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O YPEBEHMM MHOXVMHAMA CA KOHAYHUM NAHLUVMA

l. M3HehemMO jefHO KapaKTepUCTUYHO CBOjCTBO MHOXMHA
¢a KOHayHVMM faHummva. [petrnoctas/baMo fa Cy MOojMOBM penia-
uvje pega (<), ypeheHe (Tj. LenMMUYHO YpeheHe) MHOXMHE,
naHua (noTnyHo ypeheHe MHOXXMHE) — no3HaTu. [logahemo Tome
pagnM NPeum3HOCTM, joll Heka objallHserba.

Bje npasa NoAMHOXKaHaMHOXXMHA A ako
penaumja A a B c: A, rae je J1 npasHa MHOXMHa. Y ypefheHoj
MHOXWHN A enemeHar af
3a CBakKo X6 ABKW penaupja ~

CMMBON ~ p 3HaumM Herauwjy nponosuuuje p. Ao je A NoTnyHo
ypeheHa MHOXVMHa MakcvMaslaH M MUHUMa/TaH efleMeHaT HasuBajy

Cce  3HWMUMAHOCHO noYe THUMENEMEHT OM (Kpaj|
JepunHnumja 1. 1. Heka je a, £ npy demy je A ype-
heua MHOXMHA. MHOXUHaA [a, 3a Kojy u3 penaupje X£ A,
¢ i X T~ benepyje x £[B, bla,HasvBa ce
MHoxuna (r-, dla ([a, -)4), 3a Kojy u3 penaumja XBA, X" a
(@”™ x) cnepyje x € (-, ala ( xa, - )a),
(3aBpLYHUM)CETMEHTOM.

HanomeHMMo fa CerMeHT HWje HUKaL npasHa MHOXMHA.
AeyHunuwial 2. MoamHOXMHA B ypeheHe MHOXWHe A,

L KOjy M3 penauuje a B
LOMMNA0OM MHOXMHE /E AKO je 3a cBako £ Takohe (-,a]C R
([o,-)iC B), oHga je B noveTHa Komag og A

JacHo je fa Cy CermMeHTW, MOYETHU W 3aBPLUHW CErMeHTU
Heke MHOXMHe Takohe KOMaay MCcTe MHOXMHe.
JedmHunupjal. 3. MakcmanHum nauwem ypeheHe MHOXMHE
A HasmBa ce naHal, B ako 3a cBaku naHay C o A, Koju 3ajo0-
BO/baBa penauunjy B¢ C,Bai pena
HarnomeHVMO [a ersucTeHuMja MakCcManHMX JlaHaua Yy
ypeheHUM fWOXUHaMa cnegyje M3 akcuome usbopa (BUAWM Ha
npviMep
OepuHnuninl. 4. [BocLupykopass
HasvBa ce ypeheHa MHOXWHaA A uvjy CBakW HenpasaH feo ca-
ApXn 6ap Mo jefaH MUHUMaTaH U MakcuMasiaH efleMeHT. AKO je*

*a, b£ A 3Haum ucto wto naf£nl, £
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A noTnyHo ypeheHa MHOXVMa OHAA je oHa W ABOCTPYKO [06po
y petjem.

2. Capa hemMO M3HETU HeKe CTaBOBe MNOTpPebHe 3a fasbe
n3narabe.

A 1 Csakv [e0 ABOCTPYKO pa3BpCTaHe MHOXWHE je

Takohe [BOCTPYKO pa3BpcTaH. CBaku HbeH flaHal, je ABOCTPYKO
[06po ypeheH.

CraB je ouyeBMAaH.

Ca P (J1) obenexaBaheMo MapTUTUBHY MHOXMHY MHOXMHE
A, Tj. MHOXWHY CBMX MOAMHOXMHa of A. CBaku CUCTEM MHO-
>XWHe cmaTtpahemo fa je ypeheH penauupjom C .

