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FUZZY IDEALS IN (n+ k, n)-SEMIGROUPS

VALENTINA MIOVSKA1, DELCHO LESHKOVSKI2,
AND VESNA CELAKOSKA-JORDANOVA1

Abstract. In this paper we introduce the concepts of fuzzy subset of vector
valued groupoid (semigroup), as well as fuzzy subgroupoid, fuzzy subsemi-
group, fuzzy i-ideal (ideal) and bi-ideal of vector valued groupoid (semigroup),
investigate their properties and present suitable examples. Prime and fuzzy
prime, semiprime and fuzzy semiprime subsets of vector valued groupoids are
de�ned and their properties are investigated. We characterize the Green's re-
lations Ji on a vector valued semigroup S in terms of fuzzy subsets. Green's
relations J F

i on S are suitably de�ned and it is shown that they coincide
with the relation Ji on S.

1. Introduction

The notion of fuzzy sets, introduced by Zadeh in [15], is a fundamental mathe-
matical concept that deals with uncertainty. It has many applications in a wide
range of mathematical areas, as well as in engineering and economics. According to
[15], a fuzzy subset µ of a nonempty set S is a function of S into the closed interval
[0, 1], i.e. µ : S → [0, 1]. For all x ∈ S, µ(x) is called the grade of membership of x.
If µ(x) = 1, then we say that x is fully included in S, and, if µ(x) = 0, then we say
that x is not included in S. If the set S bears some structure, one may distinguish
some fuzzy subsets of S in terms of that additional structure. Rosenfeld in [12]
inspired the fuzzi�cation of algebraic structures and introduced the notion of fuzzy
(left, right) ideal in a groupoid and the notion of fuzzy subgroup of a group.

Motivated by the study of fuzzy ideals in semigroups ([7, 8, 9, 10, 3, 4, 5,
6]), we extend these notions on vector valued semigroups, introduced in [13] and
investigated in [1], [2], [11] and [14]. In Section 2 we present the notion of fuzzy
subset of vector valued groupoid (semigroup), as well as fuzzy subgroupoid, fuzzy
subsemigroup, fuzzy i-ideal (ideal) of vector valued groupoid (semigroup) and
suitable examples are presented. In Section 3, prime and fuzzy prime, semiprime
and fuzzy semiprime subsets of vector valued groupoids are de�ned and their
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properties are investigated. Properties of fuzzy subsets of vector valued semigroups
are considered in Section 4 as well as the notion of vector valued bi-ideal and fuzzy
bi-ideal on a vector valued semigroup and some of its properties are investigated.
Section 5 deals with a characterization of Green's relations Ji on a vector valued
semigroup in terms of fuzzy subsets.

2. Preliminaries

Let S be a nonempty set. By Sn we denote the n-th Cartesian product of S,
where n is a positive integer. Throughout the paper, we will use the following
simpli�ed notation. The elements of Sn, i.e. the sequences (x1, x2, . . . , xn) will be

denoted by x1x2 . . . xn or xn
1 . The symbol xj

i will denote the sequence xixi+1 . . . xj

of elements of S when i ≤ j and the empty symbol when i > j. If xi+1 = xi+2 =

· · · = xi+r = x, then the sequence xi+r
i+1 is denoted by

r
x. Under this convention

the sequence x1 . . . xi x . . . x︸ ︷︷ ︸
r

xi+r+1 . . . xn will be denoted by xi
1

r
x xn

i+r+1.

We de�ne an (m,n)-operation on S as a mapping from the m-th Cartesian
product Sm into Sn, where m,n are two positive integers, by

[ ] : (x1, . . . , xm) 7→ [x1, . . . , xm].

The S with the (m,n)-operation forms a structure S = (S, [ ]) called a vector
valued groupoid, i.e. an (m,n)-groupoid.

Let m− n = k ≥ 1. An (n+ k, n)-groupoid S = (S, [ ]) is called an (n+ k, n)-
semigroup or vector valued semigroup if

[xi
1[x

i+n+k
i+1 ]xn+2k

i+n+k+1] = [xj
1[x

j+n+k
j+1 ]xn+2k

j+n+k+1],

for all x1, . . . , xn+2k ∈ S and i, j ∈ {0, . . . , k}.
An (n+ k, n)-subgroupoid ((n+ k, n)-subsemigroup) P is a (nonempty) subset

of S that is an (n+ k, n)-groupoid ((n+ k, n)-semigroup) regarding the (n+ k, n)-
operation de�ned on S.

A nonempty subset J of S is said to be:
(1) an (n+ k, n)− i-ideal of S for some i ∈ {0, . . . , k} if

(∀xk
1 ∈ Sk, an1 ∈ Jn) [xi

1a
n
1x

k
i+1] ∈ Jn;

(2) an (n + k, n)-ideal of S if it is an (n + k, n) − i-ideal (i-ideal) of S for all
i ∈ {0, . . . , k}.

The concept of ideals of (n+ k, n)-semigroups is introduced in [14]. Note that,
in [14], (n + k, n)-ideal of S is a subset T of Sn. In our work we consider the set
T = An, where A ⊆ S. Instead of An is an i-ideal od S we will say that A is an
i-ideal od S.

Fuzzy subsets and fuzzy i-ideals (ideals) in (n + k, n)-groupoids ((n + k, n)-
semigroups) have not yet been de�ned and studied. Here, we introduce the notion
of fuzzy subset of (n+ k, n)-groupoid ((n+ k, n)-semigroup) and inspired by [12]
and [9], fuzzy subsemigroups and fuzzy ideals, as well.

