horizontal) 

Part 
yf  SE    

Sp  

 MPa GPa % % 

Bottom 350 215 0 2.7 

Top 350 215 0 2.7 

Middle - - - - 

Part Steel #2 (horizontal) 

Bottom 350 215 0 1.7 

Top 350 215 0 1.7 

Middle 350 215 0 1.7 

 FRP 

Part 
SE  F  Fp  

 GPa % % 

Bottom 110 1.2 1.7 

Top - - - 

Middle - - - 

 

 

Figure 7. Load versus mid-span deflection of 

U,1.0m3  beam  

3.2 WONG (2001)  

Wong [11] has conducted test on three large-
scale beams. They were then analyzed by 
Wong and Vecchio [12]. The beams were de-
signed with only tension reinforcement. No 
shear steel reinforcement was used. Instead, 
CFRP strips were glued to the side surfaces to 
act as shear strengthening. The geometry of 
the three beam specimens is shown in Fig. 8. 
The CFRP fabric used for strengthening was 
composed of graphite fibers oriented in the 
longitudinal direction and Kevlar 49 weft in the 
perpendicular direction. The material was 
tested to obtain its material properties. Tensile 
strength of 1090 MPa and ultimate strain of 
0.011 were recorded. Strips of this material 
with a width of 200 mm were bonded on the 
side surfaces (not wrapped around the beam) 
at a central distance of 300 mm between each 
other. The beams were tested under mono-
tonic three-point loading until failure. 

In the FEM analyses performed by Wong and 
Vecchio [12], 2D elements were used to rep-
resent the concrete. The elements were dou-
ble noded with one set of nodes used for the 
concrete elements, while the second set was 
used to attach the truss elements that repre-
sented the FRP. Then the coincident nodes 
were connected by contact or link elements 
representing the bond. 

The finite element model used here was build 
using 4-node quadrilateral Plane182 elements. 
Only half of the each test specimen was mod-
elled making use of its symmetry (Fig. 9). To 
properly model the longitudinal steel rein-
forcement, the beams were divided into two 
parts - upper and lower part, with the lower 
part being of height of 130 mm and containing 
the smeared longitudinal reinforcement. The 
material properties of the two parts for each of 
the beams are presented in Tables 2, 3 and 4. 
The available experimental data was used to 
calibrate the models. The resulting load-
deflection curves are shown in Fig. 10. They 
are compared with the recorded experimental 
data as well as with the results of the FEM 
analysis performed by Wong and Vecchio [12]. 
It can be seen that the obtained results closely 
follow the experimental curves especially in 
the deflection range up to the steel yielding 
point. The failure in the models occurred due 
to concrete crushing at the top point in the 
symmetry axes, i.e. the location where the 
load is applied. The performed analyses 
showed different results in predicting the point 
of failure which was mostly influenced by the 
finite element and load step sizes. 
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Figure 9. FEM mesh model of RWOA beams in 
ANSYS  

 

Table 2. Material Parameters for the concrete of the 
RWOA Beams used in the Analysis  

Beam 
Cf   0E  tf  cu    

RWOA MPa GPa MPa % % 

1 23 18 4 -0.35 0.2 

2 26 20 4 -0.35 0.2 

3 44 25 4 -0.35 0.2 

 

 

 

 

Table 3. Material Parameters for the steel in the 
lower part of the RWOA Beams, used in the Analy-
sis (the upper part of the beams does not contain 

any steel material) 

Beam 
yf  SE    

Sp  

RWOA MPa GPa % % 

1 430 200 1 5.6 

2 400 200 1 7.3 

3 400 200 1 8.9 

 

Table 4. Material Parameters for the FRP of the 
RWOA Beams used in the Analysis  

Beam 
0E  F  Fp  

RWOA GPa % % 

1 100 1.1 0.2 

2 100 1.1. 0.2 

3 100 1.1 0.2 

 

Figure 8. Elevation views and cross section details of RWOA beams [11] 
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Figure 10. Load versus mid span deflection for RWOA beams [11] 
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4. SUMMARY AND CONCLUSIONS 

The paper present an attempt to formulate 
material model which will correctly simulate 
the behavior of reinforced concrete members 
in plane stress strengthened with FRP materi-
als. The presented model builds up on the 
concepts of an earlier model reinforced con-
crete model of Darwin and Pecknold. It uses 
the uniaxial strain approach in modelling of 
biaxially loaded reinforced concrete and the 
distributed approach of modelling the cracking 
behavior and the reinforcing steel.  

The proposed model is subsequently imple-
mented into the code of the general finite ele-
ment method program ANSYS as a user mate-
rial model in order to test its results against the 
available experimental data. Two different 
analyses were presented: An analysis of RC 
beam strengthened for bending by externally 
bonded FRP strips on the soffit side if the 
beam and analyses of three RC beams 
strengthened by externally bonded FRP wraps 
on their sides. The results are compared 
against the experimentally obtained data as 
well as against the numerical results from an-
other finite element analysis performed by 
other authors employing  more traditional ap-
proach into finite element modelling if such 
problems. Based on the presented results, it 
can be concluded that the proposed model is 
able to correctly simulate the behavior of the 
RC beams strengthened with FRP in different 
configurations. Its ANSYS implementation en-
ables its use in both research and practical 
purposes, facilitating the further research in 
this field as well as the practical applications in 
the construction industry. 
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MODIFIED TEST ON 
SHEAR CONNECTORS 
WITH PROFILED STEEL 
SHEETING TRANSVERSE 
TO THE BEAM 

When the design rules are not applicable, the 
design can be based on tests, carried out in a 
way that provides information on the 
properties of the shear connection required for 
design [1].  

Testing the shear connectors gives necessary 
relevant data revealing the real behaviour of 
the composite structure, and the capability of 
achieving the full plastic capacity of the 
designed cross section. 

The modified testing, scope of this paper, is a 
part of a large experimental trials conducted 
for retrieving of larger volume of relevant data 
on the different behaviour of composite 
structures. 

The modified testing on shear connectors is 
conducted on such way that represents the 
real behaviour of the composite structure, 
using three identical specific samples.  

Keywords: composite structures, shear 

connectors, headed stud. 

1. STANDARD TESTING 

The rules for testing arrangements, 
preparation of specimens, testing procedure 
and test evaluation are given in EN 1994-1-1, 
Annex B, Part B.2. 

1.1 TESTING ARRANGEMENTS AND 
PREPARATION 

When the shear connectors are part of T-
beam with uniform concrete slab, or with 
haunches, standard testing is used for 
determination of the behaviour of the shear 
connectors. In other cases, with use of profiled 
sheeting decks, longitudinal or transversal to 
the beam, modified test can be used. 

For modified tests the dimensions and the 
arrangement of the parts that create the cross 
section must be as the designed, but in 
accordance of the rules given in EN 1994-1-1, 
Annex B, such as the length of each slab 
should be related to the longitudinal spacing of 

file:///C:/Users/Todorce/Downloads/popovski@gf.ukim.edu.mk
file:///C:/Users/Todorce/Downloads/partikov@gf.ukim.edu.mk
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the connectors. The width of each slab should 
not exceed the effective width of the slab of 
the beam. The thickness of each slab should 
not exceed the minimum thickness of the slab 
in the beam and the slabs should have the 
same haunch and reinforcements as the 
beam. 
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Figure 1. Test specimen for standard testing 

Where 1) is cover of 15mm, 2) is bedding from 
mortar or gypsum, 3) is recess and it is 
optional and 4) is reinforcement ribbed bars 
and steel section. 

The casting of the concrete slabs is in 
horizontal position, as for the real composite 
beam, and the specimen should be air-cured. 
For each mix of concrete minimum three 
specimens of cylinders or cubes should be 
prepared for determination of the concrete 
strength.  