. Jlema 2.2. Heka je A 4BOCTPYKO pa3BpcTaHa MHOXWHa, a S(J1)
CUCTEM CBUX HEHUX cerMeHata. Cuctem  (JI)=5 (JT) n  (£>),
rge je a C jW cagpXun, YKO/MKO HWje nposaH, 6ap jegaH Mak-
CYMa/THW eflemMeHar.

[loka3. MHOXMHa CBMX KpajrbMX efieMeHaTa CerMeHara ma
KOr MakcumanHor naHua F og S'(J1) ob6pasyje naHay C og J1.
Mpema nemmn 2. 1, nowTo je J1 ABOCTPYKO pa3BpcTaHa MHOXWHA,

MoCTOje KpajHsh efleMeHTU a Vi b op [hkne nmve
(2.1) [a,0]1n6S (/).

EnemeHTN a 1 b npunagajy no jeaHoOM CermMeHTy M3 naHua

Tj. MNOCTOje CerMeHTn Xu X&BF TakBu ga j
a, 36or ynopeavMBoCTM enemMeHata Xt v X2 MMamo peummo

XxQ. X2o0gakne je a, b CX2.Kko je pgarbe (D),
Takohe je X2£P(D) ogHocHo ™ ¢ R Te, 360r c

nvamo [a, blaQ Dun Haj3ag G {D). Opgasge
penaumje (2. 1) cneayje [a bla6 (J1). Caga ct

pa je [a, O]A3aBpLUHM CErMEHT Of a Takohe M MaKcumasiaH

o4 :
) Nlema 2. 3. Ako Komaf ByeheHe MHOM
jefHor MakCKUMaHor (MMHVMMaUTHOT) efleMeHTa, OHAA HU MHOXUHA

5 (B) cBux cermeHata off B HeMa MakCMMasiHOT €efleMeHTa.

CtaB je ouyeBMiaH.

3. Caga hemo rnokasaTu, LUTO je U LWP OBe pagHbe, Aa je
3a [BOCTPYKO pasBpCTaHe MHOXWHE KapaKTepuUCTUYaH jefaH
06/IMK WHOYKTMBHOI 3ak/byuvBara. Pagn ce o cnegehum umcka-
3mma:

Mpoaosuupja 3. 1L MHOXMHa  je ABOCTPYKO pasBpcTaHa.

Momyed. 2. 3a ypeheHy MHOXMHY M 1 MHOXUHY
n3 ycnosa:

1 noctoju cerMeHT J1 MHOXWHe KOjU 3aj0B0O/baBa pe-
naunjy N cyV,

2. 3a CBakM CerMeHT 5 of M Koju 3ap0BO/baBa penauuje
BOM, BON, noctoju cermeHT C of M 3a koju je CON
— cnegyje CON.
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Teopema 3. 1 Tponosuumje 3. 1 1 3. 2 cy eKBTaleHTE.

Joka3s. lpBo hemo nokasatm pga w3 nponosuvumje 3. 1L
cnepyje nponosuvumja 3. 2. Heka je M [ABOCTPYKO pa3BpcTaHa
MHOXVHA W HeKa Cy YC/0BWU nponosviuuvje 3.2 3a0BO/beHU,
NpeTnocTaBMMO fa je unak

(3.1) ~ (M¢ N).

OpaBfe cneayje ga MHOXMHA D= TI
(3.2 DCM

n D c. N. lMNpema ycnosy 1 nponosvuuje 3. 2 NMOCTOjU CErMEHT

N og M 3a koju je A¢ N
3Ha4M fa U CUCTeM Pragpku 6ap jegaH cermeH
5 M) cuctem cBuMX cermeHaTa of M MHOXVHA =5 (M) I‘IP(£>)
cafipkn 6ap jesaH CermMeHT oA M.Ha oc
cToju 6ap jefaH mMakcumvasiaH enemeHat By S'{M). N3 B/S' (M)
cnegyje BEP(D) wu B¢ Da

