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FUZZY IDEALS IN (n+ k,n)-SEMIGROUPS

VALENTINA MIOVSKA!, DELCHO LESHKOVSKIZ2,
AND VESNA CELAKOSKA-JORDANOVA!

Abstract. In this paper we introduce the concepts of fuzzy subset of vector
valued groupoid (semigroup), as well as fuzzy subgroupoid, fuzzy subsemi-
group, fuzzy i-ideal (ideal) and bi-ideal of vector valued groupoid (semigroup),
investigate their properties and present suitable examples. Prime and fuzzy
prime, semiprime and fuzzy semiprime subsets of vector valued groupoids are
defined and their properties are investigated. We characterize the Green’s re-
lations J; on a vector valued semigroup S in terms of fuzzy subsets. Green’s
relations JiF on S are suitably defined and it is shown that they coincide
with the relation J; on S.

1. INTRODUCTION

The notion of fuzzy sets, introduced by Zadeh in [15], is a fundamental mathe-
matical concept that deals with uncertainty. It has many applications in a wide
range of mathematical areas, as well as in engineering and economics. According to
[15], a fuzzy subset i of a nonempty set S is a function of S into the closed interval
[0,1],i.e. p:S —[0,1]. For all z € S, pu(x) is called the grade of membership of z.
If u(z) = 1, then we say that x is fully included in S, and, if (z) = 0, then we say
that x is not included in S. If the set S bears some structure, one may distinguish
some fuzzy subsets of S in terms of that additional structure. Rosenfeld in [12]
inspired the fuzzification of algebraic structures and introduced the notion of fuzzy
(left, right) ideal in a groupoid and the notion of fuzzy subgroup of a group.

Motivated by the study of fuzzy ideals in semigroups ([7, 8, 9, 10, 3, 4, 5,
6]), we extend these notions on vector valued semigroups, introduced in [13] and
investigated in [1], [2], [11] and [14]. In Section 2 we present the notion of fuzzy
subset of vector valued groupoid (semigroup), as well as fuzzy subgroupoid, fuzzy
subsemigroup, fuzzy i-ideal (ideal) of vector valued groupoid (semigroup) and
suitable examples are presented. In Section 3, prime and fuzzy prime, semiprime
and fuzzy semiprime subsets of vector valued groupoids are defined and their
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properties are investigated. Properties of fuzzy subsets of vector valued semigroups
are considered in Section 4 as well as the notion of vector valued bi-ideal and fuzzy
bi-ideal on a vector valued semigroup and some of its properties are investigated.
Section 5 deals with a characterization of Green’s relations 7; on a vector valued
semigroup in terms of fuzzy subsets.

2. PRELIMINARIES

Let S be a nonempty set. By S™ we denote the n-th Cartesian product of S,
where n is a positive integer. Throughout the paper, we will use the following
simplified notation. The elements of S™, i.e. the sequences (z1, 22, ...,z,) will be
denoted by z1x2 ...z, or 1. The symbol acz will denote the sequence z;x;11 ...,
of elements of S when ¢ < j and the empty symbol when ¢ > j. If z;11 = z;40 =

; .. T . .
- = Ty, = 7, then the sequence a:ifl is denoted by x. Under this convention

. - T
the sequence =1 ...%;T ... T Tiyry1--- Ty Will be denoted by z§ © zf, . ;.

M
We define an (m,n)-operation on S as a mapping from the m-th Cartesian
product S™ into S™, where m,n are two positive integers, by

[] : (‘rla"'al'm.)'_> [xla"'axm]'

The S with the (m,n)-operation forms a structure S = (S,[ ]) called a wvector
valued groupoid, i.e. an (m,n)-groupoid.

Let m—n =% >1. An (n+ k,n)-groupoid S = (5,[]) is called an (n + k,n)-
semigroup or vector valued semigroup if
[ [ e 2] = [ [ T e
for all x1,..., @40k € S and 4,5 € {0,...,k}.

An (n 4+ k,n)-subgroupoid ((n + k,n)-subsemigroup) P is a (nonempty) subset
of S that is an (n + &, n)-groupoid ((n + k, n)-semigroup) regarding the (n+ k, n)-
operation defined on S.

A nonempty subset J of S is said to be:

(1) an (n + k,n) — i-ideal of S for some i € {0, ..., k} if

(Vah € S¥.a} € J") [zlalaf, ] € ™

(2) an (n + k,n)-ideal of S if it is an (n + k,n) — i-ideal (i-ideal) of S for all
1€{0,...,k}.

The concept of ideals of (n + k,n)-semigroups is introduced in [14]. Note that,
in [14], (n + k,n)-ideal of S is a subset T of S™. In our work we consider the set
T = A™, where A C S. Instead of A™ is an i-ideal od S we will say that A is an
i-ideal od S.

Fuzzy subsets and fuzzy i-ideals (ideals) in (n + k,n)-groupoids ((n + k,n)-
semigroups) have not yet been defined and studied. Here, we introduce the notion
of fuzzy subset of (n + k,n)-groupoid ((n + k,n)-semigroup) and inspired by [12]
and [9], fuzzy subsemigroups and fuzzy ideals, as well.