The yield strength and the maximum 
elongation of a representative sample of the 
shear connector material, steel beam, and 
steel sheeting should be determined. 

1.2 TESTING PROCEDURE AND 
EVALUATION 

The testing procedure is the same for the 
standard and for the modified tests. The load 
is applied in increments up to 40% of the 
expected failure load and cycled 25 times 
between 5% and 40%. After the cycled 
loading, subsequent load increment is 
imposed until failure occur in not less than 15 
minutes. The longitudinal slip between the 
concrete and the steel section should be 
measured continuously until the load dropped 
to 20% below the maximum load. Also, the 
transverse separation between the steel 

section and the concrete should be measured, 
closely to the groups of connectors. 

If the results of the three specimens does not 
exceed 10%, the design resistance can be 
determined as follows: 

- The characteristic resistance Prk should be 
taken as the minimum failure load reduced 
by 10% 

- The design resistance Prd should be 
calculated as given in (1) 

v

Rk

vut

Rku
Rd

P

f

Pf
P







  (1) 

Where, 

- fu is the minimum specified ultimate 
strength of the connector material 

- fut is the actual ultimate strength of the 
connector material in the specimen 

- v is the partial safety factor for shear 
connection 

If the deviation from the main exceeds 10%, 
three more tests should be made, and the test 
evaluation should be carried in accordance 
with EN1990, Annex D. 

The slip capacity u is the maximum slip 
measured at the characteristic load level. The 

characteristic slip capacity uk is the minimum 

test value of u reduced by 10% or statistical 
evaluation from all the results in accordance 
with EN 1990, Annex D. 

2. MODIFIED TESTING 

The modified test sample is T-beam cross 
section with IPE270 as main steel beam, with 
transverse steel sheeting Bondeck 600 with 
stud shear connectors through deck welded 
with diameter d=19mm and height 
hsc=100mm. The concrete slab thickness is 
52+58=110mm, where 52mm is the height of 
the steel sheeting deck, and 58mm is the 
continuous concrete plate, reinforced with 
Q273 (Ø6/100mm), as shown in Figure 2. The 
concrete strength class is C25/30 according to 
EN 1992-1-1, Table 3.1. 

At the top of the steel beam, detail for 
receiving the force is constructed, composed 
from steel plate 200x300x15mm and UNP100 
profiles as stiffeners. The bottom face of the 
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concrete slab is bedded in mortar (exmal) with 
thickness approximately of 50mm. 

 

Figure 2. Test specimen for modified testing 

Where, 1) is steel beam IPE200, 2) is steel 
plate 200x300x15, 3) is UNP100 as stiffeners, 
4) is reinforcement Q283 (Ø6/100mm), 5) is 
headed stud type Nelson d=19mm, 
hsc=100mm and 6) is steel sheeting Bondeck 
600 t=1.0mm. 

The casting of the concrete slabs was made in 
horizontal position, as the casting of the beam 
in reality. After seven days the samples were 
rotated for 180 degrees and the second 
composite slab was casted in horizontal 
position with same strength class concrete. 

  

Figure 3. Casting of the concrete 

2.1 TESTING THE STRENGTH OF THE 
CONCRETE 

After every casting of the concrete a sample 
was taken for testing the strength of cubes 
with dimensions 150x150x150mm. the testing 
of the cubes for the strength of the concrete 
was carried out on the 29

th
 day from the 

casting of every concrete slab. For concrete 
strength class C25/30, according to EN 1992, 
the strength of cylinder is fck=25N/mm2, and 
the strength of cube is fck,cube=30N/mm2. 

Because of the time needed for application of 
the measuring equipment, the test models 
were tested on the 34

th
, 35

th
 and 38

th
 day from 

the casting of the concrete slab, i.e. 5
th
, 6

th
 and 

9
th
 day from the testing of the concrete 

samples. 

The results of the first casting are with 
standard deviation of 1.95 and resulted with 
strength of cube fck,cube=31.71MPa, +5.7% 
from the specified strength. The second 
casting is with standard deviation of 0.46 with 
strength of cube fck,cube=30.19MPa, +0.6% 
from the specified strength. 

2.2 TESTING THE STRENGTH OF THE 
STEEL 

The yield strength, the tensile strength and the 
maximum elongation of a representative 
sample of the shear connector material, steel 
beam, reinforcement and steel sheeting is 
determined. 

The reinforcement steel is class B, in 
accordance with EN 1992-1-1, Annex C, table 
C.1 and C.3N, with yield strength of 
fyk=597MPa, tensile strength fuk=662MPa, with 

k=fuk/fyk=1.11 and uk=9.9%. 

The steel for the headed studs is class 
S235J2+C450, in accordance with EN 13918, 
with yield strength fy=502MPa, tensile strength 

fu=552MPa, with k=fu/fy=1.10 and =18.5%. 

The steel for the steel sheeting deck is class 
S550GD Z275, in accordance with EN 10147, 
with yield strength fy=675MPa, tensile strength 

fu=770MPa, with k=fu/fy=1.14 and =24.6%. 

The steel for the beam is class S275JR, in 
accordance with EN 1993, with yield strength 
fy=275MPa, tensile strength fu=424MPa, with 

k=fu/fy=1.54 and u=18.9%. 

The results from the testing of the steel meet 
the requirements from EN1992 and EN 1993. 

2.3 TESTING PROCESS 

The tree samples for the modified testing of 
the behaviour of the shear connectors are 
tested in the same environment, with same 
testing equipment and testing conditions. 

The testing is carried out in accordance with 
EN 1994, Annex B, with cycled loading steps 
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to 40% and then 25 cycles from 5% to 40%. 
After the cycled loads, the samples were 
loaded until failure in time not less than 15 
minutes. 

For the purpose of the testing, measuring and 
loading equipment is used. The load us 
applied through 100 ton press, where the force 
is regulated with electronic dynamometer. The 
longitudinal slip between the concrete slab and 
the steel section is measured with 4 electronic 
and 4 dial comparators. The accuracy of the 
testing equipment is in the range of ±1.5%. 

  

Figure 4. Disposition of the loading and measuring 
equipment 

Where 1) is dynamometer for load measuring, 
2) is 100 ton press for load application, 3) dial 
(U11-U14) and electronic (U1-U4) 
comparators for transverse separation, 4) 
electronic comparators (U100-U102) for 
longitudinal slip. 

The electronic equipment is connected to HBM 
Quantum data acquisition system amplifier 
with direct connection to computer. The 
measuring of the electronic equipment is 
carried out through the whole testing in real 
time. 

2.4 ANALYSIS OF THE DESIGN 
RESTITANCE AND EXPECTED 
RESULTS 

The analysis of the design resistance of the 
shear connectors is made in accordance with 
EN 1994-1-1 (6.6.3.1), for headed stud type 
Nelson with d=19mm and hsc=100mm. The 
headed studs are through deck welded to the 
beam. The steel sheeting is type Bondeck 600 
with thickness of t=1.0mm. 

The designed resistance of the headed stud, 
automatically welded through deck in 
accordance with EN 14555, is determined 

according to EN 1994-1-1, (6.18), (6.19) and 
(6.21). 
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Where, 

- fu is specified ultimate strength of the stud 
connector,  

- fck is characteristic cylinder compressive 
strength,  

- v is the partial safety factor, 
recommended value 1.25,  

- hsc is the overall height of the stud  

- d is the diameter of the stud. 

