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This study proposes a generalized model describing the temporal changes in open-circuit poten-

tials in microbial biofilm systems. Using an Nernstian equilibrium approach combined with a series of 

different kinetic models for each experimental stage, it examines nutrient oxidation by microbes under 

anaerobic conditions with a continuous supply. New functions are derived to fit the experimental data and 

to provide in-depth understanding of the complex bioelectrochemical transformations occurring during 

the oxidation of nutrients by a biofilm. 
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ПОТЕНЦИЈАЛИ ПРИ ОТВОРЕНО КОЛО КАЈ БИОФИЛМОВИ: КИНЕТИКАТА  

НА БИОТРАНСФОРМАЦИЈА ЈА ОДРЕДУВА ДИНАМИКАТА ПРИ АНАЕРОБНИ УСЛОВИ  

 

Во оваа студија е предложен генерализиран модел кој ги опишува промените на 

потенцијалите при отворено струјно коло со текот на времето кај биофилмови изградени од 

микроорганизми. Користејќи рамнотежен Нернстов пристап комбиниран со серија различни 

кинетички модели за секоја фаза од експериментот, изучена е оксидацијата на нутриентите од 

страна на микроорганизмите при нивно континуирано внесување. Изведени се нови функции за 

фитување на експерименталните податоци и добивање продлабочени сознанија за комплексните 

биоелектрохемиски трансформации кои се одвиваат во текот на оксидацијата на нутриентите од 

страна на биофилмот. 

 

Клучни зборови: биофилмови; потенцијал на отворено коло; термодинамичко/кинетичко 

моделирање; биоелектрохемиски ќелии; пренос на информации кај биофилмови; пренос на 

полнеж кај биофилмови 

 

 

1. INTRODUCTION 

 

Understanding the complexity of life re-

mains a core scientific challenge,1–5 especially due 

to the intricate biochemical pathways found in mi-

crobial biofilms.6–10 An effective analysis of the 

communication within these consortia requires an 

understanding of electron transfer dynamics.11–14 
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Microbial potentiometric sensors and open-circuit 

potential (OCP) measurements now allow mini-

mally invasive examination of the electrochemical 

properties of biofilms.15–18 Crucially, measurement 

of the OCP does not disrupt intra- or intercellular 

processes because it does not require the flow an 

electrical current through the system. On the other 

hand, closed-circuit techniques involve externally 

induced electrons, which can influence biochemi-

cal processes.19–22 The electrochemical changes 

measured using the OCP directly reflect biofilm 

biochemistry, enabling analyses of equilibrium 

thermodynamics.15 Under such realistically quasi-

static conditions, equilibrium thermodynamic ap-

proaches are applicable for the analysis of a range 

of relevant phenomena. 

In heterotrophic biofilms, the change in the 

OCP over time can be linked to nutrient dynamics 

and modeled thermodynamically.23,24 Combining 

Nernstian and kinetic models provides insights into 

OCP trends and allows one to extract key parame-

ters underlying biochemical dynamics. Although 

earlier models address only simple kinetics,23 ex-

panded models now consider diverse kinetics and 

nutrient supplies. Hence, the expanded models are 

applicable across various systems and experi-

mental contexts and improve understanding of ki-

netic variations among biofilms.25,26 This ability 

can also clarify subtle kinetic differences among 

various biofilms. 

A two-step process occurs when an equili-

brated biofilm is supplied with reduced organic 

carbon nutrients.23 First, nutrients enter the biofilm 

at a rate v. The external perturbation prompts mi-

crobial consortia to extract electrons from these 

nutrients (Fig. 1), oxidizing them and altering the 

reduced-to-oxidized concentration ratio, which 

shifts the OCP. During electron extraction, reduced 

(Red) species are converted to oxidized (Ox) spe-

cies and possibly other products. The resulting 

OCP reflects a Nernstian equilibrium process driv-

en by these electron and redox changes. 
 

vOxOx + ze– = vRedRed                  (1) 
 

It is represented with a dashed line in Figure 1.  