A fuzzy subset µ of (n + k, n)-groupoid ((n + k, n)-semigroup) S is a function
from the Cartesian product Sn into [0, 1]. The set of all fuzzy subsets of S is
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denoted by F (S). Analogously as for binary groupoids (semigroups), a grade of
membership of a sequence is a value µ(xn

1 ) ∈ [0, 1] that is assigned to each sequence
xn
1 ∈ Sn. If µ(xn

1 ) = 1, then we say that the sequence xn
1 is fully included in Sn.

A (partial) ordering on F (S) can be de�ned in the following way:

µ ⊆ α if and only if µ(xn
1 ) ≤ α(xn

1 ).

A fuzzy subgroupoid (fuzzy subsemigroup) µ of (n+ k, n)-groupoid ((n+ k, n)-
semigroup) S is a fuzzy subset of S such that

µ([xn+k
1 ]) ≥ min{µ(xi+n

i+1 )| i ∈ {0, . . . , k}}.
We denote by fA the characteristic function of a subset A of S, which is de�ned
as the mapping of S into [0, 1] by

fA(x) =

{
1, if x ∈ A
0, if x 6∈ A.

Note that we will use the characteristic function on An and instead of fAn we will
simply write fA.

A fuzzy subset µ of (n+ k, n)-groupoid ((n+ k, n)-semigroup) S is said to be a
fuzzy i-ideal of S, i ∈ {0, 1, . . . , k}, if

µ([xn+k
1 ]) ≥ µ(xi+n

i+1 ),

for all xn+k
1 ∈ Sn+k. A fuzzy subset µ of S is called a fuzzy ideal of S if it is a

fuzzy i-ideal for all i ∈ {0, 1, . . . , k}. It is clear that µ is a fuzzy ideal of S if for

all xn+k
1 ∈ Sn+k

µ([xn+k
1 ]) ≥ max{µ(xi+n

i+1 )| i ∈ {0, 1, . . . , k}}.

It is also clear that if µ is a fuzzy i-ideal (ideal) of S, then it is a fuzzy subgroupoid
(subsemigroup) of S.

Example 2.1. Let S = (N, [ ]) be a (3, 2)-groupoid with [xyz] = (x + y, y + z).
Note that S is not a (3, 2)-semigroup, since [[111]1] = [221] = (4, 3) 6= (3, 4) =
[122] = [1[111]]. Let µ : N2 → [0, 1] be de�ned by:

µ(x, y) =


1
3 , if x+ y is even number

0, otherwise.

Clearly, µ is a fuzzy subset of S.
Let x, y, z ∈ N. If µ([xyz]) = 1

3 then µ([xyz]) = 1
3 ≥ min{µ(x, y), µ(y, z)}. If

µ([xyz]) = µ(x+ y, y + z) = 0, then x+ 2y + z is an odd number and so x+ z is
an odd number.

1. If x, y are even numbers and z is an odd number, thenmin{µ(x, y), µ(y, z)} =
min{ 1

3 , 0} = 0 and so, µ([xyz]) = 0 = min{µ(x, y), µ(y, z)}.
2. If x is an even number and y, z are odd, then min{µ(x, y), µ(y, z)} =

min{0, 1
3} = 0 and so, µ([xyz]) = 0 = min{µ(x, y), µ(y, z)}.

3. If x is an odd number, y, z are even, thenmin{µ(x, y), µ(y, z)} = min{0, 1
3} =

0 and so µ([xyz]) = 0 = min{µ(x, y), µ(y, z)}.
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4. If x, y are odd numbers and z is even, thenmin{µ(x, y), µ(y, z)} = min{ 1
3 , 0} =

0 and so µ([xyz]) = 0 = min{µ(x, y), µ(y, z)}.
Hence, µ([xyz]) ≥ min{µ(x, y), µ(y, z)}, for all x, y, z ∈ N, µ is a fuzzy sub-

groupoid of S.
Since µ([223]) = µ(4, 5) = 0 < 1

3 = µ(2, 2) and µ([124]) = µ(3, 6) = 0 < 1
3 =

µ(2, 4), µ is not a fuzzy 0−ideal and fuzzy 1−ideal of S, and so µ is not a fuzzy
ideal of S.

Example 2.2. Let S = (N, [ ]) be a (3, 2)-groupoid with [xyz] = (x, y + z). Since
[[xyz]w] = [x y + z w] = (x, y + z + w) = [x y z + w] = [x[yzw]], S is a (3, 2)-
semigroup. Let µ : N2 → [0, 1] be de�ned by:

µ(x, y) =


1
4 , if x is even number

0, otherwise.

Clearly, µ is a fuzzy subset of S.
Let x, y, z ∈ N. If µ([xyz]) = 1

4 then µ([xyz]) = 1
4 ≥ min{µ(x, y), µ(y, z)}. If

µ([xyz]) = µ(x, y + z) = 0, then x is an odd number. Then µ(x, y) = 0 and

min{µ(x, y), µ(y, z)} = min{0, µ(y, z)} = 0

and so,

µ([xyz]) = 0 = min{µ(x, y), µ(y, z)}.
Hence, µ([xyz]) ≥ min{µ(x, y), µ(y, z)}, for all x, y, z ∈ N, so µ is a fuzzy subsemi-
group of S.

Let x, y, z ∈ N. If µ([xyz]) = 1
4 then x is an even number and so µ([xyz]) = 1

4 =
µ(x, y). If µ([xyz]) = 0, then x is an odd number and so µ([xyz]) = 0 = µ(x, y).
Hence, µ is a fuzzy 0−ideal of S. Since µ([124]) = µ(1, 6) = 0 < 1

4 = µ(2, 4), µ is
not a fuzzy 1−ideal of S, and so µ is not a fuzzy ideal of S.

Example 2.3. Let S = (R, [ ]) be a (5, 2)−groupoid with [x5
1] = (1, 2).

