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VECTOR VALUED HYPERSTRUCTURES
V. MIOVSKA!, V. CELAKOSKA-JORDANOVA!, AND B. DAVVAZ?

ABSTRACT. Vector valued hyperstructures, i.e., (n, m)-hyperstructures, where n =
m+k, k > 1, as a generalization of vector valued structures and n-ary hyperstruc-
tures are introduced and supported by many examples. We have presented some
initial properties about (n,m)-hypersemigroups and (n, m)-hypergroups. Moreover,
by properly defining regular and strongly regular binary relations, from vector val-
ued hypersemigroups (hypergroups) we obtain "ordinary" vector valued semigroups
(groups) on quotients.

1. INTRODUCTION AND BASIC DEFINITIONS

An (n,m)-groupoid is a nonempty set G with one vector valued operation, i.e., an
operation [ ] : G — G™, where n > m. Such a structure (G,[]) is called a vector
valued groupoid as well. Vector valued groupoids were investigated in [15] and other
special vector valued structures such as (n, m)-semigroups and (n,m)-groups were
investigated in [1,3,4,10-13,16]. A good expository paper on vector valued structures
is [2]. Compared with the papers devoted to n-ary structures, the number of the
papers devoted to vector valued structures is smaller. Having in mind some recent
works on n-ary hyperstructures such as [6-9], we define the notion of vector valued
hypergroupoid and present some initial concepts, examples and results.

Let H be a nonempty set and let n, m be positive integers such that n > m. We
denote by P*(H) the set of all nonempty subsets of H and by H" the n-th Cartesian
product of H, H x --- x H, where H appears n times.
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Definition 1.1. Let [ ] be a mapping [ | : H" — (P*(H))™ from the n-th Cartesian
product of H to the m-th Cartesian product of P*(H). Then [ ] is called an (n,m)-
hyperoperation on H or, if it is not necessary to emphasize the integers n and m, then
we will say that [ | is a vector valued hyperoperation instead of (n, m)-hyperoperation.

In this sense, a (2, 1)-hyperoperation on H means a binary hyperoperation on H
and an (n, 1)-hyperoperation means an n-ary hyperoperation on H.

Definition 1.2. A sequence of m n-ary hyperoperations [ |, : H" — P*(H), s €
{1,2,...,m}, can be associated to [ | by putting

(1.1) [a1...an)s =Bs < |ay...a,] = (B1,...,Bn),
for all ay,...,a, € H. Then, we call | | the s-th component hyperoperation of [] and
write [ | = ([]1,--+,[]m)-

Note that there is a unique (n, m)-hyperoperation on H whose component hyper-
operations are [ |s.

An (n,m)-hyperoperation [ ] on H is extended to subsets A;, As,..., A, of H in a
natural way, i.e.,

[A1As .. Ay = ([A1As .. Adly, [AAs . A, [A1As - Adl),

where [A1 Ay ... Ayls = U{[a}]s | a; € A;;i=1,2,...,n}and s =1,2,...,m.
Note that C¥ C BY if and only if C; C B;, fori =1,...,p, and, 2} € C? if and only
ifx; e Cifore=1,...,p.

Definition 1.3. An algebraic structure H = (H,[ ]), where [ | is an (n,m)-ary
hyperoperation defined on a nonempty set H, is called an (n, m)-hypergroupoid or
vector valued hypergroupoid. If [| = ([]1,...,[]m), we denote by (H;[]1,...,[]m) the
component hypergroupoid of H and (H, [ ];) is the j-th component n-ary hypergroupoid
of H.

Identifying the set {x} with the element z, any (n,m)-groupoid is an (n,m)-

hypergroupoid.
Throughout the paper, we use the following simplified notation. The elements

of H", i.e., the sequences (1,22, ...,x,) will be denoted by z125 ...z, or 2. The
symbol 27 will denote the sequence z;x;41 ... x; of elements of H when i < j and the
empty symbol when ¢ > j. If ;11 = @40 = - -+ = x4, = , then the sequence z/1}

is denoted by (JT(:). Under this convention the sequence xy...2; ... £ Ti1psq ... T, Wil

be denoted by zt % T
In what follows we will assume that n and m are such that n > m, i.e., n=m+k,
for k > 1.

Definition 1.4. An (n,m)-hyperoperation is said to be (i, j)-associative if for all
X1y Tpep € H
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and weakly (i, j)-associative if for all z1, ...,z 1 € H

[eileiftlelrals O [ lefi)ef il # 0,
holds for fixed i and j, where 1 < i < j < n and for every s € {1,2,...,m}.

If the above conditions are satisfied for all 7,7 € {1,2,...,n}, then we say that the
operation [ ] is associative (weakly associative, respectively). An (n, m)-hypergroupoid
with an associative operation (weakly associative operation) is called an (n,m)-hyper-
semigroup (weak (n, m)-hypersemigroup).