A fuzzy subset p of (n + k,n)-groupoid ((n + k,n)-semigroup) S is a function
from the Cartesian product S™ into [0,1]. The set of all fuzzy subsets of S is



FUZZY IDEALS IN (n + k,n)-SEMIGROUPS 53

denoted by F'(S). Analogously as for binary groupoids (semigroups), a grade of
membership of a sequence is a value p(z7) € [0, 1] that is assigned to each sequence
e S™. If p(at) = 1, then we say that the sequence z7 is fully included in S™.
A (partial) ordering on F'(S) can be defined in the following way:

u C « if and only if p(2?) < a(zl).

A fuzzy subgroupoid (fuzzy subsemigroup) p of (n + k,n)-groupoid ((n + k,n)-
semigroup) S is a fuzzy subset of S such that

u((27 ) = minfu(@id])] i € {0, k}).

We denote by fa the characteristic function of a subset A of S, which is defined
as the mapping of S into [0, 1] by

,ifze A
fA(”’)—{ 0, if z ¢ A.

Note that we will use the characteristic function on A" and instead of fa» we will
simply write f4.

A fuzzy subset p of (n+ k,n)-groupoid ((n + k, n)-semigroup) S is said to be a
fuzzy i-ideal of S, i € {0,1,...,k}, if

([ ) > ety
n+k

for all 27" € S"+k. A fuzzy subset u of S is called a fuzzy ideal of S if it is a
fuzzy i-ideal for all ¢ € {0,1,...,k}. Tt is clear that u is a fuzzy ideal of S if for
all 27t ¢ gntk

u((27 ) > max{u(@it)] i € {0,1,...,k}).

It is also clear that if p is a fuzzy i-ideal (ideal) of S, then it is a fuzzy subgroupoid
(subsemigroup) of S.

Example 2.1. Let S = (N,[]) be a (3,2)-groupoid with [zyz] = (z + v,y + 2).
Note that S is not a (3,2)-semigroup, since [[111]1] = [221] = (4,3) # (3,4) =
[122] = [1[111]]. Let u : N? — [0,1] be defined by:

%, if 4+ yis even number
p(z,y) =
0, otherwise.
Clearly, pu is a fuzzy subset of S.

Let z,y,2z € N. If p([zyz]) = % then p([zyz]) = % > min{u(z,y), p(y, 2)}. I
w([zyz]) = p(xz +y,y + z) = 0, then = + 2y + z is an odd number and so = + z is
an odd number.

1. If z, y are even numbers and z is an odd number, then min{u(x,y), u(y, 2)} =
min{1,0} = 0 and so, p([zyz]) = 0 = min{u(z,y), u(y, 2)}.

2. If z is an even number and y, z are odd, then min{u(z,y),u(y,2)} =
min{0, :} = 0 and so, u([zyz]) = 0 = min{u(z,y), u(y, 2)}.

3. If z is an odd number, y, z are even, then min{u(z, y), u(y, 2)} = min{0, 1} =
0 and so u([zyz]) = 0 = min{u(z, y), u(y, 2)}.
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4. If z, y are odd numbers and z is even, then min{u(z,y), u(y, 2)} = min{%, 0} =
0 and so p([zyz]) = 0 = min{u(z, y), u(y, 2)}.

Hence, p([zyz]) > min{u(z,y), u(y,2)}, for all x,y,z € N, p is a fuzzy sub-
groupoid of S.

Since £1([223]) = p(4,5) = 0 < & = p(2,2) and p([124]) = p(3,6) =0 < % =
1(2,4), p is not a fuzzy 0—ideal and fuzzy 1—ideal of S, and so p is not a fuzzy
ideal of S.

Example 2.2. Let S = (N,[]) be a (3,2)-groupoid with [zyz] = (z,y + z). Since

[zyzlw] = [z y+ 2z w] = (x,y+ z+w) =[x y z+w] = [z[yzw]], S is a (3,2)-
semigroup. Let p : N2 — [0,1] be defined by:

%, if = is even number

w(w,y) =
0, otherwise.

Clearly, pu is a fuzzy subset of S.
Let x,y,2 € N. If p(feyz]) = § then p([zyz]) = § > min{u(z,y), u(y, 2)}. If
w([zyz]) = p(z,y + 2) = 0, then x is an odd number. Then p(z,y) = 0 and
min{(z, y), u(y, z)} = minf{0, u(y, z)} = 0
and so,
p(lzyz]) = 0 = min{u(z, y), u(y, 2)}-

Hence, u([zyz]) > min{u(x,y), u(y, 2)}, for all 2,y, z € N, so p is a fuzzy subsemi-
group of S.

Let z,y,z € N. If u([zyz]) = % then z is an even number and so p([zyz]) = 1 =
w(z,y). If p([zyz]) = 0, then z is an odd number and so u([zyz]) = 0 = u(z,y).
Hence, p is a fuzzy O—ideal of S. Since p([124]) = p(1,6) =0 < 1 = pu(2,4), p is

not a fuzzy 1—ideal of S, and so p is not a fuzzy ideal of S.