For steel sheeting with ribs transverse to the 
length of the beam, reduction factor is 
calculated according to EN 1994-1-1, (6.23) 
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Figure 5. Steel sheeting, headed studs and 
concrete slab 

For value of the reduction factor kt>1, table 6.2 
from EN 1994-1-1 is used, where the upper 
limit for the reduction factor is kt,max=0.70. 

kN61.51PkP )2(
RdtRd   (7) 

The expected results, without the safety factor 

v=1.25, for 4 studs per side is: 

kN10.51661.5125.142P U,Rd   (8) 
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2.3 RESULTS FROM THE TESTING 

In Table 1 the results from the testing of the 
three specimens are given with the measured 
strength of the force of failure (PRk,U) for eight 
studs, and the analyzed values of the strength 
of one headed stud. 

Table 1. Results from the testing 

Prd,(1)=fu/fut·PRk,(1)/v ≤  PRk,(1)/v 

Specimen П 1 П 2 П 3 

PRd [kN] 51.61 

PRd,U [kN] 516.10 

PRk,U [kN] 602.86 561.82 578.02 

PRk [kN] 542.57 505.64 520.22 

PRk,(1) [kN] 67.82 63.21 65.03 

fu/fut 0.996 

v 1.25 

PRd,(1) [kN] 54.04 50.36 51.81 

Diff. [%] +4.71 -2.42 0.39 

PRd,D [kN] 51.84 

Where PRd is design resistance of one stud 
including the partial safety factor, PRd,U is 
ultimate design resistance of eight studs, 
without the partial safety factor, PRk,U is 
ultimate design resistance of eight studs from 
the testing, PRk is reduced ultimate design 
resistance of eight studs from the testing, 
according to EN 1994-1-1, B2.5, PRk=0.9·PRk,U. 
PRk,(1) is reduced ultimate design resistance for 
one stud, PRd,(1) is design resistance of one 
stud including the partial safety factor from the 
testing, PRd,D is design resistance for the stud 
from the three specimens, statistical evaluated 
from all the results in accordance with EN 
1990, Annex D. 

The difference in negative resistance of -
2.42% is great part in the range of the 
accuracy testing equipment of ±1.5%. The 
deviation results from the tree specimens is 
not bigger than 10%, and with the design 
value of PRd,D=51.84kN>PRd=51.61kN, can be 
concluded that the headed studs meet the 
requirements given in EN 1994. 

In Figure 6 (up left and right, down left) P- 
diagrams from the cyclic loading of every 
specimen is given separately. Additionally, 
(down right) the determination of the slip 

capacity u is given, in accordance with EN 
1994. 

  

  

Figure 6. P- diagrams and slip capacity 

In Figure 7 the determination of the slip 
capacity from the P-d diagram is given, where 
PRk,(1)=0.9·PRk,U is reduced ultimate design 
resistance from the testing for one headed 

stud. From the value of PRk,(1) and the P- 
diagram from the testing, the value of the slip 

capacity u can be determined. The diagrams 
of all specimens are given (down left), 
including the diagram, with the average 
diagram (AM) if needed for further analytical 
research of the behaviour of the shear 
connectors. 

  

  

Figure 7. P- diagrams, slip capacity determination 

The values of the determined slip capacity for 
each specimen are 2.23mm for П1, 3.06mm 
for П2 and 4.02mm for П3, where according to 
EN 1994-1-1, Annex B, the value from all three 
specimens is: 

PRk,(1)=67.82kN 

u=2.23mm u=3.06mm 

PRk,(1)=63.21kN 

u=4.02mm 

PRk,(1)=65.03kN 
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mm01.29.0 min,uuk    (8) 

The value of the slip capacity from all 
specimens can be also determined with 
statistical evaluation from the results in 
accordance with EN 1990, Annex D, in which 

case the value is uk=3.17mm. 

There are no significant measured values of 
transverse separation between the steel beam 
and the concrete slab. 

2. CONCLUSION 

The design resistance in dependence of the 
concrete slab, with all dimensions and 
concrete strength class, determinates the main 
resistance of the headed stud shear 
connectors. If design resistance is needed to 
be determined not from the concrete slab, but 
from the headed stud, then lower quality steel 
for the stud or greater concrete strength class 
is required. 

The value of the slip capacity is uk<6mm, 
which means that the shear connectors from 
this testing case can be applied for 
achievement of full plastic capacity of the 
designed cross section.  

For more ductile behaviour of the structure, a 
smaller diameter or lesser strength quality for 
the headed stud shear connector is required. 
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LAMBERT NORMAL 
CONIC PROJECTION WITH 
TWO STANDARD 
PARALLELS FOR 
TERRITORY OF THE 
REPUBLIC OF 
MACEDONIA 

In this paper basic formulas of Lambert’s 
normal conformal conic projections are given, 
as well as the results of the basic elements 
calculation of conformal conic projection with 
two standard parallels applied on the territory 
of the Republic of Macedonia.  

This is publication in which some advantages 
of this cartographic projection are shown in 
terms of Gauss-Kruger projection as an 
existing state cartographic projection. 

Keywords: Lambert’s conic projections, 

conformal projections, line distortions. 

1. BASICS OF THE NORMAL CONIC 
PROJECTIONS 

The conic projections in general are mapping 
of Earths ellipsoid on shape of cone, with 
previously defined conditions, where the cone 
can cut or touch the ellipsoid. 

Depending on the cone axis position, conic 
projections can be: normal, oblique and 
transversal. 

In the normal conic projections (which are with 
biggest application), the Earth is approximated 
with rotating ellipsoid. Most important thing is 
layout of the main network (network of 
meridians and parallels) of conic projections, 
which is very simple and therefore these 
projections are widely used.  

Namely, the meridians are mapped as straight 
lines that are intersecting in the top of the cone 
and represent its generating lines, while the 
parallels are mapped as circular arcs with 
given radiuses relative to the center which is 
located in intersection of the meridians - S 
(Figure 1). The same layout is normal network 
(the network of verticals and almucantars) at 
the transversal conic projections. 
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Figure 1. Layout of the main network of normal 
conic projections 

The network of meridians and parallels in 
plane is getting when the cone on which is 
performing mapping will be cut by one 
generating line. 

The points in conic projections are determining 

with polar coordinates ( and ) which are 
shown in next equations: 

 Т = к        Т = f (Т)       (1) 

Т - polar angle between starting meridian and 
meridian through a point, 

Т - radius vector, which is radius of the 
parallel through a point in projection 

к - constant of the projection 

f - final, continuous and unambiguous function 

 - difference between longitude of the 
meridian through a point and longitude of the 
starting meridian (which is representing the x- 
axis of the conic projection) 

Т - latitude of the point. 

Besides the polar coordinates, in conic 
projections are present rectangular coordi-
nates in a plane (y, x). In addition of these, it is 
common for x-axis to be taken the projection 
of the central meridian of the mapping zone, 
which is coinciding with polar axis. The 
beginning of the coordinate system which is 
located at the intersection of the meridians or 
in intersection of the x - axis with some pre-
determined parallel (Figure 2). 

Connection between polar and rectangular 
coordinates is given as: 

 y =  sin   (2) 

x = p -  cos       and       x' =  cos 

p - radius of the arc of the parallel which is 

passing through the origin O. 

 

Figure 2. Coordinate systems of the conic 
projections 

It is already known that the linear scales along 
the meridian ( m ) and along the parallel ( n ) 

are obtained based on the general equation of 
the cartographic projections in polar 
coordinates, from where for normal conic 

projections it must be taken into account that  

= 0, i.e. sec  = 1, from where the equations 
for calculating of linear scales along the 
meridian and along the parallel are as follows: 
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can get next equation: 

 




dMN

dk
nmp

cos
  (4) 

If we take into account previous equation, the 
formulas for normal conformal conic pro-
jections are: 
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2. LAMBERT NORMAL CONFOR-
MAL CONIC PROJECTION WITH 
TWO STANDARD PARALLELS 

German scientist Lambert (Johann Heinrich 
Lambert) is the originator of the conformal 
conic projections, in whose paper 
“Beiträgezum Gebrauche der Mathematik und 
deren Anwendung” (Contributions to the usage 
of mathematics and its application), published 
in Berlin in 1772, for the first time these 
projections are mathematically defined. 
According to his achievements, these 
projections are called Lambert conformal conic 
projections. 