Definition 1.5. An (n,m)-hypergroupoid (H,[]) is partially i-cancellative if there
exists a sequence af € H* such that

[ z1y§n f:Jrl] = I{n :yina

[ayatai,,] =
for all 27, yi" € H™ and some i € {0,1,...,k}. The sequence af is called i-cancellable.
If this implication holds for all i« = 0,1,..., k, then we say that (H,[]) is partially
cancellative and the sequence a¥ is cancellable. An (n,m)-hypergroupoid in which
this implication holds for some i € {0,1,...,k} and all sequences af € H* is said
to be i-cancellative. For i = 0 (i = k) we say that (H,[]) is right cancellative (left
cancellative). If (H,[]) is i-cancellative for every i = 0,1,..., k, then it is said to be
cancellative. An (n, m)-hypergroupoid is strongly i-cancellative if for all a¥ € H* the

following implication holds:

[ ka

z+1] [ }/1m erl] = Xm:}/lm7

where X;,Y; C H and some i € {0,1,...,k}. If this implication holds for all ¢ €
{0,1,...,k} we say that (H, []) is strongly cancellative and the sequence af is strongly
cancellable. If there exists a sequence a} € H* such that the above implication holds,

then we say that the (n,m)-hypergroupoid is partially strongly cancellative.

Remark 1.1. The definition of partially i-cancellative (partially cancellative) (n,m)-
hypergroupoid for m = 1 corresponds to the definition of weakly i-cancellative (weakly
cancellative) n-ary hypergroupoid. Note that, if an (n, m)-hypergroupoid is strongly
i-cancellative (strongly cancellative), then it is partially i-cancellative (partially can-
cellative).

Definition 1.6. Let (H,[ ]) be an (n,m)-hypergroupoid. A sequence e € H* is
called an i-neutral polyad if

[wrevafiy] = (o} {22} {om ),

We write this identity in the form [zief2?:,] = 27", for all 2" € H™. A 0-neutral

polyad is also called left neutral and an m-neutral polyad is also called right neutral.
A polyad that is i-neutral for each i € {0,1,...,m} is called a neutral polyad.
If there exits e € H such that for any sequence z* € H™ the relation

; (k)
o' € [a] € o]
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holds for all ¢ = 0, ..., m, then we say that e is a weak neutral element in H. If
(k)
(1.2) 21 € 2ty = ({an} {za} - {am})
holds for any z7* € H™ and fixed i, where i € {0,1,...,m}, then we say that e is i-

neutral element in H and it is called a neutral element in H if the equation (1.2) holds
(k
for every i =0,1,...,m. We write the identity (1.2) in the form [z} © xlt) = o

Definition 1.7. An (n,m)-hypergroupoid (H,[]) is called an (n, m)-hyperquasigroup
if for every af € H" there exists z{" € H™ such that
(1.3) ap,, € [aiai'af,],

for every i = 0,1,... k.

Definition 1.8. An (n,m)-hyperquasigroup that is an (n, m)-hypersemigroup (weak
(n, m)-hypersemigroup) is called (n, m)-hypergroup (weak (n, m)-hypergroup).

Definition 1.9. An (n,m)-hypergroupoid (H,[]) is called (i, j)-commutative if the
equality [a}] = [aia;al 42007, 5] holds for fixed 4,j such that 0 < i < j < n—1
and for every sequence af € H". If this equation holds for every ¢,j and for every
sequence aj € H", then (H,[ ]) is called commutative (n,m)-hypergroupoid. In
that case [a}] = [a ZE%] where o € S,, and for every sequence a} € H". An (n,m)-

o(n) ]

hypergroupoid (H,[ |) is called weakly commutative if Nyeg, la,jls # 0 for every

sequence a} € H" and every s =1,2,...,m

Definition 1.10. Let (H,[]|) and (H',[]) be (n,m)-hypergroupoids. A mapping
p:H— His:

a) a strong homomorphism if and only if p([a}]s) = [¢(a1) ... ©(an)]s;

b) an inclusion homomorphism if and only if p([a}]s) C [¢(a ) olan)|s;

¢) a weak homomorphism if and only if ¢([a}]s) N [p(a1) ... ¢(a )]S # &, for every

s=1,2,...,n

If ¢ is a bijective mapping and a strong homomorphism, then it is called an iso-
morphism, and it is called an automorphism if ¢ is defined on the same (n,m)-
hypergroupoid.