Example 2.3. Let S = (R, []) be a (5,2)—groupoid with [z5] = (1,2).
Let p: R? — [0, 1] be defined by:

Lif (z,y) = (1,2)
w(w,y) =
%, otherwise.

Then, p([23]) = p(1,2) = 1 > max{u(z), u(a3), p(x3), p(a3)}, for all 2§ € R
So, p is a fuzzy ideal of S.

3. FUZZY PRIME AND SEMIPRIME SUBSETS OF (n + k,n)-GROUPOIDS

In this section let S = (S,[]) be an (n + k,n)-groupoid. A subset A of S is
called (n + k,n)-prime if the following implication holds:

"R e §ntk R ¢ A™ implies xzﬂl € A", for somei € {0,1,...,k}.



FUZZY IDEALS IN (n + k,n)-SEMIGROUPS 55

A fuzzy subset p on S is said to be prime in S, if
() < max{u(@i)li € {01, K},

It is clear that a fuzzy subset p on S is a prime fuzzy ideal of S if and only if
([ #4]) = max{u(D)i € {01, k}}.

Example 3.1. An (n+k,n)—groupoid S = (S, []) is said to be an n-zero (n+k,n)-
groupoid or left zero (n + k,n)-groupoid if [7F] = 7 for all 27+* € §"*F. Left
zero (n+k, n)-groupoid is an example of an (n+k, n)-semigroup. Let u be a fuzzy
subset of S. Then, p([z77*]) = p(2}) < max{u(z7)| i € {0,1,...,k}}, for all
x7F € Stk The fuzzy subset y is prime.

Example 3.2. Let’s consider the Example 2.2. Let z,y,z € N. If u([zyz]) = 0,
then p([zyz]) = 0 < max{u(z,y), p(y,2)}. I p(leyz]) = pley +2) = 3§

then x is an even number. From here, u(z,y) = 1 and max{u(z,y), u(y, 2)} =

max{, u(y, 2)} = § and so, p([zyz]) = § = max{u(z,y), u(y, 2)}.

Hence, p([zyz)) < max{ju(z.y), u(y. 2)}, for all z,y,2 € N, so the fuzzy sub-
semigroup p is prime.

Proposition 3.1. Let S be an (n + k,n)-groupoid, A # 0, A C S and let f4 be
the characteristic function on A™. Then A is a prime (n + k,n)-ideal of S if and
only if fa is a prime fuzzy ideal of S.

Proof. Let A be a prime (n + k,n)-ideal of S and let it e G"“‘k. If [z7TF] ¢
A", then for all i € {0,1,...,k}, =T} ¢ A" and so fA(ac;ff) = 0, for all
i € {0,1,....k}. Hence, fa([z{*"]) = 0 = max{0,...,0}. If [f*"] € A",
then fa([z7™"]) = 1. In that case, there exists a sequence 21 for some i €
{0,1,...,k} such that xzi’f € A™ and so fA(xzi?) = 1. Hence, fa([z7TF]) =1=
max{fa(z}17)| 7 € {0,1,... . k}}. O

Let S be an (n + k,n)-groupoid, 2} € S™ and X € [0,1]. The mapping (z7)x :

S™ — 10, 1]
n ny ) oA if 2 =97
(ajl)A(yl) - { 0, if x7 £ Y.
is called a fuzzy point of S™.
The subset A of an (n + k,n)-groupoid S is called (n + k, n)-semiprime if

acs, [”5’“] € A" implies a € A.

A fuzzy subset p on S is said to be a semiprime subset of S, if for every x € §

and each A € [0, 1] such that ([n§k])>\ C i, we have ()y C p.

Proposition 3.2. Let S be an (n+k,n)-groupoid and 1 a fuzzy subset of S. Then
1 is semiprime if and only if u(T) > ,u([ngk]) for every x € S.

)) = Xand g7 € G™. If yp # '3,

J, then (["F'Da(wp) = A = w(("F) =

Proof. Let u be semiprime of S. Let pu(

n+k
n+k n+k
then (["z ))A(yi") = 0 < p(yt). Iyt = |

x
+
x
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™. So, ([n?t_k]) - u and because p is semiprime, (%) C pi. Therefore, pu(z) >
) =x=pu("z ] Conversely, let p(z) > ([ z ]) for every z € G. Let

0 )a C pand yP € S™. Ifylyéxthen(;’é) (yp) =0 <

a(
€ [0,1] such that (["z"]
P, Tf yl — 7, then (1)x(%) = A = (T DA("F") < w("F) < u(@). Hence,

Ix C O

)-
+k
x

Let S be an (n+k, n)-groupoid, a € S. If  is a fuzzy ideal of S, then ,u([n&Lk]) >
max{p(a), ..., u(a)} = p(a). Hence, if p is a semiprime fuzzy ideal of S, then, by
Prop. 3.2, we have u(a) = M([”?i’“]).

If 1 is a prime fuzzy ideal of S, then u([ngk}) = max{u(a),...,ua)} = p(a).
By Prop. 3.2, i is semiprime.

Proposition 3.3. Let S be an (n + k,n)-groupoid and A # 0, A C S and let fa
be the characteristic function on A™.The following are equivalent:

(i) Ais an (n+ k,n)— semiprime subset of S.