Five types of conformal conic projections with 
one or two standard parallels are commonly 
encountered in practice. The so called fifth 
variant or normal conformal conic projection 
with two standard parallels applied over 
territory of the Republic of Macedonia will be 
presented in frame of this paper. This 
projection is mostly used for preparation of 
large scale maps, and for that in the past was 
and in many countries already is state 
cartographic projection. 

 
Figure 3. Change of the scale in conformal conic 

projections 

It is about projection of the Earth’s ellipsoid on 
cutting cone, which cuts the ellipsoid in two 
standard parallels where there is no linear 
distortions (n1 = n2= 1). 

The standard parallels and parameters of the 
projection (k, K) are determining in relation 
with next conditions: 

- The scales of the last parallels for defined 
territory to be mutually equal 

nS = nN 

- Largest scale to be more than one as 
smallest scale is smaller than one 

nS - 1 = 1 - no 

With stated conditions are obtained minimal 
values and most favorable schedule of linear 
distortions for territory of projecting.  

Starting from the first condition (nS = nN), the 
value of constant of the projection (k) is 
calculating with: 
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Through known value of constant of the 
projection (k) next step is to determine the 
value of the latitude on parallel with minimal 
value of linear scale: 

 o = arc sin (k)                 (7) 

The constant of the integration (К) shall be 
determined with second condition which is 
shown with next equations: 

 nS = 1 +        nN = 1 +        no = 1 -     (8) 

 - Absolute value of difference between 
maximal and minimal value of the scale and 
one 

Considering of the constant of the linear scale 
along the meridian and along the parallel and 
after series of mathematical transformations, 
it’s getting the value of the constant of the 
integration which is defined with next formula: 
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The other equations that define the Lambert 
normal conformal conic projection with two 
standard parallels are identical to the 
equations of expression (5). 

3. LINEAR DISTORTIONS AT 
CONFORMAL CONIC PROJECTION 
WITH TWO STANDARD 
PARALLELS 

In process of choosing a state map projections 
is not crucial the absolute amount of 
distortions, but their favorable layout. If it is 
made analyses of formulas (basic equations), 
can be concluded that the linear distortions 
and areas at normal conformal conic 
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projections are functions only of latitude (), 
respectively: 

)(fnm   

This implies that the distortion isograms at 
these projections are coinciding with parallels. 

In Lambert normal conformal conic projection 
with two standard parallels, the cone which is 
for projecting cuts the ellipsoid in two parallels 
which are called the standard parallels.  As 
we emphasized, the linear scales of distortions 
at these parallels are equal to 1 (n1 = n2 = 1) 
and therefore, among them there are no linear 
distortions. 

In the area between standard parallels the 
value of linear scale is smaller than one (n < 1) 
and the linear distortions are with negative 
value. In this area projections of parallels are 
with smaller length than the same parallels on 
the ellipsoid. The minimal value of the linear 
scale of the distortions achieves the parallel 

with latitude о, which determining is depen-

ding from conditions of the projection. 

The distortions of lengths rapidly growing on 
north and south from standard parallels and its 
maximum values are reaching at boundary 
parallels on the mapping area. The value of 
linear scale is bigger than one (n > 1) from 
where the distortions of lengths are with 
positive value. 

In figure 4 is presented schematic overview for 
distribution of the distortions in conic 
projections with two standard parallels. 

 

Figure 4. Distribution of distortions of conic 
projections with two standard parallels (darker 

areas indicate larger distortions) 

4. ELEMENTS FOR DEFINING OF 
LAMBERT NORMAL CONFORMAL 
CONIC PROJECTION WITH TWO 
STANDARD PARALLELS FOR THE 
TERRITORY OF THE REPUBLIC OF 
MACEDONIA 

For application of this map projection for 
territory of the Republic of Macedonia, is 
necessary to determine northern and southern 
points of the territory. Their coordinates were 
read from TM 25 and they are: 

point 

(name) 

geographic coordinates 

  

northern 
Aniste 

42
о
 22' 20” 22

о
 18' 05” 

southern 
Markova noga 

40
о
 51' 14” 21

о
 07' 48” 

With usage of the presented values (where S 
is rounded to 40º 51' 15”) and application of 
the aforementioned conditions were obtained 
parameters for normal conformal conic map 
projection with two standard parallels for the 
territory of the Republic of Macedonia. 
Thereby, the standard parallels are with 
values: 

1 = 41
о
 04' 38”     and      2 = 42

о
 09' 02” 

These are parallels where the cone is cutting 
the ellipsoid and linear distortions are equal to 
0. The parallel in which are maximal 

distortions with negative sign (о) is with value 

41
о
 36' 49”. 

The maximal value of the linear distortions is 

+4.4 cm/km at parallels (S and N) and 
analogous to that, based on the second 

condition, the value -4.4 cm/km is at parallel о 

which is passing approximately through the 
center of the R. of Macedonia. 

 

Figure 5. Distribution of the distortion isograms at 
Lambert conformal conic projection for R. of 

Macedonia 
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The coordinate system of rectangular 
coordinates in mapping plane can be set 
arbitrarily, but in this publication the authors 
according to their research decide x-axis to be 

the meridian with longitude  = 21º 45', and for 
y-axis is adopted the intersection of the x-axis 
with parallel 41º 35'. On a coordinate origin 
obtained in that way, 500000 m are added on 
both axes, with aim to eliminate the negative 
coordinates (figure 6). 

 

Figure 6. Coordinate system of Lambert conformal 
conic projection for R. of Macedonia 

The positive properties of the Lambert 
conformal conic projection with two standard 
parallels can be summarised in the next 
conclusions: 

 The linear distortions of the lengths for 
all territory of the R. of Macedonia are 
in range from +4.4 cm/km till -4.4 
cm/km.  

 The distortions of lengths are 70% 
smaller than the distortions in actual 
Gaus-Kruger projection.   

 The shape of the territory of the R. of 
Macedonia is suitable for use of conic 
projections, because of its elongation 
along parallels. Namely “width” of the 
territory of the R. of Macedonia 
expressed by distance between 
endings meridians at central longitude 
is approximately 216 km, while the 
“length” expressed by distance 
between endings parallels is approxi-
mately 168.5 km. 

 Correct distribution of the distortions 
where distortion isograms represent 
parallels with known latitude. 

 Correct layout of main network where 
meridians are straight lines and 
parallels are circular arcs with given 
radius. The correct layout of the main 

network enables easy calculations of 
some important parameters such as 
convergence of the meridian in known 
point of the projection.  

 Relatively simple mathematical 
calculations which are seriously 
worked out in countries where this 
projection is used as state projection. 

 There are no angle distortions. 
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EFFECTS OF WASTE 
GLASS ON PROPERTIES 
OF HARDENED CON-
CRETE  

Use of renewable materials instead of natural 
resources is one of the best approaches in 
sustainability of the concrete industry. Glass, 
being non-biodegradable, is not suitable for 
addition to landfill. On the other hand, 18% of 
the total waste in Macedonia is waste glass.  