2. EXAMPLES

Ezample 2.1. Let H be the set Z of integers and let [ | be defined as follows:
[z]] = ({x1, 23}, {22, 74}). By a direct verification one can show that the compo-
nent operations are:

[21)aS]s = {z1, 23}{ma, 24} ws5m6 12

= [T1227576]1 U [T1240526)1 U [T3222526]1 U [X324T526)1
= {x1, x5} U{xy, 25} U{xs, x5} U{zs, 25} = {21, 23, 25},

[21]28)s = [{21, x5 }{ws, 24} 526}
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= [2122%576]2 U [212405%6)2 U [23222576]2 U [23242526]2
= {z2, w6} U {z4, 6} U {22, 6} U {24, 76} = {22, 74, 76}

So,
[z1]25] = ({z1, 23, 25}, {2, 24, w6}),
[w1[25]wg]y = [21{ma, w4} {ws, 25} )
= (212923761 U [11097576)1 U [21242326]1 U (112475761
= {1, 23} U{z1, 25} = {21, 23, 25},
(w1 (23] wg)a = [21{ma, 24 }{2s, 25} 6]
= (212923762 U [21220576)2 U [21242326]2 U [21242576]2
= {12, w6} U {xy, 26} = {72, 74, 76}.
So,
[21[5)ws] = ({21, w3, 25}, {2, 74, 76 }),
[z1[25]h = [12a{ws, 25} {zaws
= 112223241 U [T10923%6]1 U [21202524]1 U (21222576 ]1
={zy,z3} U{xy, 23} U{xy, 25} U{xy, 25} = {x1, 23, 25},
[23[28]]2 = [z122{2s, 25} {aaw}]2
= [X1@0w32 4]0 U [112223%6)2 U [X120252 4]0 U [21 2225762
={z9, x4} U{xa, x6} U {xo, 24} U{xe, 26} = {22, 24, 26}
So, [21[2§]] = ({z1, 23, @5}, {2, 24, 26}) and, obviously, [[2}]z§] = [x:1[23]ze] = [2[]]],

i.e., (H,[])is a (4,2)-hypersemigroup.

Remark 2.1. Note that the set H with any of the component 4-ary hyperoperations
does not have to be a 4-hypersemigroup.

Remark 2.2. If (H,[]1) and (H, | ]2) are, for example, ternary hypersemigroups, then
(H,[]), where [ | = ([ ]1,[ ]2), does not necessarily have to be a (3, 2)-hypersemigroup.
For instance, let H = {a,b,c} and [ ]; be the ternary hyperoperation defined as in
Example 2.4 in [9] and | |, be the ternary hyperoperation defined as in Example
4 in [7]. Both (H,[ ]1) and (H,[ ]2) are ternary hypersemigroups as it is shown in
[9] and [7]. However, (H;[ |1,[ ]2) is not a (3,2)-hypersemigroup, since [[baala]; =
[[baal; [baa)sal; = [bbaly = {a, c} # [blaaa]]; = [blaaa)i[aaals]; = [baal; = b.

The next example presents a weak (4, 2)-hypersemigroup that is not a (4, 2)-hyper-
semigroup.

Example 2.2. Let H be the set Z of integers, (Z,+) be the additive group of integers
and let [ ] be defined as follows:

[fﬂ = ({z1, 21 + 23}, {wa, 22 + 24 }).
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By a direct verification one can show that the component operations are:
([xy]ash =[{z1, 21 + z3H{xa, 22 + 24} w526 11
=[z1297526]1 U [21 (22 + 4)T526)1
U [(z1 + x3)zax526]1 U [(21 + 23) (T2 + T4)T526)1
={z1, 21+ 25} U{z1 + 23,71 + T3+ 75}
={z1, 21 + 3,21 + 5,21 + T3 + x5},
[z1]aS)e =[{z1, 21 + w3 H{xa, 72 + wa}w576} 2
=[x1m92526]2 U [11(29 + 24)x576]2
U [(z1 + 3)m22576]2 U [(21 + 23) (02 + 74)T576]2
={9, ko + 16} U{xg + x4, T2 + x4 + x4}
={x9, Ty + T4, To + Ts,To + Ty + T}

From here we obtain that

[[x‘ﬂxg] = ({1, 21 + 23,21 + w5, 21 + 23 + 5}, {X2, T2 + T4, T2 + T, To + T4 + X6}).

In a similar way as in the previous step, one can show that

[21[25)we]) = ({x1, 21 + @3, 21 + 23 + @5}, {Ta, T2 + T4, o + X6, T2 + T4 + T6})

and that

[23[28] = ({71, 71 + 23,21 + 3 + 25}, {T2, T2 + T4, T2 + 14 + 76 }).
Note that [[z]]z8] # [z1[25]x] and therefore (H, [ ]) is not a (4,2)-hypersemigroup.
However, for i = 1,2, [[z7)a5]; N [v1[23]xel: # 0, [[21]5)iN[23[25]]; # 0 and [a: [23]we]iN
[23[2§]]; # 0. Thus (H,[]) is a weak (4, 2)-hypersemigroup.

