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Simple proofs of certain inequalities with
logarithmic coefficients of univalent functions

Abstract. In this paper, we give simple proofs for the bounds (some of
them sharp) of the difference of the moduli of the second and the first
logarithmic coefficient for the general class of univalent functions and for
the class of convex univalent functions.
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Amnxoranisi. Y miii cTaTTi MM HABOAWMO TIPOCTI JOBEIEHHS JIJIs OIIHOK (71e-
gkl 3 HUX TO4HI) Pi3HMIi MOAYJIB APYroro Ta mepmoro jorapudMiTHux
KOe(IIEHTIB IJIsT 3arajIbHOTO KJIACY OTHOJIMCTUX (DYHKINM 1 I KJIacy
OMYKJ/INX OMHOUCTUX (DYHKITIH.
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KoedirienT, MOy, OmHKA
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1. Introduction and definitions

Let A be the class of functions f analytic in the open unit disk D = {z :
|z| < 1} and normalized such that f(z) = 24 ag2% +az2® +- - -. If additionally,
f is one-on-one and onto, we say that it is univalent and denote with S the
corresponding subclass of A containing all such functions.

One of the most important results of the twentieth century, the Bieberbach
conjecture is related with this class, and says that for all univalent functions,
lan,| < n for all positive integers n. It was formulated in 1916 ( [1]) and proven
in 1985 by de Branges [2]. Huge part of the theory of univalent functions is
oriented towards finding estimates (preferably sharp) of expressions involving
moduli of coefficients a,,. More details can be found in [4]. In parallel, significant
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attention is given to expressions involving so-called logarithmic coefficients, v,
n=1,2,..., defined by

logfi/z) :2i’ynz". (1.1)
n=1

The expressions are studied over the general class S of univalent functions, or
over its subclasses (starlike, convex, close-to-convex, et c.).

In this paper we give estimates of the difference of the moduli of the second
and the first logarithmic coefficient,

72| = [l

for the general class of univalent functions and for the class of convex functions.
In the first case the estimate is sharp, while in the second is partly sharp. The
class of convex functions, K, consists of functions f from A that map the open
unit disk D onto a convex domain. These functions are univalent.

The result for the general class of univalent functions is sharp and was
previously obtained in [3, Theorem 3.1] and is rather complicated. Here we
give a simple proof. The result for the class of convex functions is partly sharp.

Before continuing, let note that by equating the coefficients on both sides
of (1.1) we receive

1 2
v = % and 2 = 3 <a3 — a22> . (1.2)

2. The result for the general class S

In [3] the authors used robust technique to obtain sharp estimate of |y2| —
|71] for the general class of univalent functions. Here we will prove the same

using elementary technique and the well known sharp inequality holding for
all f from S:

laz —a3] < 1. (2.1)

For its proof see [4, p.5].

Theorem 1. For every function f € S, —@ < |v2| = Im| £ 3 holds
sharply.

Proof. From the Bieberbach conjecture, for all f € S, we have %\a2| <1, and
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further, applying (2.1) in the final step, we have

vl = Im| =

<

<

<

NI~ NI~ N~ N [\’)\r—t

The estimate is sharp since equality is attained for the function

z
fl(Z) = m =z — 61923 +€21625 —+ e

The second inequality that is to be proven, |ya| — 71| > — ‘[ , is equivalent
tlag] > — ‘f , 1.e., to

tO§‘

a3
a5 =5

> [ag| — V2. (2.2)

If |az| < V/2, then (2.2) is obviously true. For the remaining case, when /2 <
las] < 2, we have

a2

2
ag—E

2
a3
2

ol |,
=9 3

2
a
(ag—a%)+ —a%|2|;‘—12]a2|—\/§.

The last inequality holds since it is equivalent to (|as| —v/2)(|az|++v2—2) > 0,
and also |as| — v/2 > 0 and |aa| + v/2 — 2 > 0. The estimate is sharp with the
equality attained for the function

_ o _ 0,2 | 20 .3
f(z)_l—\/ieiez+e2i9z2_z+\[€ 22+ e"? +

for which |az| = v/2 and |ag — a3| = 1.

3. The result for the class

Now we will prove a partly sharp estimate of |y2| — |y1| over the class K,
and for that we will make use of the following result due to [5].
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Lemma 1. For all functions f(z) = z + a2z® + agz® + - -+ from K,

|as —a%‘ <= (1-lasl?).

Wl

The inequality 1s sharp with extremal function
Alz) /Z Loyt 1 dt +/\2+1(2/\2+1)3+
z) = — | ——=dt==z 22+ - A R
A o \1+¢) 1-¢2 3 ’

with 0 <\ < 1.

Note that the range of A for the extremal function exploits the fact that all
coeflicients in the expansion of convex univalent functions have modulus less
or equal to 1.

Theorem 2. For every function f € K, _\/% < vl = Iml| < %, The

second inequality is sharp.

Proof. From Lemma 1 we have

el — ] = s — %[ = Lja

— =—laz3— =|—=|a

Y2 et 5 3 9 5 2
1 a2 1
= 5|(as —ad) + 5| = 5laa]
< 2 Jag — 2| + Slasf? — 2Jaa)
—lag —a —las]|® — <la
=9 3 2 4 2 2 2
1 1 1
Sg(l—\a2|2)+1\a2’ —5\‘12’
1
gﬁ(]ag\ — 6las| +2)
1
<77
=6

since |ag| < 1 for f € K. Equality holds for the function fo(2) = 2+ 3234+,
where fp is given in Lemma, 1 for A = 0.

For the remaining case we need to prove

ol — bl = & [y = 2] = Loy > L
Y2 71 5 3 B) B 2| = \/ﬁ’
i.e.,
2
as; 2
) N PN . 3.1
a3 — 3 > |az] 75 (3.1)
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If |ag| < \/%, the above obviously holds, while for \/% < ag] < 1, we have

2 2
a a
a3—?2 = ((Lg—a%)—i—?2
|as|?
> -~ lag a3
"l2|2 1 2
%21 _Z (1
25— 3 (t=laf)
=5 3
2
> |ag| — —=

The last inequality holds since it is equivalent to 5|ag|? — 6|ag| + % -2>0

which is easily verified to be true.

Remark 1. We were not able to prove sharpness of the left estimate in the
previous theorem and it remains an open problem.
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