This paper is a part of a bigger research pro-
ject, which has been undertaken at the Faculty 
of Civil Engineering in Skopje, to develop new 
applications for waste glass as an aggregate 
for concrete. More precisely, the aim was to 
investigate the feasibility of utilizing recycled 
glass as a concrete aggregate in fine aggre-
gates and fine glass powders. Four different 
mixtures have been made: the glass is used 
as partial (50%) or entire replacement (100%) 
of the fine aggregate (0-4mm) in concrete, with 
and without admixtures. Couples of samples 
were prepared for each recipe and properties 
of fresh concrete and hardened concrete were 
tested at 3, 7, and 28 days.  

Both, properties of fresh and hardened con-
crete were tested. This paper presents mainly 
the latter properties: different strengths of the 
concrete with various percentage of waste 
glass as a fine aggregate.  

Results from the laboratory experiments show 
that the concrete containing waste glass has 
almost identical or even better properties as 
the standard concrete, as well as great eco-
nomical and ecological savings. Results dem-
onstrate that the use of waste glass as aggre-
gate facilitates the development of concrete 
towards a high structural level. 

Concrete using waste glass can be commer-
cially wide used for specific products such as 
paving stones, curbs, concrete masonry 
blocks, terrazzo tiles and precast façade pan-
els. 

Keywords: concrete, waste glass, waste 

management, properties of concrete, sustain-
able development 
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1. INTRODUCTION  

Concrete is one of the most used and most 
important building materials and necessity of it 
increases daily with the increased develop-
ment of the civil engineering. The environ-
mental and economic concerns are the biggest 
challenge that concrete industry is facing 
nowadays. Huge amounts of concrete that are 
produced require large amounts of aggregate. 
Aggregate used for concrete production is 
mostly of natural origin (sand, gravel, crushed 
stones, etc.). However, the continued exploita-
tion of these natural resources, which are non-
renewable, leads to destruction of the nature. 

For these reasons, many countries restrict or 
completely prohibit the exploitation of natural 
aggregate for concrete and they are oriented 
towards finding new alternatives for obtaining 
artificial aggregates. Processing and applica-
tion of certain waste materials as substitutes 
for natural aggregate is one of the best ways 
to make the concrete industry sustainable. 
With this procedure, the problem of excessive 
waste is solved on one hand, while on the 
other hand the possibilities for recycling are 
increased. One of the materials that are suit-
able for such processing is glass. 

Huge amounts of waste glass are created 
every day. Although it is known that glass is 
not naturally degradable material, the biggest 
part of the waste glass ends up in landfills. In 
most European countries, the total amount of 
waste glass can be recycled only about 20% in 
the glass industry. However, Japan has a 
glass recycling rate of about 90%. Because of 
its structure, the glass can be recycled many 
times without losing its properties. Recycling 
only applies to glass containers (bottles and 
jars) that satisfy specific criteria of purity. On 
the other hand, windows, mirrors, glasses, TV, 
monitors, lamps etc are mainly not recycled. 

In Macedonia, the entire glass waste from dif-
ferent sources (around 18 % of the total waste 
according to the Strategy for Waste in Repub-
lic of Macedonia) is deposited or exported. It is 
very important to find a solution to this waste, 
both in terms of preserving the environment 
and in terms of solving the problem of exces-
sive waste. The processing of waste glass and 
its use as aggregate for concrete provides ma-
jor economic and environmental savings: pre-
vents the exploitation of natural resources, 
saves energy, reduces the amount of waste 
material, reduces the price of concrete etc. 

Few disadvantages due to the using recycled 
glass exist, as well. They relate to impurities 
that may occur in the raw material, the price 
for purchase of scrap glass, the quality of the 
new material etc. Nevertheless, due to the fact 
that the glass is one of the few materials in the 
nature which can be endlessly recycled, the 
purpose of this paper is to demonstrate a sus-
tainable development of the industry for recy-
cling glass and natural impacts on the Mace-
donian economy. 

Research with laboratory experiments was 
conducted to further explore the use of waste 
glass as fine aggregates for concrete. The 
most important physical and mechanical prop-
erties of the concrete made with variable 
quantity of processed waste glass aggregates 
and possibilities of its application are pre-
sented in the paper. The density, porosity, 
compressive strength, tensile strength, flexural 
strength, water absorption of the concrete with 
different percentage of glass aggregate have 
been tested.  

2. STATE OF THE ART 

Many researchers around the world have per-
formed aggregate replacement studies using 
waste glass. The general aim was to define a 
quantity of glass that will provide optimal 
strength properties of the concrete.   

The influence of the waste glass on the me-
chanical properties of concrete has been re-
searched by many researchers, including Du 
and Tan (2014), [1], Multon et al. (2008), [2], 
Newes and Zsuzsanna (2006), [3], Xie and 
Xiang (2003), [4], Johnson (1974), [5]. Their 
results show that the aggregate of waste glass 
decreases the concrete strength, in general. 
They attribute this behaviour to a strong 
chemical reaction between the quartz from the 
glass and the alkalis in the cement paste, 
which can lead to expansion and cracking of 
concrete. 

Recently, there have been experimental inves-
tigations of Rubaie and Fouad, [6], which 
evaluate the properties of the concrete mixture 
containing waste glass up to 20% of the sand 
volume. The results show that the concrete 
mixture containing waste glass shows a very 
slight decrease in the compressive strength 
and tensile strength compared to reference 
classic mixtures. 

Ling and Poon, [7], have been investigating 
the alkali-silica reaction in concrete with waste 
glass and the influence on the properties of 
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fresh and hardened concrete, as well as on 
decorative concrete in civil engineering and 
architecture. 

Following results were obtained in a survey 
conducted by Malik et al, [8]: 20% replacement 
of fine aggregate indicates increased com-
pressive strength for 15% at 7 days and 25% 
increased strength for 28 days. The fine ag-
gregate can be replaced with glass up to 30% 
of its weight, with the compressive strength at 
28 days increased by 9.8% compared to stan-
dard concrete. 

Gautam et al., [9], found that waste glass can 
effectively be used as fine aggregate replace-
ment, but the optimum replacement level of 
waste glass as fine aggregate is 10%. Mar-
ginal decrease in the compressive strength is 
observed at 30 to 40% replacement level of 
waste glass with fine aggregate. 

Furthermore, Meyer et al., [10], found that 
concrete made with recycled glass aggregate 
is highly durable with great thermal insulation 
and moisture protection. These properties are 
inherited from the glass itself. 

Therefore, different studies show various re-
sults and conclusions on the use of waste 
glass as fine aggregate in the concrete. How-
ever, almost none of them suggest replace-
ment of the fine aggregate with glass for more 
than 30%. 

3. LABORATORY TESTING 

This study shows the opportunities for using 
waste glass in concrete industry. Performed 
work, presented in this paper, is a part of a 
larger on-going project, which examines the 
influence of different types of waste glass as 
an aggregate in concrete on the concrete’s 
properties. The front glass from CRT monitors 
is used for this purpose. The glass is used as 
partial (50%) or entire replacement (100%) for 
the fine aggregate (0-4mm) in concrete. Four 
recipes have been made:  
 normal concrete (0% glass),  

 concrete containing 50% waste glass as 

fine aggregate,  

 concrete  containing 100% waste glass as 

fine aggregate, and 

 concrete with admixtures (air entrainers 

and super-plasticizers) containing 50% 

waste glass as fine aggregate.  

The mixtures have water to cement ratio of 
0,45. Couple of samples were prepared of 

each recipe and the properties of fresh con-
crete and hardened concrete.  

 

Figure 1. Glass and natural stone aggregate 

The following samples were made out of each 
recipe for concrete mixture: 
 9 cubes (15/15/15 cm) for testing of com-

pressive strength 
 3 cylinders (15/30 cm)  for testing of slitting 

tensile strength (Brazilian test) 
 3 prisms (10/10/50 cm) for testing of flex-

ural strength 

 6 cubes (15/15/15 cm) for testing water-
proofing. 