Example 2.3. Let H = Zs and let [ | be a (3,2)-hyperoperation on H defined by
(23] = (max{x1, 23}, 72). Then (H,[]) is partially left cancellative, since there is an
element 0 € Zz such that [02%] = [0y?] = (max{0,z2},z;) = (max{0,vya},y1) =
r1 = Y1, = y2. It can be shown in a similar way that (H,|[ ]) is partially right
cancellative as well.
Ezample 2.4. The (4, 2)-hypersemigroup defined in the Example 2.1 is a cancellative
(4, 2)-hypergroupoid. Namely, let a? € H2 Then

[CL%ZL’%] - [a%y%] = ({(11, xl}? {a27 '7;2}) = ({ah y1}7 {a’27 yQ})
{ar, 21} = {ar, y1 }, {az, 22} = {az, 92}
L1 = Y1, T2 = Y2
1 = yi,
({71, a2}, {a1, v2}) = ({y1, a2}, {a1, y2})
{xla CL2} - {y17 a?}? {a17 'TQ} - {CLl, yQ}

T1 =Y1,T2 = Y2

4

[931@%132] = [ylaiyz]

A
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2 2
= T =Y

In a similar way one can show that [z%a?] = [yia?] = 2% =37

Example 2.5. Let H = Z, (Z,+), be the additive group of integers and | | be a (4, 2)-
hyperoperation defined by [z]] = (z1+x3, z2+x4). It is strongly cancellative. Namely,
let [z129AB]| = [z122CD]. Then, (21 + A, 2 + B) = (21 + C, x5 + D) implies that
A=C,B=D. If [t1ABx,] = [xt1CDuzy], then (x1+ B, A4z4) = (z1+D, C+xy4), and
thus, B =D, A = C. If [ABx3x,] = [CDz3xy), then (A+xs, B+a4) = (C+xs, D+xy),
and thus, A=C, B=D.

Note that if (H,[ ]) is strongly cancellative, then it is cancellative as well. The
converse is not true. For instance, if (H,[]) is defined as in Example 2.4 then (H,[])
is cancellative but it is not strongly cancellative, since [12{1,2}{2,4}] = [1224] #

{1,2} = {2} and {2,4} = {4}.
Example 2.6. Let H = Zy, (Zy,+), be the additive group of integers modulo 4 and | |
be a (4, 2)-hyperoperation on H defined by

[z]] = ({21 + x5, max{z1, 23} }, {T2 + 24, max{zy, 4}}).

Since [00z3x4) = ({z3, w3}, {xa, 24}) = (w3, 24), [210024) = {21, 21}, {24, 24}) =
(x1,24) and [212200] = ({z1, 21}, {w2, x2}) = (21, 22), it follows that 0 is a neutral
element in H.

Ezample 2.7. Let H = 7, where (Z,+) is the additive group of integers, and [ | be a
(4,2)-hyperoperation on H defined by

(1] = ({1 + @3, 25}, {w2 + 24, 74}).
Since [00x324] = (3, 24) D (23, 24), [£10024] = ({x1,0}, 24) > (21, 24) and [x12200] =
({z1,0},{z2,0}) > (1, 22), it follows that 0 is a weak neutral element in H.

Example 2.8. Let H = Z, and [ | be a (3,2)-hyperoperation on H defined by [z5] =
({x1, 22}, {2, 23}). By a direct verification for 8 sequences from elements of H, one
can show that the relation (1.3) has a solution for every (z,y) € H? and thus it is (3,2)-
hyperquasigroup. Since it is a hypersemigroup as well (it can be easily verified that
[23]z4] = ({1, T2, w3}, {70, 3, 24}) = [21[2]]]) it follows that H is a (3,2)-hypergroup.

Example 2.9. Let H = Z and [ | is a (4, 2)-hyperoperation on H defined by [z]] =
({x1, 23}, {2, 24}). Clearly, (H,| ]) is (0,2)-commutative and (1,3)-commutative
(4,2)-hypergroupoid that is not (0, 1)-commutative.

Example 2.10. Let H = 7Z, where (Z,+,-) is the ring of integers and [ |, be a (3,2)-
hyperoperation on H defined by

(23] = ({a1 + 22 + 23,0}, {z12923, 1}).
Clearly, (H,[]) is a commutative (3, 2)-hypergroupoid.
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Example 2.11. Let H = 7Z, where (Z,+,-) is the ring of integers, and | | be a (3,2)-
hyperoperation on H defined by [z3] = ({1 + 3 + x3, 21}, {T12273, 72 }). Then
[w17223]1 = {21 + 22 + 23,21} = [T12372]1,
[wox123]1 = {@1 + T2 + 23, 22} = [Taw321]1,
[w32122)1 = {@1 + 22 + 23, 23} = [T32221]1,
and thus N,es, [atgg’;]l =N {z1 + 2o+ 23,25} = {21 + 22 + 23} £ 0.
In a similar way, we obtain that
[$1$2$3]2 = {leﬁg, IQ} = [$3ZE2$1]2,
[132351553]2 = {x1$21’3, 9151} = [953351952]2,
[I1$3$2]2 = {$1$2953, $3} = [902$3$1]2,

and thus N,es, [I’Zg;]g = N {@1aows, 25} = {m1waas} # 0.