(ii) fa is a semiprime fuzzy subset of S.

Proof. Let Ais an (n+ k,n)— semiprime subset of S and let € S. If [n+k

J €A,
then = € A, i.e. & € A" and so fA([ngk}) =1 and fa(Z) = 1. Hence, fa(%) >
Fa('2"). [ ¢ A7, then fa(["37]) = 0 < fa(%). By Prop. 3.2 we have
that f4 is a semiprime fuzzy subset of S. Conversely, let f4 be a semiprime fuzzy

subset of S and let a € A such that [ngk] € A". Then fA([nak]) = 1 and by

Prop. 3.2 we have fA([nZk}) < fa(a). So, fa(a) =1, ie. a € A. Hence, A is an
(n + k,n)— semiprime subset of S. O

By Prop. 3.2 and 3.3, we obtain

Proposition 3.4. Let S be an (n + k,n)-groupoid and A # 0, AC S and let fa
be the characteristic function on A™. Then A is an (n + k,n)— semiprime ideal
of S if and only if fa is a semiprime fuzzy ideal of S.

4. PROPERTIES OF FUZZY SUBSETS OF VECTOR VALUED SEMIGROUPS

Inspired by [6] we obtain the following results for vector valued semigroups.
Let S be an (n + k,n)-semigroup and p be a fuzzy subset of S. The mapping
"0 8™ — [0,1] defined by p/(z7) = 1 — u(a?l), is a fuzzy subset of S called
the complement of p in S. It is obvious that for all =7,y € S™ the following
statements hold:

p(t) < p(yt) & p'(27) = W' (yr);
() = pyt) & p'(27) = W' (yr);
(W) = p.

Proposition 4.1. Let § be an (n + k,n)-semigroup and p a fuzzy subset of S.
Then 1 — min{p(z{f7)] i € {0,1,...,k}} = max{y/(z/X7)| i € {0,1,...,k}}, for
all z7F e gntk,
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Proof. Let z{™* € S™k. Since p(z{17) € [0,1], there is j € {0,1,...,k} such
that ,u(xii?) < u(@dy), for all i € {0,1,...,k}. Then

u(m?ﬂl) = min{p(z1})|i € {0,1,...,k}}, so

11— mm{u(x;ffﬂ i€{0,1,....k}}=1- u(x?i?) = u’(x;i?) .
As p(221") < p(ziTT), for all i € {0,1,...,k}, we obtain that 1 — pu(2?17) >

J+1 i+l . , i) =
1— p(zifh), for alli € {0,1,...,k}, ie. ,u’(x;ff) >/ (z;1}). Hence,
(@) = max{ D) § € 0,1, K} and
1 —min{p(z17)|i € {0,1,...,k}} = max{p/(z{T7)| i € {0,1,..., k}}. O

Corollary 4.1. Let S be an (n+k,n)-semigroup and p a fuzzy subset of S. Then
1 — min{/(z/T7)] i € {0,1,...,k}} = max{u(z/T7)| i € {0,1,...,k}}, for all
x;H*k c SnJrk'

Proof. By Prop. 4.1 we obtain that

1 —min{y/(z/17) i € {0,1,...,k}} = max{(p') (z/27)| i € {0,1,...,k}} =
= max{u(z/T7)| i € {0,1,...,k}}. O

As a consequence of Prop. 4.1 and Cor. 4.1, one obtains the following

Corollary 4.2. Let S be an (n + k,n)-semigroup and p be a fuzzy subset of S.
Then for all x?““ € S"tk the following statements hold:

a) 1 —max{y/(z/T1)| i € {0,1,...,k}} = min{u(zT7)| i € {0,1,...,k}}

b) 1 — max{,u(xﬁ?ﬂ 1€{0,1,...,k}} = min{u’(mfi?ﬂ i€40,1,...,k}}.

Corollary 4.3. Let S be an (n + k,n)-semigroup and p be a fuzzy subset of S.

The following statements are equivalent:
i) p([27 ) = min{p(zit7)] i € {0,1,...,k}}, 2 th € Sntk;
i) g/ ([#7F]) = max{p/ (z1f7)] i € {0,1,...,k}}, a7 tF € Stk

Proof. Let 7™ € §7** and let 4) holds. Then _
# ([ H]) = 1= p(277) = 1 = min{p(efiD)] i € {0,1,... k}} =
=max{y/(z/T7) i € {0,1,...,k}} So, ii) is true.
Conversely, let i7) holds. Then _
p(at ™)) = 1= p/([2777) = 1 = max{p (2 1)] i € {0,1,... k}} =
=min{u(z/1})| i € {0,1,...,k}} So, i) is true. O
A fuzzy subset p of (n + k,n)—semigroup S is called a fuzzy filter of S if
p([@3 ) = minfu(zt )] € {0,1,. .., k}}
for all z7% € Stk

Proposition 4.2. Let S be an (n + k,n)—semigroup. A fuzzy subset p of S is a
fuzzy filter of S if and only if the fuzzy subset ' of S is a prime fuzzy ideal of S.
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Proof. Let p be a fuzzy filter of S. Then
u([z7 ) = min{u(z{T7)i € {0,1,...,k}}, ie
([ 4]) = max{p/ (21 7)]i € 0,1, k} ).
Clearly, ' ([z7*]) > max{y/(z{T7)]i € {0,1,...,k}}, so i/ is a fuzzy ideal of
S. Also, by p/([z71F]) < max{y/(z}17)]i € {0,1,...,k}}, we conclude that z' is
prime. In a similar way one can show the opposite direction of the proposition. [

Lemma 1. Let ) # A C R and there is inf A in R. Let b € R. Then
b—inf A = sup{b — ala € A}.