Porosity, density and consistency of the fresh 
concrete were measured for all recipes. After-
wards, the cube moulds were fixed and oiled, 
i.e. prepared for filling with fresh concrete. The 
fulfilment of the molds was carried out by 
compacting with vibration, ensuring the shape 
of the samples, Fig. 2. De-moulding of the 
samples was carried out after 24 hours, after 
the hardening of the concrete, with utmost 
care to prevent any damage to the samples. 
The samples were stored in standardized 
laboratory conditions, and tested at 3, 7 and 
28 days. 

  

Figure 2. Preparing of concrete samples 

4. ANALYSIS OF RESULTS 

4.1 COMPRESSIVE STRENGTH  

The compressive strength was tested on cube 
samples with dimensions 15/15/15 cm. They 
were tested in testing machine – press, ac-
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cording to the standard EN 12390-4, Fig. 3. 
The specimens were set centrally to the lower 
plate of the press; therefore the applied load is 
in direction normal to the sample. The load 
has been applied gradually with constant step 
of 10%, until a greater load was achieved than 
the range selected for application.  

 

Figure 3. Press for testing compressive strength  

The compressive strength was tested in series 
of three cubes each, at 3, 7, 28 days, as it is 
presented at Figure 4. 

By increasing the proportion of glass in the 
concrete, mechanical properties of the con-
crete at 7 days were improved, Figure 5. 

 

Figure 4. Tested cubes of recipe 2 for compressive 
strength at 28 days 

Values of the compressive strength of the 
concrete with 50% and 100% glass as fine 
aggregate are greater than the ones of the 
standard concrete. The best compressive 
strength exhibits the concrete with 100% glass 
in the first fraction (fc = 39,7 MPa). In compari-
son to the strength of standard concrete (fc = 
35,1 MPa), the increase in the strength is 
13%.  

Similar results appear for testing at 28 days, 
Fig. 6. The compressive strength for the con-

crete with 50% glass as a fine aggregate is fc = 
46,4 MPa, while for the concrete with 100% 
glass is fc = 46,8MPa. Standard concrete in 
this case showed compressive strength of 44 
MPa. Replacement of 50% of the fine aggre-
gate with waste glass shows 5% increase in 
the compressive strength, while replacement 
of 100% of the fine aggregate with glass ag-
gregate shows 6% increase in the compres-
sive strength comparing to the standard con-
crete. Best results were obtained for the fourth 
recipe (50% glass with admixtures), where the 
increase in the compressive strength is 12% 
compared to the standard concrete, see Fig-
ure 6.  

 

Figure 5. Compressive strength at 7 days 

 

Figure 6. Compressive strength at 28 days 

Using glass as a substitute for the fine aggre-
gate, higher values of the compressive 
strength are obtained, both at an early stage 
and later stage of hardened concrete. Best 
values for the compressive strength are ob-
tained at full replacement of the fine aggregate 
with glass. The range between companion 
samples from the same set and tested at age 
of 7 days is from 0,2% to 2,8% of the average 
strength. Error margins for the companion 
samples tested at age of 28 days range from 
0,8% to 3,6% of the average strength. 

4.2 SPLITTING TENSILE STRENGTH 

The testing of tensile strength was performed 
according to the standard MKS EN 12390-6. 
Tested samples were cylinders with dimen-
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sions 15/30 cm. The testing of the samples 
was carried out in an appropriate machine 
(press) according to MKS EN 12390-4, ac-
cording to the so-called Brazilian method, Fig. 
7. During the test, the samples are set cen-
trally in the machine, and load was applied 
while the upper and lower rollers were placed 
parallel to each other. The load was applied 
gradually with step of 10%, until a fracture of 
the sample under the indicated maximum load. 

 

Figure 7. Brazilian method - testing of specimen 
with splitting test 

In general, tensile strength of the concrete is 
much lower than its compressive stress. For 
usual concretes, the ratio between them is 
1:10. Testing of the tensile strength with split-
ting is performed at age of 28 days on three 
cylindrical samples. Fractured samples are 
presented in Fig. 8.  

 

Figure 8. Tested specimens – Brazilian method  

The concrete of the recipe 2 (with 50% glass), 
shows best values for the splitting tensile 
strength, fzc = 3,54 MPa.  With increasing the 
proportion of glass (above 50%), the tensile 
strengths decrease. Therefore, the concrete 
recipe 3 (100% of glass for the first fraction) 
has the weakest splitting tensile strength fzc = 

2,90 MPa, as it can be seen in Figure 9. 

 

Figure 9. Diagram of splitting tensile strengths at 28 
days  

The results lead to conclusion that the differ-
ence in the values of tensile strengths for vari-
ous concrete recipes is low. Reason for such a 
small difference is that the splitting tensile 
strength of the concrete depends on the rela-
tionship between cement stone and grains of 
the coarse aggregate, rather than on the prop-
erties of the fine aggregates. 

4.3 FLEXURAL STRENGTH 

The flexural strength is not often used for field 
control and the engineers generally find the 
use of compressive strength convenient and 
reliable to judge the quality of the concrete as 
delivered. However, the designers of pave-
ments use a design theory based on flexural 
strength. The results of this test method may 
be used to determine compliance with specifi-
cations or as a basis for mixture proportioning, 
evaluating uniformity of the mixture, and 
checking placement operations by using 
sawed beams. It is used primarily in testing 
concrete for the construction of pavements 
and slabs. 

This test method is used to determine the flex-
ural strength on prismatic specimens with di-
mensions 10х10х40 cm и 10х10х50 cm, pre-
pared and cured in accordance with the stan-
dard MKS EN 12390-4. The testing device 
comprises: a load roller (which can be rotated 
and bends) and supporting rollers that can be 
rotated and pivoted, Fig. 10. Rollers are made 
of steel with a circular cross-sectional diameter 
of 10 to 20 mm. Rollers are placed in a way 
that they can freely rotate around their axes. 
The test is actually a simulation of a simple 
beam loaded with a concentrated force in the 
middle, as it is shown in Fig. 10.   
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Figure 10. Prisms tested to bending  

Samples fractured under flexural stresses are 
presented in Fig. 11. 

 

Figure 11. Tested specimens for flexural strength 

4.4 WATERTIGHTNESS 

Determination of the depth of penetration of 
water under pressure in hardened concrete 
was performed according to the standard MKS 
EN 12390-8. Concrete cubes with dimensions 
of 15/15/15 cm were testing samples. The 
samples were water cured, and water is ap-
plied under pressure of 500 ± 50 kРа for 72 
hours to the previously roughed surface of 
hardened concrete. The specimens are then 
split into half, vertically on the side where the 
water pressure was applied and left to lie on 
the side that had been exposed to water pres-
sure, as presented in Fig. 12. The maximum 
depth of penetration of the waterfront is meas-
ured. 

 

Figure 12. Wet concrete cubes 

 

Figure 13. Average values of water penetration in 
samples (mm) 

From the results presented, it can be noticed 
that the penetration of water is increased by 
increasing the percentage of waste glass in 
concrete, see Figure 13. The highest water 
penetration occurs in concrete of recipe 3 
(100% glass in the smallest fraction). 

 

Figure 14. Average values of water absorption, in 
percentages 

Figure 14 shows that the water absorption has 
the highest value in concrete containing 50% 
glass from the first fraction. By increasing the 
amount of glass in concrete (over 50%), the 
percentage of absorbed water is reduced. 
Thus, for concrete containing 100% glass, the 
percentage of water absorption is the lowest 
and it is 1.24%. This value is also lower in re-
lation to the value for the standard concrete. 