Therefore, H is a weakly commutative (3, 2)-hypergroupoid.

3. SOME RESULTS ON (n,m)-HYPERSTRUCTURES

Proposition 3.1. Let (H,[]) be an (n, m)-hypersemigroup. The following conditions
are equivalent:

(i) (H,[]) is strongly cancellative;

(ii) (H,[]) is strongly left and strongly right cancellative;

(iii) (H,[]) is strongly i-cancellative for some 0 < i < k.
Proof. Implications (i)=-(ii) and (i)=-(iii) are obvious.

(ii)=-(i) Let (H,[]) be an i-cancellative hypersemigroup for i = 0 and i = k. If

GERLE

alxl Ajyq [a13/1 ]+l]

for 1 < j <k — 1, then for all b} € H* we have
[blf J[a{fln ;€+1]bk g+1] [b’f_j[a{yl ]+1]bk g+1]

From the associativity it follows that

[blf Ja{[l'l _]+1bk‘ ]+1]] [blf ]ajl[?h ]+1bk ]+1H

From the strong cancellativity it follows that

[z]"a j+1bk g+1] [yi'a ]+1bk ]—H]
which implies that 27" = y".

(iii)=(i) Let (H,[]) be strongly i-cancellative hypersemigroup for some 0 < i < k.
First we will show that if (H,[]) is strongly i-cancellative, then (H,[]) is strongly
(7 + 1)-cancellative hypersemigroup.

We have

[a21+1x71n f+2] a ZHZ/T f+2]
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S ] = [
= [b 1CLIWH% af+2b']bf+] = b lal[ sHyla f+2bi]bf+1]
= [ab 'l f+2b] [ay f+2b]

From the strong i-cancellativity it follows that 7" = y{". Now, we will show that if
(H,[]) is strongly i-cancellative, then (H,[]) is strongly (i — 1)-cancellative hyper-
semigroup

o 27"af] = [ay 'y af]
= [br a2 af]0f o) = [T ay Ty bl )
= [bi[biv1ar” 1$Tak Nabfyo) = (b [bivrat "y al ardl,,)
= [biiay 2l ai Y = [biaay ey
= " =y
Hence, (H,[]) is strongly cancellative hypersemigroup. O

Proposition 3.2. If for some j such that 1 < j < i — 1 the (n,m)-hypergroupoid
(H,[]) is (i — 1,i+ j — 1)-associative and partially strongly (i + j — 1)-cancellative,
then it is (i — j — 1,7 — 1)-associative.

Proof. Let (H,[]) be an (n, m)-hypergroupoid that is (i — 1,7+ j — 1)-associative and
partially strongly (i + j — 1)-cancellative. Then it follows

[y ™ a7 [ T e e
=[ai Moy ey T T e T e al)
=lay oy ey T e e e e al]
:[all la;ﬂ 1[ [ ?H 1]$Zi§_jx;bi£—j+1]a§+j]

o R o oy P

Using the fact that (H,[]) is partially strongly (i 4+ j — 1)-cancellative we obtain that
J

i—j—17_n+i—j—17 n % n+i— n
[y 27 et ] = o 2 R,
ie., (i —j—1,i— 1)-associativity holds in (H,[]) for 1 <j <i—1. O

Proposition 3.3. If a partially strongly (i — 1)-cancellative (i > 1) (n,m)-hyper-
groupoid (H,[]) is (i — 1,14 j — 1)-associative for some j > 1 and 2j < k — i, then it
is (i 4+ j — 1,1+ 2j — 1)-associative.