Proposition 4.3. Let S be an (n+ k,n)-semigroup and p be a fuzzy subset of S.
Let A% (0, ACS. Then 1 —inf{u(a?)|a} € A"} = sup{p/(a})|a} € A"},

Proof. Since p(A™) C [0,1] and u(A™) # 0, there is an inf u(A™). By Lemma 1,
one obtains 1 — inf(u(A™)) = sup{l — x|z € p(A4A")} = sup{l — p(ay)la} € A"} =
sup{y/(a})|al € A™}. O

Corollary 4.4. Let S be an (n + k,n)-semigroup and p be a fuzzy subset of S.
Let A#£(), ACS. Then 1 —inf{y/ (a})|a} € A"} = sup{pu(al)|a} € A™}.

Proof. Tt is obvious as a consequence of Prop. 4.3. O

The following proposition gives a characterization of (n + k, n)-subsemigroup,
(n + k,n) —i-ideal and (n + k,n)-ideal of S in terms fuzzy subsemigroup, fuzzy
i-ideal and fuzzy ideal of S, respectively.

Proposition 4.4. Let A# (0, AC S and let fa be the characteristic function on
A™. Then

(1) A is an (n+k,n)-subsemigroup of S if and only if fa is a fuzzy subsemigroup
of S.
(i) A is an (n+k,n) —i-ideal of S if and only if fa is a fuzzy i-ideal of S, for
i€ {0,1,... k).

(73i) A is an (n + k,n)-ideal of S if and only if fa is a fuzzy ideal of S.

Proof. (i) Let A be an (n + k,n)-subsemigroup of S and let 2% € Sntk. If
[27*] ¢ A", then fa([z77*]) = 0 and there is j € {0,...,n + k} such that
z; ¢ A. In that case there exists a sequence z/1} such that z;1, = w;, for
some o € {1,...,n}, i € {0,...,k}. Hence, fa(z!T}) = 0 and fa([z?HF) =
0> 0 =min{fa(zI})|i € {0,...,k}}. If [27F] € A", then fa([z7TF]) =1 >
min{fa(z17)]i € {0,...,k}}.

Conversely, let fa is a fuzzy subsemigroup of S and let J:;”k € A"tF. Then

fa(lz?™]) > min{fa(ziiP)]i € {0,...,k}} = min{1,...,1} = 1. Therefore
fa([z7*]) = 1 and hence [z77"] € A™.
(i1) Let Ais an (n+k,n) —i-ideal of S and let 7% € Stk If [27*] ¢ A", then
:ciff ¢ A", and therefore f4([z7™"]) =0>0= fA(:rzi?) If [277*] € A", then
Falla ) = 1> faaitn).

Conversely, let f4 be a fuzzy i-ideal of S for some i € {0, ...,k} and let z¥ € S,
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at € A". Then fa([zlafa¥ |]) > fa(a}) = 1. Therefore fa([ziatal ,]) =1 and
hence [ziafzl, ] € A"

(791) As a direct consequence of the definitions and (i7) the proof of the claim is
obvious. O

Now we will introduce the notion of fuzzy bi-ideal of a vector valued semigroup
and investigate some of its properties.

An (n + k,n)-subsemigroup A of S is said to be an (n + k,n)-bi-ideal on S if

k

[(afx)) bY] € A™, for all a, b} € A", 2} € S', 1 € Ny. A fuzzy subset u of S is a
fuzzy bi-ideal on S if
k
p(((2iyr) 271) = minfp(?), u(=1)},
for all 27,27 € S", 2} € S', 1 € N,.
Proposition 4.5. Let A be an (n + k,n)-subsemigroup of S and let fa be the

characteristic function on A™. Then A is an (n+ k,n)-bi-ideal of S if and only if
fa is a fuzzy bi-ideal of S.

Proof. Let A be an (n + k,n)-bi-ideal of S and let x7, 27 € S™, 2t € S', I € N.
k k
If [(279}) 27] & A", then fa([(z7y}) 27]) = 0 and there 2} ¢ A™ or 2" ¢ A™.
k k
Hence, fa([(z7y1) 21]) = 0 > 0 = min{fa(z}), fa(z0)}. I [(2]y]) 2] € A", then
k

fa(l(=1yi) 21]) = 1 > min{fa(27), fa(z])}.
Conversely, let fa be a fuzzy bi-ideal of S and let 7,2} € A" zi € S
k

l € Ng. Then fa([(x?y}) 27]) > min{fa(2}), fa(2?)} = min{1,1} = 1. Therefore
k k
fa([(z7y}) 27]) = 1 and hence [(27y}) 27| € A™. O

Proposition 4.6. Every fuzzy i-ideal (fuzzy ideal) of S is a fuzzy bi-ideal of S.