In the second step, as the input of nutrients 

is cut off, oxygen diffuses into the system and 

promotes the oxidizer reaction channel. This is 

reflected in a distinct trend in OCPs. 

 
 

 
 

Fig. 1. A scheme of the general kinetics considered in the models.  

It involves the chemical transformation pathway, supply dynamics, and Nernstian equilibrium. 
 

 

In a natural system, first-order or pseudo-
first-order kinetics occur most frequently. Nutri-
ents are supplied at a constant rate, while the kinet-
ics of their redox transformation are assumed to be 
linear. However, not every natural process follows 
first-order kinetics. Hence, it is necessary to con-
sider a generalization of the kinetic model and to 
analyze the effects of kinetics on the Nernstian 
equilibrium governing the time dependence of 
OCPs. The generalization of transformation kinet-
ics encompasses various scenarios, including n-th 
order or Monod oxidation kinetics, as well as non-
constant nutrient supply rates. The main aims of 
this study are to expand the analysis of the two-
step process shown in Figure 1 by examining n-th 
order and Monod kinetics under a constant supply 
and linear kinetics with a variable supply; to fore-
cast the time dependence of OCPs for these kinetic 
and supply scenarios; and to develop a practical 

model function for fitting bioelectrochemical data 
from microbial biofilm systems.  

 
2. DEVELOPMENT OF THE GENERALIZED 

KINETICS MODEL 

 

2.1. General theoretical framework 
 

To extend the model that describes the tem-

poral dependence of OCPs, it is necessary to derive 

the equations governing the time evolution of all 

species illustrated in Figure 1, and to incorporate 

them into the Nernstian equilibrium framework. 

We consider three specific cases in this study: Case 

1 is n-th order transformation kinetics at a constant 

supply rate, as a natural extension of the basic line-

ar kinetics model. Case 2 is Monod transformation 

kinetics at a constant supply rate (physically, this is 

the most meaningful biotransformation kinetic 



Open-circuit potentials in biofilms: biotransformation kinetics governs the dynamics under anaerobic conditions  

Maced. J. Chem. Chem. Eng. 44 (2), xx–xx (2025) 

3 

mode). Case 3 is linear transformation kinetics at a 

time-variable supply rate (providing an initial step 

toward the most realistic supply regime). 

 

2.1.1. Case 1: A constant supply rate  

and n-th order transformation kinetics 
 

In this case, the nutrient supply rate is con-

stant (v₀) while the transformation kinetics is of the 

n-th order. In such a case, the kinetic equation for 

cRed takes the form: 
 

d𝑐Red

d𝑡
= 𝑣0 − 𝑘𝑛𝑐Red

𝑛                  (2) 

 

This is a separable equation, with the fol-

lowing general solution: 
 

𝑡 + 𝐶 = ∫
d𝑐Red

𝑣0−𝑘𝑛∙𝑐Red
𝑛                     (3) 

 

The possibility of writing the integral in (3) in 

a closed elementary form depends on the value of n. 

The particular solution corresponding to the initial 

condition cRed(t = 0) = c0 when n = 1 is given by: 
 

𝑐Red(𝑡) =
𝑣inp.

𝑘1
+ (𝑐0 −

𝑣inp.

𝑘1
) exp(−𝑘1 ∙ 𝑡)   (4) 

 

For a trivial case of zeroth-order transfor-

mation of Red species to Ox species (n = 0), under 

the same initial conditions, the particular integral 

of (3) reduces to: 
 

𝑐Red(𝑡) = 𝑐0 + (𝑣0 − 𝑘0) ∙ 𝑡              (5) 
 

Extension to second-order kinetics is non-

trivial. For a physically meaningful case (when 

both v0 and k2 are positive), the particular integral 

takes the form: 
 

𝑐Red(𝑡) = √
𝑣0

𝑘2
tanh [√𝑣0 ∙ 𝑘2 ∙ 𝑡 + arctanh (𝑐0√

𝑘2

𝑣0
)]  