Proof. Since (H,[]) is partially strongly (i — 1)-cancellative, it follows that there is a
sequence a} € Hk such that [ai 'zTal] = [ai 'y"a¥] = 27 = y". Then, using the
(1 — 1,4+ j — 1)-associativity for some j > 1 and 2j < k — i, and we obtain that

[ oy T e
2 i+2j+n—1
=lay o™ 2 el



268 V. MIOVSKA, V. CELAKOSKA-JORDANOVA, AND B. DAVVAZ

:[azfl[xl[xﬁjl l[l‘iﬁ*"*l] ?Jﬂin]alﬂ 1] f+j]
[all '] 1z 3121] 1[ Zi§§'+nil]$?i2@+na;+jil]afﬂ]
=[ai [t s ]
=[ay M g T e ]

The (n, m)-hypergroupoid (H, [ ]) is partially strongly (i—1)-cancellative and therefore

i+j+n+1y n i+2j—17 i+2j+n—11, n
sziﬁ ’ ]xz—:—]l:-n] [$1+ | z‘i2§'+ ] 2:2]3‘+n]7
ie, (H,[])is (i+7—1,i+ 2j — 1)-associative. O

Proposition 3.4. Let (H,[]) be an (n,m)-hypersemigroup and let e be a neutral
element in H. Then the following conditions are equivalent:

k
(i) the sequence (e) is strongly cancellable;
k
(ii) the sequence (6) is strongly i-cancellable for i =0 and i = k;
k
(iii) The sequence (e) is strongly i-cancellable for some 0 < i < k.

Proof. The proof is obvious from the proof of the Proposition 3.1. O

Proposition 3.5. Let (H,[ ]) be an (i,i + j)-associative (n,m)-hypergroupoid for
1 < j <. Ifthere exists a sequence e} € H* such that the equality [e lﬂx’l”efﬂﬂ] =a"

holds for every x* € H™, then (H,[]) is an (i — j,1)-associative (n, m)-hypergroupoid.

Proof. Using the equation given in the supposition we obtain that

i—j+m—+ky m+2k ] [H—][ i—j+m+ky m+2k ] k ]

i—j
[xi—j-i-l ]xi—j—&-m—i—k—i-l €1 [xi—j—I—l ]%—j+m+k+1 €itj+1]-

[ml
Applying the (i, i+ j)-associativity twice and using the given equation in the last step,
one obtains that

x’lj

€+ [ 1[ i+m—+k

Tit1 ]xi+m+k+l]6§+j+1]

1
i [ i+m~+k],,.m+2k
1 [ 1+1 ] ]

k
[ellﬂ[ . ][ ; ;ITJF ]xﬁﬁ]smkﬂ]@fﬂﬂ]
k 2U—j
=[e}[x1 [ Z ?irlw ] ﬁ}mikﬂ]f”zigi J+1€f+3+1]
2%—j
o G ARG o e A e R
[ 7 m-+2k
[

T Titmrk+1]-

Thus, (H,[]) is an (¢ — j,)-associative hypergroupoid for 1 < j <. O

Proposition 3.6. Let (H,[ |) be an (i,i + j)-associative (n,m)-hypergroupoid for
j > 1. If there exists a sequence ef € H* such that the equality [¢}x7ef ] = 27" holds
for every " € H™ and if i +2j < k, then (H,[]) is an (i + j,i + 2j)-associative
(n, m)-hypergroupoid.

Proof. Using the equation given in the supposition we obtain that

e cauati pposition we o
3 a2 ] = (6o W a2 b
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Applying the (i, + j)-associativity three times and using the given equation in the
last step, one obtains that

[611 [leﬂ [$§i§1T+k]xﬁ§i’%+k+1] efﬂ]
[62133]1 [l’?ﬂ [wziﬁTM]xﬁﬁ%MH 6211] €f+a+1]
=lerl o T e R el )
=[e} Wlﬁj [fziggiTM]xﬁ;?ierkﬂ]€f+1]

:[leJr [$§i§§1T+k]$ﬁ§]2ﬁm+k+1]

Hence, (H,[]) is an (i + j,7 + 2j)-associative hypergroupoid for i + 2j < k and
j>1. O

Proposition 3.7. Let (H,[]) be an (n, m)-hypersemigroup with an m-neutral element

o
e that satisfies the identity [ex ( )] x*. Then

7 k—i
a) [(e)a:{”(e )] =" for2 <i <k

b) e is a neutral element.

. . @ k-2
Proof. a) First we will prove that [e 27" e | = 2}*. Namely:
2 k=2 2 k=2), (k k=2) - (k-1
[(e) 337171( c )] H(e) o ( c )] (e)] _ [e[exgn( c )e] ( c )]
k1), (k-1 k—1
=le[ex" e )] e )] = [ex’ln( e )} =z

Iterating this procedure for every 3 < i < k, using the condition and every result
obtained in the previous step, we obtain that

@) k=i @) (k=) (), (=)
[ea” e ]=[[ea” e]e]=]e€

(i=1)  (k—i+1) -
=[ e zf e | =a".

(k—1)

e’]

(k—i+1)
(&

]

[ear”

b) The proof follows from the supposition and a suitable application of a). Namely,

(k) (k) (k) (k) (k—1) (k—1) (k)
[z € ab] =[xy € ah'] €] = [x1[€e 25e] e | = [r12fe e | = [z €] =" O

The next proposition is symmetrical to Proposition 3.7.