Proof. Let p be a fuzzy i-ideal of S for some ¢ € {0,...,k} and let af,b} € A™,
x} € S', 1 € Ny. Then
k
n+(n+l)k i1 n+(n+l)k—k+iy n+(n+l)k
pl((agat) b7]) = ply ) =l i e ) =

> i) 22 )] = ad) 2 minfudap), (b))}
Thus, p is a fuzzy bi-ideal of S.

If pis a fuzzy ideal of S, then p is a fuzzy i-ideal for all ¢ € {0,...,k} and
therefore p is a fuzzy bi-ideal of S. O

Corollary 4.5. Every (n+ k,n) — i-ideal ((n + k,n)-ideal) of S is an (n+ k,n)-
bi-ideal of S.

Proof. The proof is obvious as a consequence of the previous two propositions. [
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(k 4 1)-product of fuzzy subsets p1, ..., g1 of S, denoted by ((u1, ..., tig+1))
or ((u¥th)), is defined by:

[ n+k]

sup  min{py(yP), p2(ys ™), o e (Vpd ) i 2T = [y

(™) (1) = § wi=lvi ™

0, otherwise.
Proposition 4.7. A fuzzy subset pn of an (n + k,n)—semigroup S is a fuzzy sub-
semigroup of S if and only if ((kﬁl)) C p.

Proof. Let u be a fuzzy subsemigroup of S and let 27 € S™. If ((kﬁl))(:ﬂf) =0,

then ((kﬁl))(ﬂf) =0 < p(z}). Let 2} = [y7"*]. Then

(CAN@) = sup min{u), p(ys ), u(yr)

ap=[yp ]

and
p(@t) = p(ly? ) > min{u(yy), pys™), . plypih)}-

"
k+1
Hence, (("1i))(2}) < p(a7).
)) € p and let 7" € §"F. Then
Nzt = sup  min{u@y}),... wyE)} >

27 ¥ 1=ly7 ]

Conversely, let ((

> min{p(z]), ..., p(zi)}.
0

Proposition 4.8. A fuzzy subset i of an (n+k,n)—semigroup S is a fuzzy i—ideal
of S, fori€{0,1,...,k}, if and only if

i k=i
((ew'e?)) S m,
where € : S™ — [0,1],e(x}) = 1, for all 2T € S™.
Proof. Let u be a fuzzy i—ideal of S and let z7 € S™. If ((é,uk?))(m?) =0, then
((Eu"2"))(@}) = 0 < pla}). Let 2f = [yi+*]. Then

i k—i 3 n 1+n— +n n

((Epe"))(ap) = sup min{e(y}), ..., ey "), w(yi), ey} =
I1_[yn }

sup min{l,u(y; i)} = sup  (u(yiD) and p(at) = p(lyi ™) > wlyiih).

wl*[yTJr ] 93;1:[1/;1+ ]
i k—1i

Hence, ((cpe))(2]) < p(a?).

Conversely, let ((é = )) € p and let 7% € §7F, Then

u([27 ) = (En"2) (7)) =
sup  min{e(yy), .. ,e(y, Y,y D), (Wi} =

27 1=ly7 ]
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sup  min{l,p(y M)} = sup  {pyiH} > pydD).
[T +)=[y7 ] o7+ = [y o]

O

Proposition 4.9. A fuzzy subset p of an (n+ k,n)—semigroup S is a fuzzy ideal
of S if and only if ((g‘ukgl)) Cuforallie{0,1,... k}.

Proof. 1t is a direct consequence of the definition and the previous proposition. [

5. GREEN’S RELATIONS IN VECTOR VALUED SEMIGROUPS
IN TERMS OF FUZZY SUBSETS

The Green’s equivalence relations on vector valued semigroups were considered
in [14]. We will use the following notion and notation given in [14].

Let a} € S™. Then the smallest (n+k, n) —i-ideal containing af, for 0 < i <n,
is

Ji(at) = {af} U{[ot'al2i] | 21" € S™,1 € N}

It is called the principal (n + k,n) — i-ideal generated by al.

The principal (n+ k,n)-ideal J(a}) generated by af is defined in a similar way,
for every i € {0,1,...,n}.

The notion of fuzzy i-ideal in a vector valued semigroup defined in Section 2
leads naturally to consideration of the Green’s equivalence relations on such ideals.

In this section we will assume that S = (S,[]) is an (n + k, n)-semigroup and
that p is a fuzzy subset of S. We denote the set of all fuzzy i-ideals of S that
contain p by JI, i.e.

JI'={a | ais a fuzzy i —ideal of S, u C a}.
The fuzzy subset p of F(S) is a fuzzy i-ideal generated by p if and only if
peJt (5.1)
Vae J") pCa. (5.2)
Proposition 5.1. Let S be an (n + k,n)-semigroup and p € F(S). The mapping
A a:S8™—[0,1] defined by:

aeJl
( A\ a)@t) = inf{a(z)|a € JI'},
aeJl

for all 27 € S™ is a fuzzy ideal generated by p.