 5. SUMMARY AND CONCLUSIONS 

The research in this paper contributes to new 
opportunities for using waste glass. An ex-
perimental laboratory study of concrete con-
taining a partial or total replacement of the fine 
aggregate with glass has been conducted. 
Results on the properties of hardened con-
crete are analyzed. A comparison of samples 
of concrete containing glass with samples of 
standard concrete has been made. The results 
of these laboratory tests are compared with 
previous similar experiences in the world. 
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The compressive strength increases in con-
crete with used waste glass instead of gravel 
aggregate. Both mixtures made with 50% re-
placement of the fine aggregate with waste 
glass and with 100% replacement showed im-
proved compressive strengths (up to 12%) in 
comparison to the standard concrete. As for 
the tensile strength due to splitting and bend-
ing, concrete containing waste glass has al-
most identical properties as the standard con-
crete. Regarding the concrete behaviour under 
water conditions, the percentage of water ab-
sorption for the concrete containing 100% 
glass is the lowest and it is 1.24%. 

The idea in this research is to show that the 
proper use of waste materials can produce a 
concrete with same or even better properties 
than the standard concrete and great eco-
nomic and ecological savings. The recom-
mendations in the world literature for this type 
of concrete are that it can be used for making 
non-structural members, mostly for paving 
large surfaces, curbs, pavements, etc., but not 
for structural bearing members in structures. 
However, according to the properties obtained 
in this experimental study, this type of con-
crete possesses the same properties as the 
concrete used for the manufacture of bearing 
structural members. The concrete containing 
waste glass as fine aggregate satisfies the 
requirements for achieving compressive 
strength of 30 Mpa at age of 28 days, which 
corresponds to the widely used type of con-
crete for most of the structural members in 
buildings. Validation of the physical and me-
chanical properties of concrete which contains 
variable amounts of waste glass as an aggre-
gate enables the use of this material for pro-
duction of environmental material with sus-
tainable significance. This approach solves the 
problem of excessive waste, contributing to 
greener and safer environment. 

Having opened new opportunities and hori-
zons for application of concrete with aggregate 
of waste glass, new fields are opened for their 
further study as well. Use of waste glass as 
coarse aggregate in concrete presents a po-
tential for new studies. Such a concrete with 
visible larger fractions of glass in different col-
ours would have a wider use as a decorative 
material in the civil engineering and architec-
ture. An interesting phenomenon in this mate-
rial is an alkali - silica reaction that develops 
over time and its impact on the properties of 
fresh and hardened concrete. Further tests on 
concrete with glass waste should be carried 
out for this purpose, in long periods of time 
that will allow development of such reaction.  
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SENSITIVITY OF DILATION 
ANGLE IN NUMERICAL 
SIMULATION OF REIN-
FORCED CONCRETE 
DEEP BEAMS 

In this paper, a parametric nonlinear finite el-
ement (FE) study is conducted in order to in-
vestigate sensitivity of dilation angle on numer-
ical simulation of reinforced concrete (RC) 
deep beams. A numerical verification of an 
existing experimental study of a deep beam is 
performed via ABAQUS software with different 
varied values of dilation angle. Results of the 
experimental and numerical studies are com-
pared in terms of load-displacement behav-
iors. Results from the analysis show that in 
conjunction with increase in its value, not only 
significant increase in ultimate load capacity is 
experienced, but also more ductile behavior is 
achieved for RC deep beams. 

Keywords: Dilation angle, concrete damage 

plasticity, finite element analysis, ABAQUS, 
reinforced concrete deep beam 

1. INTRODUCTION  

It is a fact that behavior of a structure depends 
on behavior of its members such as beams, 
columns, shear walls etc. Therefore, investiga-
tion of nonlinear behavior of reinforced con-
crete (RC) members under static and dynamic 
loads is very crucial to design safe structures 
[1]. Moreover it is known that the most reliable 
and accurate technique to investigate nonline-
ar behavior of an RC member is to perform an 
experimental study. However in terms of in-
conveniency, time, labor and budget, experi-
mental studies have some disadvantages. 

Additionally, there are many studies proposing 
that finite element (FE) analysis comprising an 
appropriate numerical modeling technique and 
accurate constitutive material models is a quite 
reliable and robust alternative tool of experi-
mental studies to investigate nonlinear behav-
ior of RC members [2]. Because of that rea-
sons, FE analysis is widely preferred by re-
searchers. 

In order to make a numerical simulation, first a 
FE model should be verified sufficiently with 
experimental test results and later on a para-
metric study should be performed computa-
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tionally by numerical analysis. During a numer-
ical verification of a test result to create a FE 
model, a lot of parameters should be defined 
and calibrated into the model, e.g., constitutive 
material models, part (member) sections, 
mesh and assembly properties etc. 

Concrete is a brittle material and experiences 
volumetric change beyond its elastic limit 
stemming from cracking and slip along 
cracked surfaces. The change in volume in 
brittle materials is generally called as ‘‘dila-
tion’’. Because of the fact that confinement 
pressure of an RC member is severely affect-
ed by the dilation characteristic of concrete, it 
plays very important role on stress–strain be-
havior of concrete in compression. A stiffer 
stress–strain relation can be observed due to 
increase in the dilation leading to more con-
finement [3]. 

Two different constitutive material models for 
concrete are proposed in ABAQUS/Standard 
which is an implicit analysis program for anal-
ysis of concrete at low confining pressures. 
They are smeared crack concrete model and 
concrete damaged plasticity (CDP) model. 
Additionally, CDP model is relied on the as-
sumption of isotropic damage and takes into 
account the degradation of the elastic stiffness 
induced by plastic straining both in compres-
sion and tension [4]. In order to create an ac-
curate numerical FE model for an RC member; 
flow potential, yield surface and some im-
portant material parameters such as dilation 
angle have to be defined to constitute CDP 
material model. 

Mercan et al. [5] conducted a finite element 
study on numerical modeling of pre-stressed 
concrete spandrel beams. One of the various 
parameters investigated in the study for sensi-
tivity of the spandrel beam response is dilation 

angle ( ). Analysis results deduce that   has 

a major effect on lateral and vertical defor-
mations at the mid-span of the spandrel 
beams. While dilation angle has no impact in 
the elastic regime, the decrease of dilation 
angle reduces the stiffness of the cracked 
beam. A dilation angle of 55° was proposed to 
describe the behavior of confined concrete in 
the spandrel beam since both reinforcement 
and pre-stressing provide confinement for the 
concrete. 

In the study of Szczecina and Winnicki [6], 
some important aspects concerning material 
constants of concrete i.e. dilation angle, frac-
ture energy etc. and stages of numerical mod-
eling of RC structures were presented. Anal-

yses were performed in ABAQUS software 
using concrete damage plasticity model of 
concrete. The study was concluded that a 
proper choice of dilation angle is very im-
portant during modeling of an RC structure 
behavior using CDP model. 

Additionally, Sumer and Aktas [7] proposed 
some numerical modeling strategies for CDP 
model in ABAQUS software. Those strategies 
were developed by checking the model sensi-
tivity against mesh density, dilation angle and 
fracture energy of concrete. FE models were 
verified in acceptable range by using results of 
three different experimental RC beam tests. 
Analysis results showed that the numerical 
results are not varying dramatically as the dila-
tion angle changes. 

Deep beams are defined in ACI 318-14 [8] 
code as RC members having a clear span not 
exceeding four times the overall member 
depth. They are also loaded on one face and 
supported on the opposite face. Any default 
value is not proposed in ABAQUS manuals for 
dilation angle of concrete and there is no con-
sensus for a constant value in literature for RC 
deep beams. Because of this reason, the mo-
tivation of the study is to investigate the effect 
of dilation angle on behavior of RC deep 
beams. For this objective, a numerical verifica-
tion of an existing experimental study of a 
deep beam is conducted by utilizing commer-
cial finite element software that is 
ABAQUS/Standard. Results of the experi-
mental and numerical studies are compared in 
terms of load-displacement behavior. 