Let µ : R2 → [0, 1] be de�ned by:

µ(x, y) =

 1, if (x, y) = (1, 2)

1
2 , otherwise.

Then, µ([x5
1]) = µ(1, 2) = 1 ≥ max{µ(x2

1), µ(x
3
2), µ(x

4
3), µ(x

5
4)}, for all x5

1 ∈ R5.
So, µ is a fuzzy ideal of S.

3. Fuzzy prime and semiprime subsets of (n+ k, n)-groupoids

In this section let S = (S, [ ]) be an (n + k, n)-groupoid. A subset A of S is
called (n+ k, n)-prime if the following implication holds:

xn+k
1 ∈ Sn+k, [xn+k

1 ] ∈ An implies xi+n
i+1 ∈ An, for some i ∈ {0, 1, . . . , k}.
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A fuzzy subset µ on S is said to be prime in S, if

µ([xn+k
1 ]) ≤ max{µ(xi+n

i+1 )|i ∈ {0, 1, . . . , k}}.
It is clear that a fuzzy subset µ on S is a prime fuzzy ideal of S if and only if

µ([xn+k
1 ]) = max{µ(xi+n

i+1 )|i ∈ {0, 1, . . . , k}}.

Example 3.1. An (n+k, n)−groupoid S = (S, [ ]) is said to be an n-zero (n+k, n)-

groupoid or left zero (n+ k, n)-groupoid if [xn+k
1 ] = xn

1 for all xn+k
1 ∈ Sn+k. Left

zero (n+k, n)-groupoid is an example of an (n+k, n)-semigroup. Let µ be a fuzzy

subset of S. Then, µ([xn+k
1 ]) = µ(xn

1 ) ≤ max{µ(xi+n
i+1 )| i ∈ {0, 1, . . . , k}}, for all

xn+k
1 ∈ Sn+k. The fuzzy subset µ is prime.

Example 3.2. Let's consider the Example 2.2. Let x, y, z ∈ N. If µ([xyz]) = 0,
then µ([xyz]) = 0 ≤ max{µ(x, y), µ(y, z)}. If µ([xyz]) = µ(x, y + z) = 1

4 ,

then x is an even number. From here, µ(x, y) = 1
4 and max{µ(x, y), µ(y, z)} =

max{ 1
4 , µ(y, z)} = 1

4 and so, µ([xyz]) = 1
4 = max{µ(x, y), µ(y, z)}.

Hence, µ([xyz]) ≤ max{µ(x, y), µ(y, z)}, for all x, y, z ∈ N, so the fuzzy sub-
semigroup µ is prime.

Proposition 3.1. Let S be an (n + k, n)-groupoid, A 6= ∅, A ⊆ S and let fA be
the characteristic function on An. Then A is a prime (n+ k, n)-ideal of S if and
only if fA is a prime fuzzy ideal of S.

Proof. Let A be a prime (n + k, n)-ideal of S and let xn+k
1 ∈ Gn+k. If [xn+k

1 ] 6∈
An, then for all i ∈ {0, 1, . . . , k}, xi+n

i+1 6∈ An and so fA(x
i+n
i+1 ) = 0, for all

i ∈ {0, 1, . . . , k}. Hence, fA([x
n+k
1 ]) = 0 = max{0, . . . , 0}. If [xn+k

1 ] ∈ An,

then fA([x
n+k
1 ]) = 1. In that case, there exists a sequence xi+n

i+1 for some i ∈
{0, 1, . . . , k} such that xi+n

i+1 ∈ An and so fA(x
i+n
i+1 ) = 1. Hence, fA([x

n+k
1 ]) = 1 =

max{fA(xj+n
j+1 )| j ∈ {0, 1, . . . , k}}. □

Let S be an (n + k, n)-groupoid, xn
1 ∈ Sn and λ ∈ [0, 1]. The mapping (xn

1 )λ :
Sn → [0, 1]

(xn
1 )λ(y

n
1 ) =

{
λ, if xn

1 = yn1
0, if xn

1 6= yn1 .

is called a fuzzy point of Sn.
The subset A of an (n+ k, n)-groupoid S is called (n+ k, n)-semiprime if

a ∈ S, [
n+k
a ] ∈ An implies a ∈ A.

A fuzzy subset µ on S is said to be a semiprime subset of S, if for every x ∈ S

and each λ ∈ [0, 1] such that ([
n+k
x ])λ ⊆ µ, we have (

n
x)λ ⊆ µ.

Proposition 3.2. Let S be an (n+k, n)-groupoid and µ a fuzzy subset of S. Then

µ is semiprime if and only if µ(
n
x) ≥ µ([

n+k
x ]) for every x ∈ S.

Proof. Let µ be semiprime of S. Let µ([
n+k
x ]) = λ and yn1 ∈ Gn. If yn1 6= [

n+k
x ],

then ([
n+k
x ])λ(y

n
1 ) = 0 ≤ µ(yn1 ). If y

n
1 = [

n+k
x ], then ([

n+k
x ])λ(y

n
1 ) = λ = µ([

n+k
x ]) =
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µ(yn1 ). So, ([
n+k
x ])λ ⊆ µ and because µ is semiprime, (

n
x)λ ⊆ µ. Therefore, µ(

n
x) ≥

(
n
x)λ(

n
x) = λ = µ([

n+k
x ]). Conversely, let µ(

n
x) ≥ µ([

n+k
x ]) for every x ∈ G. Let

λ ∈ [0, 1] such that ([
n+k
x ])λ ⊆ µ and yn1 ∈ Sn. If yn1 6= n

x, then (
n
x)λ(y

n
1 ) = 0 ≤

µ(yn1 ). If yn1 =
n
x, then (

n
x)λ(

n
x) = λ = ([

n+k
x ])λ([

n+k
x ]) ≤ µ([

n+k
x ]) ≤ µ(

n
x). Hence,

(
n
x)λ ⊆ µ. □

Let S be an (n+k, n)-groupoid, a ∈ S. If µ is a fuzzy ideal of S, then µ([
n+k
a ]) ≥

max{µ(na), . . . , µ(na)} = µ(
n
a). Hence, if µ is a semiprime fuzzy ideal of S, then, by

Prop. 3.2, we have µ(
n
a) = µ([

n+k
a ]).