npema ycnosy 2 nponosvuuje 3. 2 mnoctoju cermeHT C of
Koju 3afj0BO/baBa penaunjy

(3. 3) Bece N

Otypa cnegyje CC [, oaHocHo C€P(£>) un, 36or C¢S(M)
uvamo C¢S'(M). Opasge, nowiTo je B MakcumaniaH enemeHaT
og S’(M), cneayje ~ (B ¢ C) wto npotmBpeun penaumjm (3. 3).
Jakne npetnoctaBka (3. 1) je HeogpXuBa, a nponosuvupja 3. 2
joucTta noenauv nponosvunjy 3. 1

Heka je caga nponosuvupja 3. 2 UCTUHWTA, a1 NPETNocTa-
BUMO Ja M uvnak Huje pasBpcTaHa MHOXMHA. [lakne mnocToju
Heka HenpasHa MOAMHOXWHA Dog
Mep HWjedHOr MaKCUMasHOr efleMeHTa. JacHo je Ja W Komap
D*- XU (-, X]m Takohe HemMa HUjedHOr MaKCUMasTHOI efleMeHTa.

Heka Je Haj3ag N npaBu 3aBpLUHK KoMag og , Tj. J1
0ZlHOCHO

(3.4) ACZNC1M,

KOjU Takohe Hema MakcuMaiHMX enemeHata. C 063Mpom Ha 0BO
jacHo je pa je ycnos 1 nporosvumje 3. 2 3a0BO/bEH 3a MHO-
YXUHe MMN. Heka je gabe B cermeHT og M Koju 3af0BoO-
/baBa penauuje B ci m, Bc

kKomaga D' of M je Takohe komag of M), Ha OCHOBY sieme

2. 3 noctoju cermeHT C og M 3a kojuje ¢ Cg¢ ar, TO 3HaUn
Ja je v ycnos 2 nponosvupje 3. 2 3a0BosbeH. OTyfa 6u ene-
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gosasio fa je M C N, wrto npotvspeun penaumju (S. 4). Oakne
npetrnoctaeka fga M HuMje ABOCTPYKO pasBpCTaHa MHOXUHA
HeogpXXuBa je, nponosvuuwja 3. 2 nosnauv nponosvumjy 3. 1
Tvme ja Teopema Yy MOTMYHOCTU [AoKasaHa.

HanomeHnmo fga ctaB 1, joKasaH Yy pagy [2], npeTcTaB/ba
crieupjanaH cny4aj OBfe W3/I0XKeHe Teopeme, Tj. Cny4vaj Kaja je
M noTtnyHo ypeheHa MHOXWHa.
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Milan S. Popadic

ON ORDERED SETS WITH FINITE CHAINS

(Summary)

1 At first we are going to expose some explanations and defini-
tions. The main result is exposed in the paragraph 8 (the theoreme 8.1).
If p is a proposition ~ p is the negation of p. B is proper subset

of the set A, if is satisfied the relation AC Ben (JI-the empty set).
an ordered (i. e. partially ordered) set A, a£ A is a maximal (mlnlmal)
element, if for each x £ A holds » (a< X) (™ (x< @)). Ina simply

ordered set the maximal (minimal) element is initial (final) element.

Ifis a, bCA (i. e. aCA, bCA), wher A is an ordered set, the seg-
ment [a, Ua is a agregate of XA, satisfyinga”x”"™b. The initial
(final) segment (-, rma ([a,-)n) is a set of x £ /1, satisfying x~ a(a X).
The section B of A is a subset of A, for which from the relation a, bg A
follows [a, daC B. In the same way are defined the initial (final) section
It is clear that the each segment of an ordered set A is a section of A
The segment is never the empty set.

A maximal chain of an orered set A is every maximal element of
system of all chains of A (this system being ordered by the relation ¢ ).