2. DILATION ANGLE ( ) 

The concrete damaged plasticity model as-
sumes non associated potential plastic flow 
implying that the material stiffness matrix is 
asymmetric; therefore, the unsymmetrical ma-
trix storage and solution implementation 
should be employed in ABAQUS software. 
The flow potential   considered for CDP mod-
el is the Drucker-Prager hyperbolic function 
(Eq. 1): 

                           (1) 

where,  ; the dilation angle measured in the 

      plane at high confining pressure,    ; is 

the uniaxial tensile stress at failure, and  ; ec-
centricity parameter defining the rate at which 
the function approaches the asymptote. The 
flow potential provides that the flow direction is 
defined uniquely. It is also continuous and 
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smooth as well. The function asymptotically 
approaches the linear Drucker-Prager flow 
potential at high confining pressure stress and 
intersects the hydrostatic pressure axis at 90°. 
A family of hyperbolic potentials in the merid-
ional stress plane is demonstrated in Fig. 1 [4]. 

 

Figure 1. Family of hyperbolic flow potentials in 
the       plane, [4] 

Additionally, dilation angle represents plastic 
distortion in the damage plasticity model for 
concrete. ABAQUS software enforces a 
maximum limit for the value of   while consti-
tuting CDP material model. It can be calcu-
lated via “atan(3/2)” and makes 56.31°. 

3. EXPERIMENTAL STUDY 

An experimental study performed by Roy and 
Brena [9] is chosen as a reference study in 
order to create a numerical model of an RC 
deep beam. One of the specimens named as 
DB1.0-0.75L in the reference study is selected 
as a reference verification specimen. The ratio 
of shear zone to effective depth of the section 
(   ) is 1.0. The specimen geometry, rein-
forcement, and experimental test setup are 
demonstrated in Fig. 2. More details about test 
setup, loading procedure and material proper-
ties can be reached in the reference study. 

 

(a) Side view 

 

(b) Cross Section 

Figure 2. Specimen geometry, reinforcement, and 
test setup, [9] 

Load-displacement result of the test is figured 
in Fig. 3. Because any tabular data for load-
deflection graph were not supplied in the ref-
erence study, loads and corresponding dis-
placement values are specified manually [10]. 

 

Figure 3. Load-deflection result of the test, [10] 

4. NUMERICAL MODELING 

In the study, a commercial FE-code 
ABAQUS/Standard [11] is employed to create 
numerical simulation. Inelastic behavior of 
concrete is assigned to FE model by using 
concrete damaged plasticity (CDP) model. The 
uniaxial compressive and tensile behaviors of 
concrete are defined for both pre and post 
peak stresses. Moreover, in order to consider 
the degraded response of concrete, two inde-
pendent uniaxial compressive and tensile 

http://mypc:2080/texis/search/hilight2.html/+/usb/pt05ch22s03abm29.html?CDB=v6.11#cdruckprag-expon-fam-p-q
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damage variables, dc and dt are defined in the 
CDP model. Material behavior of reinforcing 
steel is also defined as elastic and inelastic 
stress-strain relationships with strain harden-
ing effect.  

In order to avoid stress concentration at load-
ing point and supports, steel plates with same 
dimensions as in the test are added to the FE 
model. The load is applied as a linear vertical 
displacement on the loading plate. Supports 
are considered as a roller and a pin similar to 
the test. 

The element types used in FE model for either 
of concrete and steel plates are 8-node linear 
3D bricks (C3D8R). Moreover reinforcing steel 
bars are defined as 2-node linear 3D trusses 
(T3D2). The reinforcement is assumed fully 
embedded into concrete to take into account 
the interaction between reinforcement steel 
and concrete. Additionally, in order to deter-
mine more accurate mesh size for the FE 
model, a parametric study is performed. As a 
result, an optimum mesh size is determined as 
50 mm. General views of the meshed 
ABAQUS model of reinforcement and concrete 
are demonstrated in Fig. 4. Because of the 
fact that similar numerical FE modeling tech-
nique of the deep beam described in the study 
of Demir et al. [10] is utilized, more details can 
be found in the related study. 

 

(a) Reinforcement 

 

(b) Concrete 

Figure 4. Meshed ABAQUS FE model for rein-
forcement and concrete, [10] 

 

 

5. PARAMETRIC STUDY 

In order to investigate sensitivity of dilation 
angle on numerical behavior of an RC deep 
beam, a parametric study is conducted. For 
that purpose, four different numerical models 
are created with varied values of dilation angle 
tabulated in Table 1. Results of the experi-
mental and numerical studies are compared in 
terms of load-displacement behavior and ulti-
mate load level (  ). Deviation percentages 
from    according to the test result are speci-

fied as well. 

6. RESULTS AND DISCUSSION 

The test and numerical study results are pre-
sented in Table 1 and demonstrated in Fig. 5. 
The ultimate load values of the test and nu-
merical models are tabulated, and error of 
numerical results in    are compared with the 

test result in the table. 

Table 1. Results of the experimental and numerical 
studies 

# 
Model 

name 
  

   
(kN) 

Error % 

in    

1 DB-Test - 740 - 

2 DB-1 20 450 -39.2 

3 DB-2 30 490 -33.8 

4 DB-3 40 621 -16.1 

5 DB-4 56.3 720 -2.7 

 
It can be clearly seen from Fig. 5 that dilation 
angle plays very important role on numerical 
simulation results in a way that it changes the 
numerical load-displacement behavior of a 
deep beam significantly. The numerical model 
DB-1, assigned   as 20° to FE model, per-
formed very brittle behavior and the deviation 
from     was obtained as 39.2 %. Moreover the 
model DB-2 exhibited similar behavior like DB-
1. Along with the increase in value of  , load 
capacity of the numerical members has started 
to increase and brittle behavior, however, has 
remained to be observed. For the last model 
(DB-4), not only increase in both ultimate load 
capacity and ductility is experienced but also 
negligible deviation from the test result is 
achieved for   .  
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Figure 5. Comparison of load-displacement results 

7. CONCLUSIONS 

In the present study, a parametric FE study is 
performed in order to evaluate the effect of 
dilation angle on numerical simulation of non-
linear behavior of RC deep beams. For this 
aim, a numerical verification of an existing ex-
perimental study of a deep beam is conducted 
by using ABAQUS software with varied value 
of   defined to the FE models. Results of the 
experimental and numerical studies are com-
pared in terms of load-displacement behav-
iors, and error percentage in ultimate load lev-
els according to the test result. 

 

The numerical results are deduced that dila-
tion angle plays very important role on numeri-
cal simulation of RC deep beams. A FE model 
of an RC deep beam assigned very small val-
ues of dilation angle exhibits very brittle be-
havior with very low ultimate load capacity. 
Along with increase in its value in simulations, 
not only a significant increase in ultimate load 
capacity is experienced but also a more ductile 
behavior is achieved for RC deep beams. 

 
For numerical simulation of an RC deep beam, 
a proper value for dilation angle should be se-
lected and defined to the FE model. Because 
of high stiffness and load capacities of deep 
beams due to its nature, a big value around 
50° can be considered for   that gives very 
accurate numerical result in terms of load-
displacement behavior. For the values lower 

than the proposed value, numerical results 
become distant from test results. Neverthe-
less, it should be noted that until finding a rea-
sonable value for  , a parametric numerical 
study should be performed with varied values 
of the parameter in order to achieve more ac-
curate numerical results to simulate nonlinear 
behavior of RC deep beams. 
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