If µ is a prime fuzzy ideal of S, then µ([
n+k
a ]) = max{µ(na), . . . , µ(na)} = µ(

n
a).

By Prop. 3.2, µ is semiprime.

Proposition 3.3. Let S be an (n+ k, n)-groupoid and A 6= ∅, A ⊆ S and let fA
be the characteristic function on An.The following are equivalent:
(i) A is an (n+ k, n)− semiprime subset of S.
(ii) fA is a semiprime fuzzy subset of S.

Proof. Let A is an (n+k, n)− semiprime subset of S and let x ∈ S. If [
n+k
x ] ∈ An,

then x ∈ A, i.e.
n
x ∈ An and so fA([

n+k
x ]) = 1 and fA(

n
x) = 1. Hence, fA(

n
x) ≥

fA([
n+k
x ]). If [

n+k
x ] 6∈ An , then fA([

n+k
x ]) = 0 ≤ fA(

n
x). By Prop. 3.2 we have

that fA is a semiprime fuzzy subset of S. Conversely, let fA be a semiprime fuzzy

subset of S and let a ∈ A such that [
n+k
a ] ∈ An. Then fA([

n+k
a ]) = 1 and by

Prop. 3.2 we have fA([
n+k
a ]) ≤ fA(

n
a). So, fA(

n
a) = 1, i.e. a ∈ A. Hence, A is an

(n+ k, n)− semiprime subset of S. □
By Prop. 3.2 and 3.3, we obtain

Proposition 3.4. Let S be an (n+ k, n)-groupoid and A 6= ∅, A ⊆ S and let fA
be the characteristic function on An. Then A is an (n + k, n)− semiprime ideal
of S if and only if fA is a semiprime fuzzy ideal of S.

4. Properties of fuzzy subsets of vector valued semigroups

Inspired by [6] we obtain the following results for vector valued semigroups.
Let S be an (n + k, n)-semigroup and µ be a fuzzy subset of S. The mapping
µ′ : Sn → [0, 1] de�ned by µ′(xn

1 ) = 1 − µ(xn
1 ), is a fuzzy subset of S called

the complement of µ in S. It is obvious that for all xn
1 , y

n
1 ∈ Sn the following

statements hold:
µ(xn

1 ) ≤ µ(yn1 ) ⇔ µ′(xn
1 ) ≥ µ′(yn1 );

µ(xn
1 ) = µ(yn1 ) ⇔ µ′(xn

1 ) = µ′(yn1 );
(µ′)′ = µ.

Proposition 4.1. Let S be an (n + k, n)-semigroup and µ a fuzzy subset of S.

Then 1 − min{µ(xi+n
i+1 )| i ∈ {0, 1, . . . , k}} = max{µ′(xi+n

i+1 )| i ∈ {0, 1, . . . , k}}, for

all xn+k
1 ∈ Sn+k.
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Proof. Let xn+k
1 ∈ Sn+k. Since µ(xi+n

i+1 ) ∈ [0, 1], there is j ∈ {0, 1, . . . , k} such

that µ(xj+n
j+1 ) ≤ µ(xi+n

i+1 ), for all i ∈ {0, 1, . . . , k}. Then

µ(xj+n
j+1 ) = min{µ(xi+n

i+1 )|i ∈ {0, 1, . . . , k}}, so

1−min{µ(xi+n
i+1 )| i ∈ {0, 1, . . . , k}} = 1− µ(xj+n

j+1 ) = µ′(xj+n
j+1 ).

As µ(xj+n
j+1 ) ≤ µ(xi+n

i+1 ), for all i ∈ {0, 1, . . . , k}, we obtain that 1 − µ(xj+n
j+1 ) ≥

1− µ(xi+n
i+1 ), for all i ∈ {0, 1, . . . , k}, i.e. µ′(xj+n

j+1 ) ≥ µ′(xi+n
i+1 ). Hence,

µ′(xj+n
j+1 ) = max{µ′(xi+n

i+1 )| i ∈ {0, 1, . . . , k}} and

1−min{µ(xi+n
i+1 )| i ∈ {0, 1, . . . , k}} = max{µ′(xi+n

i+1 )| i ∈ {0, 1, . . . , k}}. □

Corollary 4.1. Let S be an (n+k, n)-semigroup and µ a fuzzy subset of S. Then

1 − min{µ′(xi+n
i+1 )| i ∈ {0, 1, . . . , k}} = max{µ(xi+n

i+1 )| i ∈ {0, 1, . . . , k}}, for all

xn+k
1 ∈ Sn+k.

Proof. By Prop. 4.1 we obtain that

1−min{µ′(xi+n
i+1 )| i ∈ {0, 1, . . . , k}} = max{(µ′)′(xi+n

i+1 )| i ∈ {0, 1, . . . , k}} =

= max{µ(xi+n
i+1 )| i ∈ {0, 1, . . . , k}}. □

As a consequence of Prop. 4.1 and Cor. 4.1, one obtains the following

Corollary 4.2. Let S be an (n + k, n)-semigroup and µ be a fuzzy subset of S.