Proposition 3.8. Let (H,[]) be an (n,m)-hypersemigroup with a 0-neutral element
k-1
e that satisfies the identity [( e xie] = z*. Then

i k—i
a) [(e)x’ln(e )] =z for2 <i <k

b) e is a neutral element.

Proposition 3.9. If (H,[]) is an (m + k,m)-hypergroupoid such that k < m and
(H,[]) has a neutral element e, then | H| = 1.
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. . (k) (m—k)(K),  (m—Fk)(k)
Proof. Let € H be arbitrarily chosen element. Then, [e z €] = x € and
(k) (m—k)(K),  (k)(m—Fk) S . .
ez €] =¢€ ', which implies that x = e, ie., | H| = 1. O

Theorem 3.1. An (n, m)-hypersemigroup (H,[]) is an (n, m)-hypergroup if and only
if the relation (1.3) holds for

a) i =0 andi=k (ie., a},, € [z7a}] and a}, € [af27], for all a} € H™);

b) some i, 1 <i<k—1.

Proof. The direct statements are obvious.

a)=(1.3) For the converse, let the relation (1.3) holds for ¢ = 0 and i = k. Then for
a¥ € H* and b" € H™, there is an 27 € H™ such that b7 € [27"a}] and for af € H*
and 2" € H™, there is an y" such that 7" € [afy"]. From here we obtain that

b7 € [[ayy"]ay] = [a; [aﬁw{”ai]aﬁﬂ,

for 1 < i < k — 1, so the relation (1.3) holds for every i, i.e., (H,[]) is an (n,m)-
hypergroup.

b)=-(1.3) Let the relation (1.3) holds for some i, 1 <i < k — 1. Then, for af € H*
and b" € H™, there is 2" € H™ such that b* € [a}2al,]. For aﬁ?le H* and
xf* € H™, there is y* such that 27" € [(zgl Y g::l)] Then

m 7 (%) m (k—i) i (i-1) m (k—i+1)
b7 € [affaiss y1" aiptladyy) = [ai [aipr 7" aign Jal).
So, the relation (1.3) is solvable in the i+1 place, for all 1 <i < k—1 and consequently,

it is solvable in the k£ place.

k i k—i
For (ai)e H* and 27" € H™, there is 2" € H™ such that 27" € [(az 2 (ai )]. Then

@) (k=) (i+1) , (k—i-1) k]

b € [affa; 21" “a; Jaly] = [ai a2 a; Jal].

So, the relation (1.3) is solvable in the i—1 place, for all 1 < i < k—1 and consequently,
it is solvable in the 0 place.
Hence, (H,[]) is an (n, m)-hypergroup. O

4. RELATIONS ON (n,m)-HYPERSTRUCTURES

Let (H,[]) be an (n, m)-hypersemigroup. An equivalence relation p on H is said
to be
(a) regular if ajpb;, j € {1,2,...,n} and = € [a}]s, s € {1,2,...,m}, implies that
there exists y € [b]]s, s € {1,2,...,m}, such that zpy;
(b) strongly regular if a;pb;, j € {1,2,...,n} implies that zpy, for every = € [af]s,
y € [bY]s and s € {1,2....,m}.

Theorem 4.1. Let (H,| ]) be an (n,m)-hypersemigroup and p be an equivalence
relation on H.
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(i) If p is regular, then (H/p,[]?) is a (n, m)-hypersemigroup, where the operation

[ 17 consists of m component hyperoperations, [ 1 = ([ 11,...,[ ]%,), each of

which is defined as follows:

[p(ar)p(as) ... p(an)]f = {p(x) |z € [a]]s},

for every s € {1,2,...,m}.

(ii) If (H/p,[]?) is a (n,m)-hypersemigroup, then p is a regular relation.

(iii) The canonical projection m : H — H/p such that w(a) = p(a) is a strong
homomorphism on the (n, m)-hypersemigroups (H,[]) and (H/p,[]?).

(iv) If (H,[]) is a (n,m)-hypergroup, then (H/p,[ |?) is a (n,m)-hypergroup as
well.

Proof. (i) First, we will show that [ ]? is a well defined operation on H/p. Let
pla;) = p(¢;), for i = 1,2,...,n. Clearly, a;pc;, for i = 1,2,...,n. Let p(z) €
[p(ar)p(az) ... p(ay)]?. Then z € [a}]s. By the assumption, p is a regular relation
and thus, for every x € [a}]s there exists y € [c]]s, s = 1,2,...,m, such that

xpy. Since p(x) = p(y) and p(x) = p(y) € [p(c1)p(c2)...play)]? it follows that
[p(ar)plas) ... play))? C p(cr1)p(ea) ... p(en)]?, s =1,2,...,m. The converse inclusion
can be shown in a similar way.