Definition 1. 1. By a partially double well-ordered set is meant an
ordered agé;regate each subset of which has minimal and maximal ele-
ments. ouble well-ordered set is a simply ordered set with the initial
and final element.
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It is clear that each subset of a double well-ordered set has extreme
elements (a initial and a final element).

2. The following lemmae it is easy to prove.

Lemma 2. 1. Each nonvoid subset of a parially double well-ordered
set is a Fartially double well-ordered set. Each chain of this set is a
double well-ordered set.

By P (J1), where A is a set, is meant the aggregate of al the subsets
of A. We suppose that every system of sets is ordered by the relation c=.

Lemma 2. 2. Let A is a partially double well-ordered set, and 5 (A)
the system of all segments of A. The nonvoid aggregate S'(J1)=S(J1)MP(0),
where is J1 ¢ g contains at least one maximal element.

Lemma 2. 3. If a section B of an ordered set A has no maximal
(or minimal) element, then the system S(B) of all segments of B has too
no maximal element.

3. Now we are going to show that for partially double well-ordered
sets is characteristic a form of the induction principle. In the fact we
deal with the following two propositions:

Proposition 3. 1. M is a partially double well-ordered set;

_Proposition 3. 2. For an ordered set M and any set N, from the
conditions :

1 there is a segment A of XX satisfing the relation A COI;

2. For every segment B of Al, satisfying the relations B*M, BN,
there is a segment C of Al satisfying 3cC¢iV
— it follows Ale AT

Theorem 3. 1. The propositions 3. 1 and 3. 2 are equivalent.

Proof. First let the proposition 1. 3 be true, and let the conditions
1 and 2 of the proposition 2. 3 are satisfied, but let us assume that

B ~ (Al¢ N).
Hence it follows that the set D**M(~)N satisfies
(3.2 Dc M

and D ¢ O. According to the condition 1 of the proposition 3. 2, there
is a segment A of M sitisfying A¢ N and thus A ¢ D. It signifies that
the system P(D) contains at least one segment. If S(Al) is the system of
all segments of M, the set S'(Al)=5 (Al) I P (D) contains too a segment
of M According to the lemma 2. 2 it follows that in the set S'(Af) there
is at least one maximal element B. From ACS'(Al) we have BEP(D)
and 3C D, and, because of (3. 2), Bc M too. However, according to the
condition 2 of the proposition 3.2, there is a segment C of Al, satisfying

3, 3) Bc C¢ N

Hence it follows C¢ [ i.e. CEP(D), and, for CCS(M), we obtain
C CS'(Al). Because B is a maximal element of S'(Al) then is ~ (B¢ C\
which contradicts the relation (3°3). Thus the hypothesis (3. 1) is false,
h_vv_ence(Sonf) obtain that the proposition (3. 2) foliows from the propo-
sition (3. 1).

Now let the proposition (3. 2) be true for a ordered set M, but let
us assume that M is not a partially double well-ordered set Thus there
is a nonemply subset D of Al, which has no maximal (or minimal) ele-
ments. It is clear that the section D'):(E[S—, xIMhas too no maximal

elements. Final(ljy let N be a proper final section of D', i. e. N satisfies
Ac TVc D' an

3. 4) ACiVc Ai
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N has, of course, no maximal elements. At first it is clear that the con-
dition 1 of the proposition 8. 2 is satisfied. Let B be a segment of AL
satisfying 8C M and B ¢ N. Because N is a section of M (a section of
a section of M is a section of M), according to the lemma 2. 3, there is
a segment C of M, satisfying R3cCCjV. The condition 2 of the propo-
sition 3. 2 is setisfied too. Hence it follows M¢ MO which contradicts
the relgtilon (3. 4). Thus from the proposition 3. 2 it follows the propo-
sition 3.1.

Let us remark that the theorem, proved in the paper [2]*, is a spe-
cial case of the theorem 3. 1, i. e, when M is a simply ordered set

* See References ad the end of the original paper.