Then for all xn+k
1 ∈ Sn+k the following statements hold:

a) 1−max{µ′(xi+n
i+1 )| i ∈ {0, 1, . . . , k}} = min{µ(xi+n

i+1 )| i ∈ {0, 1, . . . , k}}
b) 1−max{µ(xi+n

i+1 )| i ∈ {0, 1, . . . , k}} = min{µ′(xi+n
i+1 )| i ∈ {0, 1, . . . , k}}.

Corollary 4.3. Let S be an (n + k, n)-semigroup and µ be a fuzzy subset of S.
The following statements are equivalent:

i) µ([xn+k
1 ]) = min{µ(xi+n

i+1 )| i ∈ {0, 1, . . . , k}}, xn+k
1 ∈ Sn+k;

ii) µ′([xn+k
1 ]) = max{µ′(xi+n

i+1 )| i ∈ {0, 1, . . . , k}}, xn+k
1 ∈ Sn+k.

Proof. Let xn+k
1 ∈ Sn+k and let i) holds. Then

µ′([xn+k
1 ]) = 1− µ([xn+k

1 ]) = 1−min{µ(xi+n
i+1 )| i ∈ {0, 1, . . . , k}} =

= max{µ′(xi+n
i+1 )| i ∈ {0, 1, . . . , k}} So, ii) is true.

Conversely, let ii) holds. Then

µ([xn+k
1 ]) = 1− µ′([xn+k

1 ]) = 1−max{µ′(xi+n
i+1 )| i ∈ {0, 1, . . . , k}} =

= min{µ(xi+n
i+1 )| i ∈ {0, 1, . . . , k}} So, i) is true. □

A fuzzy subset µ of (n+ k, n)−semigroup S is called a fuzzy �lter of S if

µ([xn+k
1 ]) = min{µ(xi+n

i+1 )| i ∈ {0, 1, . . . , k}}

for all xn+k
1 ∈ Sn+k.

Proposition 4.2. Let S be an (n+ k, n)−semigroup. A fuzzy subset µ of S is a
fuzzy �lter of S if and only if the fuzzy subset µ′ of S is a prime fuzzy ideal of S.
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Proof. Let µ be a fuzzy �lter of S. Then
µ([xn+k

1 ]) = min{µ(xi+n
i+1 )|i ∈ {0, 1, . . . , k}}, i.e.

µ′([xn+k
1 ]) = max{µ′(xi+n

i+1 )|i ∈ {0, 1, . . . , k}}.
Clearly, µ′([xn+k

1 ]) ≥ max{µ′(xi+n
i+1 )|i ∈ {0, 1, . . . , k}}, so µ′ is a fuzzy ideal of

S. Also, by µ′([xn+k
1 ]) ≤ max{µ′(xi+n

i+1 )|i ∈ {0, 1, . . . , k}}, we conclude that µ′ is
prime. In a similar way one can show the opposite direction of the proposition. □

Lemma 1. Let ∅ 6= A ⊆ R and there is inf A in R. Let b ∈ R. Then
b− inf A = sup{b− a|a ∈ A}.

Proposition 4.3. Let S be an (n+ k, n)-semigroup and µ be a fuzzy subset of S.
Let A 6= ∅, A ⊆ S. Then 1− inf{µ(an1 )|an1 ∈ An} = sup{µ′(an1 )|an1 ∈ An}.

Proof. Since µ(An) ⊆ [0, 1] and µ(An) 6= ∅, there is an inf µ(An). By Lemma 1,
one obtains 1− inf(µ(An)) = sup{1− x|x ∈ µ(An)} = sup{1− µ(an1 )|an1 ∈ An} =
sup{µ′(an1 )|an1 ∈ An}. □

Corollary 4.4. Let S be an (n + k, n)-semigroup and µ be a fuzzy subset of S.
Let A 6= ∅, A ⊆ S. Then 1− inf{µ′(an1 )|an1 ∈ An} = sup{µ(an1 )|an1 ∈ An}.

Proof. It is obvious as a consequence of Prop. 4.3. □

The following proposition gives a characterization of (n + k, n)-subsemigroup,
(n + k, n) − i-ideal and (n + k, n)-ideal of S in terms fuzzy subsemigroup, fuzzy
i-ideal and fuzzy ideal of S, respectively.

Proposition 4.4. Let A 6= ∅, A ⊆ S and let fA be the characteristic function on
An. Then

(i) A is an (n+k, n)-subsemigroup of S if and only if fA is a fuzzy subsemigroup
of S.

(ii) A is an (n+ k, n)− i-ideal of S if and only if fA is a fuzzy i-ideal of S, for
i ∈ {0, 1, . . . , k}.

(iii) A is an (n+ k, n)-ideal of S if and only if fA is a fuzzy ideal of S.

Proof. (i) Let A be an (n + k, n)-subsemigroup of S and let xn+k
1 ∈ Sn+k. If

[xn+k
1 ] 6∈ An, then fA([x

n+k
1 ]) = 0 and there is j ∈ {0, . . . , n + k} such that

xj 6∈ A. In that case there exists a sequence xi+n
i+1 such that xi+α = xj , for

some α ∈ {1, . . . , n}, i ∈ {0, . . . , k}. Hence, fA(x
i+n
i+1 ) = 0 and fA([x

n+k
1 ]) =

0 ≥ 0 = min{fA(xi+n
i+1 )| i ∈ {0, . . . , k}}. If [xn+k

1 ] ∈ An, then fA([x
n+k
1 ]) = 1 ≥

min{fA(xi+n
i+1 )| i ∈ {0, . . . , k}}.

Conversely, let fA is a fuzzy subsemigroup of S and let xn+k
1 ∈ An+k. Then

fA([x
n+k
1 ]) ≥ min{fA(xi+n

i+1 )| i ∈ {0, . . . , k}} = min{1, . . . , 1} = 1. Therefore

fA([x
n+k
1 ]) = 1 and hence [xn+k

1 ] ∈ An.