Proof. Obviously, the mapping A « is well defined. Let 27** € §"**. Then
aeJl

( é\J )([7 7)) = inf{a([z7 )] € Jf'} >

> inf{a(@{)loe '} = (A a)@i]),
aeJl
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so A «is a fuzzy i-ideal of S.

aeJl

Let a € J!'. Then u C «, so u(z}) < a(z?). From here we obtain that
p(zl) < inf{a(zl)|a € J'Y = (A a)(z}), for all 2 € S", sou C A «

acJf acJt
and therefore A « € J!. Moreover, ( A\ «a)(z}) = inf{a(a?)|a € JI'}, for all
aeJf aeJf
z € S™. Hence, A «aCa, forall a € J. O

aeJt

Proposition 5.2. Let S be an (n+ k,n)-semigroup and p € F(S). If B is a fuzzy
i-ideal of S generated by u, then AN a= 0.

aeJl
Proof. Let 8 be a fuzzy i-ideal of S generated by p. Then 8 € J! and 8 C «, for
all « € J'. Let 27 € S™. Then

(A @)(at) = inf{a(z])a € J'} < B(a}),
aeJl
since € JI. Thus A « C B. For the reverse inclusion, since 8 C «, for all
aeJ
a € JI', it follows that 8(z7) C a(z?), for all 7. Therefore

B(a7) < inf{a(z)|a € T = ( /\ a)(})
aeJt

andso, 6C A «. O

aeJl
In what follows, instead of A « we will use the notation J;(u) for the fuzzy
aeJl
ideal of S generated by p.

However, first we will show that the set of all fuzzy i-ideals of S such that the
sequence z7 is fully included in S™ coincides with the fuzzy i-ideal of S gener-
ated by the characteristic function f{,n;. For that purpose, we denote the set
{a] ais a fuzzy i —ideal of S, a(2}) = 1} by J; 4n.

Theorem 1. J;  n = J-f{w?}.

Proof. Let p € Ji,» and let yi € Q™. If y? = a7, then p(y?) = p(x7) = 1 and
Framy(W7) = frapy (1) =1, 50 frany (y1') = p(y?)-
Let yi' # #7. Then fopy(y7) = 0 < p(yy). Thus, fapy(y7) < p(yr), for all

Y1 € 8", 80 fieny C . Since p € Jif{mln}, it follows that J; ;» C Jif{z?}. For the
reverse inclusion, let p € Jifwf}. Then p is a fuzzy i-ideal of S and frzny C p.
From here, p(z7) > fieny(27) = 1, so p(z}) = 1. Therefore, u € J; zp and so
T C g 0

Theorem 2. J;(f(u1}) = f1,(am)-
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Proof. Using Theorem 1 we obtain:

Ji(flany) = /\ o= /\ aCa, (5.3)

GIf{‘Z’{L} a€J; gn

for all a € J; zn. Since 27 € Ji(z7), then
P (@) = 1. (5.4)
Let 7% € §ntk_If [y € Ji(2}), then
JJiay ([ZJ?%]) =1=> fJi(wn)(’Uﬁ?)-
Let [y"™*] & Ji(21). Then fi,p)([y7**]) = 0. Suppose that f, ) (yi{]) = 1.
Then y, 17 € Ji(2}), so

[ n+k]

" (I+1)i_n_(I4+1)k

ilaYzTaifialylia) = il «f aify yi) = [ ] 20+ 1)it1]
and thus [y7*] € Ji(z}), that contradicts the supposition. So, fJi(m?)(yfi?) =0
and fJi(x;L)([y{”’k}) =0>0= fJi(x?)(ygif). Hence, fj,(on) is a fuzzy i-ideal
of S and using (5.4) we obtain that fj,(un) € Jizp. From (5.3) it follows that
Ji(freny) € fri(am)-

For the reverse inclusion, we will show that fj,(.n) C a, for every a € J; 4. Let
a € J;gn,i.e. ais afuzzy i-ideal of S and a(z}) = 1. Let yi' € S™. If y € Ji(27),
then fj,am)(y7) = 0 < a(yy). If y € Ji(a}), then v = [af’atajf,,] and

’ I-1)k
a(yy) = allafiatalt, ) = a(lailaly, 27al 1 alk ), )

I-1)k n
> o[l aal D) > > alat) = 1.