(6) 
 

For the sake of a mathematically rigorous der-

ivation, strictly speaking, solution (6) is valid for:  
 

𝑐0 < √
𝑣0

𝑘2
                                (7) 

 

when 
 

𝑐0 = √
𝑣0

𝑘2
                                 (8) 

 

Solution (6) is a constant, that is: 

𝑐Red(𝑡) = √
𝑣0

𝑘2
                            (9) 

 

On the other hand, if the condition  
 

𝑐0 > √
𝑣0

𝑘2
                              (10) 

 

holds, then solution (6) has to be expressed 

through coth, or analytically continued. A more 

convenient form of solution (6), based on expan-

sion of tanh for a sum, is the rational form: 
 

𝑐Red(𝑡) = √
𝑣0

𝑘2
∙

𝑐0√
𝑘2
𝑣0

+tanh(√𝑣0∙𝑘2∙𝑡)

1+𝑐0√
𝑘2
𝑣0

∙tanh(√𝑣0∙𝑘2∙𝑡)
      (11) 

 

To characterize the bioelectrochemistry of 

the biofilm system, we follow the temporal evolu-

tion of the OCP, that is, the electromotive force 

(EMF) of the electrochemical element, which is 

composed of a biofilm electrode and an 

Ag|AgCl|Cl–(a) electrode. As the reference elec-

trode potential is constant, the temporal evolution 

of the EMF of the complete element is governed 

by the redox equilibrium: 
 

vOxOx + ze– = vRedRed                 (12) 
 

The Nernst equation gives the half-element 

potential (the cathode potential Ec): 
 

𝐸𝑐 = 𝐸𝑐
o −

𝑅𝑇

𝑧𝐹
ln

𝑎
Red

𝑣Red

𝑎Ox

𝑣Ox
                 (13) 

 

with aRed and aOx being the relative activities of Red 

and Ox species, respectively. Subsequently, the 

measured EMF (i.e., the OCP) is given by the differ-

ence between the cathode and anode potentials (Ea): 
 

∆𝐸 = 𝐸 = 𝐸𝑐 − 𝐸𝑎 = 𝐸𝑐
o −

𝑅𝑇

𝑧𝐹
ln

𝑐
Red

𝑣Red

𝑐Ox

𝑣Ox
− 𝐸𝑎

o  (14) 

 

Specifically: 
 

𝐸 = (𝐸𝑐
o − 𝐸𝑎

o) −
𝑅𝑇

𝑧𝐹
ln

𝑐
Red

𝑣Red

𝑐Ox

𝑣Ox
          (15) 

 

As the Ox species involved in the redox equi-

librium determining the EMF are not formed directly 

from the Red species, the time dependence of E is 

governed by the temporal evolution of cRed(t): 
 

𝐸(𝑡) = (𝐸𝑐
o − 𝐸𝑎

o) −
𝑅𝑇

𝑧𝐹
ln

[𝑐Red(𝑡)]𝑣Red

𝑐Ox

𝑣Ox
    (16) 

 

Substituting (11) in (16) and performing an 

algebraic transformation, we arrive at: 
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𝐸(𝑡) = (𝐸𝑐
o − 𝐸𝑎

o) +
𝑅𝑇𝑣Ox

𝑧𝐹
ln𝑐Ox −

𝑅𝑇𝑣Red

𝑧𝐹
ln [√

𝑣0

𝑘2
∙

𝑐0√
𝑘2
𝑣0

+tanh(√𝑣0∙𝑘2∙𝑡)

1+𝑐0√
𝑘2
𝑣0

∙tanh(√𝑣0∙𝑘2∙𝑡)
]                   (17) 

 

Figure 2 shows a plot of the E(t) dependence 

governed by function (17), compared with the cor-

responding dependence when the Red species 

transforms according to linear kinetics, for a par-

ticular choice of parameters c0, k2, and v0. It can be 

seen that second-order kinetics leads to a slower 

decay in the OCP as compared with the linear case. 