(ii) Let A is an (n+ k, n)− i-ideal of S and let xn+k
1 ∈ Sn+k. If [xn+k

1 ] 6∈ An, then

xi+n
i+1 6∈ An, and therefore fA([x

n+k
1 ]) = 0 ≥ 0 = fA(x

i+n
i+1 ). If [xn+k

1 ] ∈ An, then

fA([x
n+k
1 ]) = 1 ≥ fA(x

i+n
i+1 ).

Conversely, let fA be a fuzzy i-ideal of S for some i ∈ {0, . . . , k} and let xk
1 ∈ Sk,
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an1 ∈ An. Then fA([x
i
1a

n
1x

k
i+1]) ≥ fA(a

n
1 ) = 1. Therefore fA([x

i
1a

n
1x

k
i+1]) = 1 and

hence [xi
1a

n
1x

k
i+1] ∈ An.

(iii) As a direct consequence of the de�nitions and (ii) the proof of the claim is
obvious. □

Now we will introduce the notion of fuzzy bi-ideal of a vector valued semigroup
and investigate some of its properties.

An (n + k, n)-subsemigroup A of S is said to be an (n + k, n)-bi-ideal on S if

[
k

(an1x
l
1) b

n
1 ] ∈ An, for all an1 , b

n
1 ∈ An, xl

1 ∈ Sl, l ∈ N0. A fuzzy subset µ of S is a
fuzzy bi-ideal on S if

µ([
k

(xn
1y

l
1) z

n
1 ]) ≥ min{µ(xn

1 ), µ(z
n
1 )},

for all xn
1 , z

n
1 ∈ Sn, xl

1 ∈ Sl, l ∈ N0.

Proposition 4.5. Let A be an (n + k, n)-subsemigroup of S and let fA be the
characteristic function on An. Then A is an (n+ k, n)-bi-ideal of S if and only if
fA is a fuzzy bi-ideal of S.

Proof. Let A be an (n + k, n)-bi-ideal of S and let xn
1 , z

n
1 ∈ Sn, xl

1 ∈ Sl, l ∈ N0.

If [
k

(xn
1y

l
1) zn1 ] 6∈ An, then fA([

k

(xn
1y

l
1) zn1 ]) = 0 and there xn

1 6∈ An or zn1 6∈ An.

Hence, fA([
k

(xn
1y

l
1) z

n
1 ]) = 0 ≥ 0 = min{fA(xn

1 ), fA(z
n
1 )}. If [

k

(xn
1y

l
1) z

n
1 ] ∈ An, then

fA([
k

(xn
1y

l
1) z

n
1 ]) = 1 ≥ min{fA(xn

1 ), fA(z
n
1 )}.

Conversely, let fA be a fuzzy bi-ideal of S and let xn
1 , z

n
1 ∈ An, xl

1 ∈ Sl,

l ∈ N0. Then fA([
k

(xn
1y

l
1) z

n
1 ]) ≥ min{fA(xn

1 ), fA(z
n
1 )} = min{1, 1} = 1. Therefore

fA([
k

(xn
1y

l
1) z

n
1 ]) = 1 and hence [

k

(xn
1y

l
1) z

n
1 ] ∈ An. □

Proposition 4.6. Every fuzzy i-ideal (fuzzy ideal) of S is a fuzzy bi-ideal of S.

Proof. Let µ be a fuzzy i-ideal of S for some i ∈ {0, . . . , k} and let an1 , b
n
1 ∈ An,

xl
1 ∈ Sl, l ∈ N0. Then

µ([
k

(an1x
l
1) b

n
1 ]) = µ([y

n+(n+l)k
1 ]) = µ([yi1[y

n+(n+l)k−k+i
i+1 ]y

n+(n+l)k
n+(n+l)k−k+i+1]) ≥

≥ µ([y
n+(n+l)k−k+i
i+1 ]) ≥ . . . ≥ µ([y

(n+l)i+n
(n+l)i+1 ]) = µ(an1 ) ≥ min{µ(an1 ), µ(bn1 )}.

Thus, µ is a fuzzy bi-ideal of S.
If µ is a fuzzy ideal of S, then µ is a fuzzy i-ideal for all i ∈ {0, . . . , k} and

therefore µ is a fuzzy bi-ideal of S. □

Corollary 4.5. Every (n+ k, n)− i-ideal ((n+ k, n)-ideal) of S is an (n+ k, n)-
bi-ideal of S.

Proof. The proof is obvious as a consequence of the previous two propositions. □
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(k + 1)-product of fuzzy subsets µ1, . . . , µk+1 of S, denoted by ((µ1, . . . , µk+1))

or ((µk+1
1 )), is de�ned by:

((µk+1
1 ))(xn

1 ) =

 sup
xn
1 =[yn+k

1 ]

min{µ1(y
n
1 ), µ2(y

n+1
2 ), . . . , µk+1(y

n+k
k+1 )}, if xn

1 = [yn+k
1 ]

0, otherwise.

Proposition 4.7. A fuzzy subset µ of an (n+ k, n)−semigroup S is a fuzzy sub-

semigroup of S if and only if ((
k+1
µ )) ⊆ µ.

Proof. Let µ be a fuzzy subsemigroup of S and let xn
1 ∈ Sn. If ((

k+1
µ ))(xn

1 ) = 0,

then ((
k+1
µ ))(xn

1 ) = 0 ≤ µ(xn
1 ). Let x

n
1 = [yn+k

1 ]. Then

((
k+1
µ ))(xn

1 ) = sup
xn
1 =[yn+k

1 ]

min{µ(yn1 ), µ(yn+1
2 ), . . . , µ(yn+k

k+1 )}

and

µ(xn
1 ) = µ([yn+k

1 ]) ≥ min{µ(yn1 ), µ(yn+1
2 ), . . . , µ(yn+k

k+1 )}.