Thus a(yy') =1, 50 fr,ar)(y?) =1 < 1= a(yy). Therefore, fj,(.1) C o, for every
o€ Jiﬁc{b and

>

. Tiay
Frn Cinf{a] @ € Jigp} =inf{al a € J; "1} = Ti(from),
that completes the proof. O

Remark 5.1: We denote J;(fi,n}) by JE (27), for every z7 € S™, to simplify the
notation. JI'(x7) is called a fuzzy i-ideal of S generated by x7. J¥(27}) is a fuzzy
ideal of S generated by x7 if JI'(27}) is a fuzzy i-ideal of S generated by 7 for
every i € {0,...,k}. By the previous notations and Theorem 1 we have

W@ =dife)= N a= N «a

fram acJ,
CYGJi {=7} i,a

Note that J/ (27) € J; on. Namely, for JF'(z7) = A« we obtain that
acd; on
L2

( A a)(z}) =inf{a(a])| a e Ji,m?} =inf{l| a € J; 11} =1,

OtEJiyg_ﬂll

A allyr ™) = inf{a(y )] @ € Jigp} >

ae‘]i,z{l
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>inf{a(yit) e € Jit = A oy,

O‘G']z‘,zib
so JI'(z7) is a fuzzy i-ideal of S and (J} (x7))(x7) = 1. Thus, 27 if fully included
in JF(#7). Moreover, J/ (2) C o, for every a € J; zn.
Green’s equivalences J; on S, for each i € {0,1,...,n}, are introduced in [14]

and defined by:

ai Ji b & Jiay) = Ji(bY),
as well as Green’s equivalence 7, for all ¢ € {0, 1,...,n}, defined by:

ai Jbf & J(ay) = J(bY).

We will now consider Green’s equivalences on fuzzy i-ideals of S. For that purpose,
define a relation J on S™ for each i € {0,1,...,n}, by

af TV e Jf(a}) = JF D),
as well as a relation JF, by:
G T e ITa)) =70,

It is clear that these relations are equivalences on S. We will show that the Green’s
relation ' on S coincides with the relation J; on S.

Theorem 3. jiF =T.

Proof. at 07 & Jf(al) =T () & Tilfap) = Ti(fip) &
< [y = Tnep & Jilal) = Ji(bY) & af Ji by O

Note that in a similar way one can show that J% = 7.

ACKNOWLEDGMENT

The third author is partially supported by Ss. Cyril and Methodius University’s
project "Mathematical models and applications" (Grant: NIP.UKIM.20-21.6).

REFERENCES

[1] G. Cupona, Vector valued semigroups, Semigroup Forum, 26 (1983), 65-74.

[2] G. Cupona, N. Celakoski, S. Markovski, D. Dimovski, Vector valued groupoids, semigroups
and groups in Vector Valued Semigroups and Groups, Macedonian Academy of Sciences and
Arts, Skopje (1988), 1-78.

[3] N. Kehayopulu, X-Y. Xie, M. Tsingelis, A characterization of prime and semiprime ideals of
groupoids in terms of fuzzy subsets, Soochow Journal of Mathematics, Vol. 27, No. 2 (2001),
139-144.

[4] N. Kehayopulu, M. Tsingelis, Green’s relations in ordered groupoids in terms of fuzzy subsets,
Soochow Journal of Mathematics, Vol. 33, No. 3 (2007), 383-397.

[5] N. Kehayopulu, M. Tsingelis, Fuzzy Sets in Ordered Groupoids, Semigroup Forum Vol. 65
(2002), 128-132.

[6] N. Kehayopulu, M. Tsingelis, A note on fuzzy sets in semigroups, Scientiae Mathematicae
Vol. 2, no. 3 (1999), 411-413.



FUZZY IDEALS IN (n + k,n)-SEMIGROUPS 65

[7] N. Kuroki, On fuzzy ideals and fuzzy bi-ideals in semigroups, Fuzzy Sets and Systems 5
(1981), 203-215.

[8] N. Kuroki, On fuzzy semiprime ideals in semigroups, Fuzzy Sets and Systems 8 (1982), 71-79.

[9] N. Kuroki, On fuzzy semigroups, Inform. Sci. 53 (1991), 203-236.

[10] R. G. McLean, H. Kummer, Fuzzy ideals in semigroups, Fuzzy Sets and Systems 48 (1992),
137-140.

[11] V. Miovska, D, Dimovski, (m + k, m)-bands, Mathematica Macedonica 4 (2006), 11-24.

[12] A. Rozenfeld, Fuzzy Groups, Journal of Mathematical Analysis and Applications, 35 (1971),
512-517.

[13] B. Trpenovski, G. Cupona, [m, n]-groupoids, Bull. Soc. Math. Phys. Macédoine, 21 (1970),
19-29 (in Macedonian).

[14] Y. Zhu, On (n,m)-semigroups, Semigroup Forum 84 (2012), 342-364.

[15] L. A. Zadeh, Fuzzy sets, Inform. Control 8 (1965), 338—353.

Ss. CyRIL AND METHODIUS UNIVERSITY, SKOPJE

FacuLty oF NATURAL SCIENCES AND MATHEMATICS
ARHIMEDOVA 3, 1000 SkoprJE, NORTH MACEDONIA

Email address: miovska®@pmf .ukim.mk

Email address: vesnacj@pmf.ukim.mk, celakoska@gmail.com

INTERNATIONAL BALKAN UNIVERSITY, SKOPJE

Facurrty OF ENGINEERING

MAKEDONSKO-KosovskA Bricapa BB 1000 SkoPJE, NORTH MACEDONIA
Email address: d.leshkovski@ibu.edu.mk, dleskovski@gmail.com

Received 15.11.2022
Revised 13.12.2022
Accepted 14.12.2022