Therefore, in principle the rate of change of E(t) 

can be used to deduce the transformation kinetics 

of the nutrient species.  

 

It is interesting to note that a specific case 

when n = 1/2 is also analytically solvable, and the 

temporal evolution of cRed may be expressed 

through the Lambert W function:27 

 

𝑐Red(𝑡) = (
𝑣0

𝑘1/2
)

2

∙ [1 + 𝑊 (−
exp(−1−

𝑘1/2
2

2𝑣0
∙𝑡−

𝑘1/2

𝑣0
√𝑐0)

𝑣0∙(𝑣0−𝑘1/2√𝑐0)
)]

2

 (18) 

 

In such a case, E(t) takes the following form: 

 

𝐸(𝑡) = (𝐸𝑐
o − 𝐸𝑎

o) +
𝑅𝑇𝑣Ox

𝑧𝐹
ln𝑐Ox −

2𝑅𝑇𝑣Red

𝑧𝐹
ln {(

𝑣0

𝑘1/2
) ∙ [1 + 𝑊 (−

exp(−1−
𝑘1/2

2

2𝑣0
∙𝑡−

𝑘1/2

𝑣0
√𝑐0)

𝑣0∙(𝑣0−𝑘1/2√𝑐0)
)]} (19) 

 
 

 
 

Fig. 2. A plot of the temporal dependence of the open-circuit 

potential E(t) in cases of different kinetics of the upper  

channel in Fig. 1, for a particular choice of the parameters c0, 

k2, and v0 (a.u. – arbitrary units). 
 

 

2.1.2. Case 2: A constant supply rate and  

Monod transformation kinetics 
 

In biofilm growth kinetics, as well as in 

more general cases of microbial growth studies, the 

Monod scheme is often assumed to realistically 

describe the kinetics of microbial growth process-

es.28 Using this transformation kinetic scheme, 

with respect to the Red species in our case, the fol-

lowing kinetic equation holds: 
 

d𝑐Red

d𝑡
= 𝑣0 −

𝑘max𝑐Red

𝑘𝑀+𝑐Red
                    (20) 

 

 

The two special cases corresponding to kM >> 

cRed and kM << cRed give first-order decomposition 

kinetics (as well as the constant supply rate v0), 

which we analyzed in detail in our previous study,23 

and zeroth-order decomposition kinetics, respective-

ly. Solution of differential equation (20), with the 

initial condition cRed(t = 0) = c0, depends on the v0 

versus kmax ratio. In a general case, when v0  kmax, 

the equation can be solved so that the function is 

obtained in an implicit form (see the Supporting 

Information for a detailed solution algorithm): 

 
𝑐Red(𝑡)

𝑣0 − 𝑘max
−

𝑘max𝑘𝑀

(𝑣0 − 𝑘max)2
ln[𝑣0𝑘𝑀 + (𝑣0 − 𝑘max) ∙ 𝑐Red(𝑡)] = 

 

= 𝑡 +
𝑐0

𝑣0−𝑘max
−

𝑘max𝑘𝑀

(𝑣0−𝑘max)2 ln[𝑣0𝑘𝑀 + (𝑣0 − 𝑘max) ∙ 𝑐0]  (21) 

 

To the best of our knowledge, it does not 

seem to be possible to express the solution in an 

explicit form using elementary functions. However, 

it is possible to numerically solve (21) for a given 

set of parameters (and the choice of a physically 

meaningful branch consistent with the initial condi-

tions). The corresponding time evolution of E: 
 

𝐸(𝑡) = (𝐸𝑐
o − 𝐸𝑎

o) +
𝑅𝑇𝑣Ox

𝑧𝐹
ln𝑐Ox −

𝑅𝑇𝑣Red

𝑧𝐹
ln[𝑐Red(𝑡)]  (22) 

 

is presented in Figure 2. 