Hence, ((
k+1
µ ))(xn

1 ) ≤ µ(xn
1 ).

Conversely, let ((
k+1
µ )) ⊆ µ and let xn+k

1 ∈ Sn+k. Then

µ([xn+k
1 ]) ≥ ((

k+1
µ ))([xn+k

1 ]) = sup
[xn+k

1 ]=[yn+k
1 ]

min{µ(yn1 ), . . . , µ(yn+k
k+1 )} ≥

≥ min{µ(xn
1 ), . . . , µ(x

n+k
k+1 )}.

□

Proposition 4.8. A fuzzy subset µ of an (n+k, n)−semigroup S is a fuzzy i−ideal
of S, for i ∈ {0, 1, . . . , k}, if and only if

((
i
εµ

k−i
ε )) ⊆ µ,

where ε : Sn → [0, 1], ε(xn
1 ) = 1, for all xn

1 ∈ Sn.

Proof. Let µ be a fuzzy i−ideal of S and let xn
1 ∈ Sn. If ((

i
εµ

k−i
ε ))(xn

1 ) = 0, then

((
i
εµ

k−i
ε ))(xn

1 ) = 0 ≤ µ(xn
1 ). Let x

n
1 = [yn+k

1 ]. Then

((
i
εµ

k−i
ε ))(xn

1 ) = sup
xn
1 =[yn+k

1 ]

min{ε(yn1 ), . . . , ε(yi+n−1
i ), µ(yi+n

i+1 ), . . . , ε(y
n+k
k+1 )} =

sup
xn
1 =[yn+k

1 ]

min{1, µ(yi+n
i+1 )} = sup

xn
1 =[yn+k

1 ]

(µ(yi+n
i+1 )) and µ(xn

1 ) = µ([yn+k
1 ]) ≥ µ(yi+n

i+1 ).

Hence, ((
i
εµ

k−i
ε ))(xn

1 ) ≤ µ(xn
1 ).

Conversely, let ((
i
εµ

k−i
ε )) ⊆ µ and let xn+k

1 ∈ Sn+k. Then

µ([xn+k
1 ]) ≥ ((

i
εµ

k−i
ε ))([xn+k

1 ]) =

sup
[xn+k

1 ]=[yn+k
1 ]

min{ε(yn1 ), . . . , ε(yi+n−1
i ), µ(yi+n

i+1 ), . . . , ε(y
n+k
k+1 )} =
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sup
[xn+k

1 ]=[yn+k
1 ]

min{1, µ(yi+n
i+1 )} = sup

[xn+k
1 ]=[yn+k

1 ]

{µ(yi+n
i+1 )} ≥ µ(yi+n

i+1 ).

□

Proposition 4.9. A fuzzy subset µ of an (n+ k, n)−semigroup S is a fuzzy ideal

of S if and only if ((
i
εµ

k−i
ε )) ⊆ µ for all i ∈ {0, 1, . . . , k}.

Proof. It is a direct consequence of the de�nition and the previous proposition. □

5. Green's relations in vector valued semigroups

in terms of fuzzy subsets

The Green's equivalence relations on vector valued semigroups were considered
in [14]. We will use the following notion and notation given in [14].

Let an1 ∈ Sn. Then the smallest (n+k, n)− i-ideal containing an1 , for 0 ≤ i ≤ n,
is

Ji(a
n
1 ) = {an1} ∪ {[zli1 an1 zlkli+1] | zlk1 ∈ Slk, l ∈ N}.

It is called the principal (n+ k, n)− i-ideal generated by an1 .
The principal (n+k, n)-ideal J(an1 ) generated by an1 is de�ned in a similar way,

for every i ∈ {0, 1, . . . , n}.
The notion of fuzzy i-ideal in a vector valued semigroup de�ned in Section 2

leads naturally to consideration of the Green's equivalence relations on such ideals.
In this section we will assume that S = (S, [ ]) is an (n + k, n)-semigroup and

that µ is a fuzzy subset of S. We denote the set of all fuzzy i-ideals of S that
contain µ by Jµ

i , i.e.

Jµ
i = {α | α is a fuzzy i− ideal of S, µ ⊆ α}.

The fuzzy subset ρ of F (S) is a fuzzy i-ideal generated by µ if and only if

ρ ∈ Jµ
i (5.1)

(∀α ∈ Jµ
i ) ρ ⊆ α. (5.2)

Proposition 5.1. Let S be an (n+ k, n)-semigroup and µ ∈ F (S). The mapping∧
α∈Jµ

i

α : Sn → [0, 1] de�ned by:

(
∧

α∈Jµ
i

α)(xn
1 ) = inf{α(xn

1 )|α ∈ Jµ
i },

for all xn
1 ∈ Sn is a fuzzy ideal generated by µ.

Proof. Obviously, the mapping
∧

α∈Jµ
i

α is well de�ned. Let xn+k
1 ∈ Sn+k. Then

(
∧

α∈Jµ
i

α)([xn+k
1 ]) = inf{α([xn+k

1 ])|α ∈ Jµ
i } ≥

≥ inf{α(xi+n
i+1 )|α ∈ Jµ

i } = (
∧

α∈Jµ
i

α)(xi+n
i+1 ),
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so
∧

α∈Jµ
i

α is a fuzzy i-ideal of S.