In order to prove the (m + k, m)-associativity, suppose that p(a;) € H/p, where
i=1,2,...,m+ 2k and let p(z) belongs in

[p(ar) - plamsi)lt - - [p(ar) - plamr)]r, P(@mskin) - plaman)]E,
for s = 1,2....,m. Then, there exists p(uy) € [p(ai)p(as)...p(amsr)]s, for X =

...,mand z € [u'a or s = S, m.
1,2,..., d z € [ufal 2 ], f 1,2,...,
m—+k m—+k m+2k 1 _ [.][,iTmtk Jt+m+k m+2k
Clearly, z € [[a"™"]1 ..., [a" " |m apit]s = la1 [a5 " - Jadid ™ T a5 els:
There exists x) € [ajig”* ], for A = 1,...,m and j = 1,...,k, such that z €
[l s, for s = 1,2,...,m. Therefore,

p(2) €lp(ar) ... plaj)p(ajr) - - pajimer)l - - - [p(aj1) - - - p(@jemir)]i,
p(aj+m+k+1) .- 'p(am+2k)]§>

and thus

[[p(ar) - plami)lt - [p(ar) - plamin)]f, pP(amirsa) - p(@m2e)]C
Clp(ar) - play)lp(aja) - plajimsn)]T - - [p(ajr) - p(aj0min)]i,
p(aj+m+k+1) - -p(am+2k)]§>
fors=1,2,...,mand j=1,2,...,k.

The converse inclusion can be shown similarly.

(ii) Let a;pc;, for i = 1,2,...,n. Then, p(a;) = p(c;), i = 1,2,...,n and so
[plar)p(as) ... pla,))? = [p(c1)p(c2) ... p(cy)l?, for s =1,2,...,m. For every x € [a}]s,
s =1,2,...,m, we have that p(z) € [p(c1)p(ca)...p(c,)]2, so there exists y € [¢]]s,
such that p(z) = p(y), and therefore xpy.
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(iii) We claim that 7 ([a}]s) = [7(a1)7(az) ... m(a,)]?, s = 1,2,...,m. Let p(a) €
m([a}]s), s = 1,2,...,m. Then, there exists a’ € [a}]s, such that p(a) = 7(da’). So,
pla) = pla') € [p(al)P(a2) : ..p(an)]ﬁ = [r(a)m(ag) ... w(an)]f. Thus, 7([a7]s) C
[m(ar)m(ag) ... w(an)]t, s = 1,2,

For the converse 1nclu81on let p( ) [m(a)m(az) ... m(an)]?, s =1,2,...,m. Since
m(a;) = pla;), i = 1,2,...,n, it follows that p(a ) € p(al) ( ) p(an)]g, s =
1,2,...,m. Then, there exists a’ € p(a) such that ' € [a}]s, Ce,m. Thus,
pla) = pla’) = m(d’) € m([a7]s), so [w(ar)7(az) ... w(an)]] C W([ 1, ) =1,2,.

(iv) Suppose that (H,[]) is a (n, m)-hypergroup, i.e., (H,[]) is a (n,m)- hyperseml—
group such that for every af € H", there is 27" € H™ such that aZflk € [alzTa fﬂ]
for every j = 0,1,..., k. Let p(a;) € H/p, i = 1,2,...,n. Then, there exists
ti,t2, ..., tm € H such that af i} € [alt™a a¥, ], for every j = 0,1,... k. Thus,
plarss) € [plar) ... plag)p(ts) ... p(tm)p(ajia) - . p(ax)]s, for every j=0,1,... k and
s =1,2,...,m. Therefore, (H/p,[]?) is a (n, m)-hypergroup. O

Theorem 4.2. Let (H,[]) be an (n,m)-hypersemigroup and p be a strongly reqular
relation on H. Then

(i) (H/p,[]P) is an (n, m)-semigroup;
(ii) if (H,[]) is an (n,m)-hypergroup, then (H/p,[]?) is an (n,m)-group.

Proof. (i) Let p(z),p(y) € [p(ar)p(as)...p(an)]?, s = 1,2,...,m. Then, z,y €
[a}]s. Since p is strongly regular, it follows that zpy, i.e., p(z) = p(y). Thus,
l[p(ar)p(az) ... p(a,)])?| =1, for s = 1,2,...,m. Therefore, (H/p,[ ]?) is an (n,m)-
semigroup.

(ii) It follows from (i) and Theorem 4.1(iv). O

5. FUTURE WORK

We have started the investigation on vector valued hypersemigroups and vector val-
ued hypergroups. As a future work we are planing to introduce a relation $ on a vector
valued hypersemigroup (hypergroup) and to investigate the fundamental equivalence
relation 8* as the smallest equivalence relation on a vector valued hypersemigroup
(hypergroup), such that H/3* would be a vector valued semigroup (group).
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