 

2.1.3. Case 3: A time-dependent supply rate  

and first-order transformation kinetics 
 

Cases 1 and 2 assume a constant supply rate 

of nutrients. A more realistic scenario involves a 

-0.12
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time-dependent supply rate. We first consider an 

exponentially decaying supply rate given by: 
 

𝑣 = 𝑣0exp(−𝑘𝑡)                    (23) 

 

With a function of this form, the kinetic 

equation in (2) takes the form: 
 

d𝑐Red

d𝑡
= 𝑣0exp(−𝑘𝑡) − 𝑘1𝑐Red         (24) 

 

This linear first-order differential equation 

has an integrating factor: 
 

𝜇(𝑡) = exp(∫ 𝑘1𝑡d𝑡) = exp(𝑘1𝑡)     (25) 
 

The particular solution for the initial condi-

tion cRed(t = 0) = c0 has the form: 
 

𝑐Red(𝑡) =
𝑣0

𝑘1−𝑘
exp(−𝑘𝑡) + (𝑐0 −

𝑣0

𝑘1−𝑘
) exp(−𝑘1𝑡)   (26) 

 

In a specific case, when k = k1, it reduces to 

the form: 
 

𝑐Red(𝑡) = (𝑣0𝑡 + 𝑐0)exp(−𝑘𝑡)       (27) 
 

For the generalized case (k  k1), E(t) takes 

the form: 

 

𝐸(𝑡) = (𝐸𝑐
o − 𝐸𝑎

o) +
𝑅𝑇𝑣Ox

𝑧𝐹
ln𝑐Ox −

𝑅𝑇𝑣Red

𝑧𝐹
  

  ln [
𝑣0

𝑘1−𝑘
exp(−𝑘𝑡) + (𝑐0 −

𝑣0

𝑘1−𝑘
) exp(−𝑘1𝑡)]  (28) 

 

Figure 3 compares the time-dependencies of 

E given by (28) for different values of the k/k1 ratio 

with the corresponding dependencies in the case of 

a constant supply rate, given by:  

 

𝐸(𝑡) = (𝐸𝑐
o − 𝐸𝑎

o) +
𝑅𝑇𝑣Ox

𝑧𝐹
ln𝑐Ox − 

 

−
𝑅𝑇𝑣Red

𝑧𝐹
ln {

𝑣0

𝑘1
+ (𝑐0 −

𝑣0

𝑘1
) ∙ exp(−𝑘1 ∙ 𝑡)}     (29) 

 

Therefore, the time dependence of v can be 

accounted for and used to fine-tune the model, al-

lowing for an even more accurate description of 

the temporal evolution of the OCPs. 

Other types of reaction kinetics in this con-

text (such as Monod kinetics, generalized n-th or-

der kinetics, or fractional kinetics) do not allow for 

analytical solutions of the overall kinetic equa-

tions. Although such cases are certainly of interest, 

the lack of analytical solutions limits their applica-

bility in the context of, for example, fitting to ex-

perimental data.  

 
a) 
 

 
b) 

 

Fig. 3. Temporal dependence of the open-circuit potential E in the 

case of time-dependent and constant nutrient supply rates when 

the k/k1 ratio is a) 10-2 and b) k/k1 = 10-3 (a.u. – arbitrary units). 

 

 

3. CONCLUSIONS 
 

This study extends our recent model, which 

integrates Nernstian thermodynamics with kinetics 

to analyze the temporal dynamics of OCPs in bio-

film systems. We specifically examine anaerobic 

oxidation under a continuous nutrient supply, con-

sidering scenarios of constant and time-varying 

nutrient transformation rates by the biofilm’s mi-

crobial consortium. Our model accommodates var-

ious real-world conditions, enhances our under-

standing of electrochemical behavior in these sys-

tems, and explains the observed changes in OCPs. 

Additionally, the updated approach improves mod-

ularity and enables the inclusion of environmental 

effects. The new model functions can fit in situ 

experimental data and yield additional insights into 

biofilm biochemical kinetics.  
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