Let α ∈ Jµ
i . Then µ ⊆ α, so µ(xn

1 ) ≤ α(xn
1 ). From here we obtain that

µ(xn
1 ) ≤ inf{α(xn

1 )|α ∈ Jµ
i } = (

∧
α∈Jµ

i

α)(xn
1 ), for all xn

1 ∈ Sn, so µ ⊆
∧

α∈Jµ
i

α

and therefore
∧

α∈Jµ
i

α ∈ Jµ
i . Moreover, (

∧
α∈Jµ

i

α)(xn
1 ) = inf{α(xn

1 )|α ∈ Jµ
i }, for all

xn
1 ∈ Sn. Hence,

∧
α∈Jµ

i

α ⊆ α, for all α ∈ Jµ
i . □

Proposition 5.2. Let S be an (n+ k, n)-semigroup and µ ∈ F (S). If β is a fuzzy
i-ideal of S generated by µ, then

∧
α∈Jµ

i

α = β.

Proof. Let β be a fuzzy i-ideal of S generated by µ. Then β ∈ Jµ
i and β ⊆ α, for

all α ∈ Jµ
i . Let x

n
1 ∈ Sn. Then

(
∧

α∈Jµ
i

α)(xn
1 ) = inf{α(xn

1 )|α ∈ Jµ
i } ≤ β(xn

1 ),

since β ∈ Jµ
i . Thus

∧
α∈Jµ

i

α ⊆ β. For the reverse inclusion, since β ⊆ α, for all

α ∈ Jµ
i , it follows that β(x

n
1 ) ⊆ α(xn

1 ), for all x
n
1 . Therefore

β(xn
1 ) ≤ inf{α(xn

1 )|α ∈ Jµ
i } = (

∧
α∈Jµ

i

α)(xn
1 )

and so, β ⊆
∧

α∈Jµ
i

α. □

In what follows, instead of
∧

α∈Jµ
i

α we will use the notation Ji(µ) for the fuzzy

ideal of S generated by µ.

However, �rst we will show that the set of all fuzzy i-ideals of S such that the
sequence xn

1 is fully included in Sn coincides with the fuzzy i-ideal of S gener-
ated by the characteristic function f{xn

1 }. For that purpose, we denote the set
{α| α is a fuzzy i− ideal of S, α(xn

1 ) = 1} by Ji,xn
1
.

Theorem 1. Ji,xn
1
= J

f{xn
1 }

i .

Proof. Let µ ∈ Ji,xn
1
and let yn1 ∈ Qn. If yn1 = xn

1 , then µ(yn1 ) = µ(xn
1 ) = 1 and

f{xn
1 }(y

n
1 ) = f{xn

1 }(x
n
1 ) = 1, so f{xn

1 }(y
n
1 ) = µ(yn1 ).

Let yn1 6= xn
1 . Then f{xn

1 }(y
n
1 ) = 0 ≤ µ(yn1 ). Thus, f{xn

1 }(y
n
1 ) ≤ µ(yn1 ), for all

yn1 ∈ Sn, so f{xn
1 } ⊆ µ. Since µ ∈ J

f{xn
1 }

i , it follows that Ji,xn
1
⊆ J

f{xn
1 }

i . For the

reverse inclusion, let µ ∈ J
f{xn

1 }

i . Then µ is a fuzzy i-ideal of S and f{xn
1 } ⊆ µ.

From here, µ(xn
1 ) ≥ f{xn

1 }(x
n
1 ) = 1, so µ(xn

1 ) = 1. Therefore, µ ∈ Ji,xn
1
and so

J
f{xn

1 }

i ⊆ Ji,xn
1
. □

Theorem 2. Ji(f{xn
1 }) = fJi(xn

1 )
.
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Proof. Using Theorem 1 we obtain:

Ji(f{xn
1 }) =

∧
α∈J

f{xn
1 }

i

α =
∧

α∈Ji,xn
1

α ⊆ α, (5.3)

for all α ∈ Ji,xn
1
. Since xn

1 ∈ Ji(x
n
1 ), then

fJi(xn
1 )
(xn

1 ) = 1. (5.4)

Let yn+k
1 ∈ Sn+k. If [yn+k

1 ] ∈ Ji(x
n
1 ), then

fJi(xn
1 )
([yn+k

1 ]) = 1 ≥ fJi(xn
1 )
(yi+n

i+1 ).

Let [yn+k
1 ] 6∈ Ji(x

n
1 ). Then fJi(xn

1 )
([yn+k

1 ]) = 0. Suppose that fJi(xn
1 )
(yi+n

i+1 ) = 1.

Then yi+n
i+1 ∈ Ji(x

n
1 ), so

[yn+k
1 ] = [yi1[a

li
1 x

n
1a

lk
li+1]y

k
i+1] = [yi1a

li
1 xn

1 alkli+1y
k
i+1] = [z

(l+1)i
1 xn

1 z
(l+1)k
(l+1)i+1]

and thus [yn+k
1 ] ∈ Ji(x

n
1 ), that contradicts the supposition. So, fJi(xn

1 )
(yi+n

i+1 ) = 0

and fJi(xn
1 )
([yn+k

1 ]) = 0 ≥ 0 = fJi(xn
1 )
(yi+n

i+1 ). Hence, fJi(xn
1 )

is a fuzzy i-ideal
of S and using (5.4) we obtain that fJi(xn

1 )
∈ Ji,xn

1
. From (5.3) it follows that

Ji(f{xn
1 }) ⊆ fJi(xn

1 )
.

For the reverse inclusion, we will show that fJi(xn
1 )

⊆ α, for every α ∈ Ji,xn
1
. Let

α ∈ Ji,xn
1
, i.e. α is a fuzzy i-ideal of S and α(xn

1 ) = 1. Let yn1 ∈ Sn. If yn1 6∈ Ji(x
n
1 ),

then fJi(xn
1 )
(yn1 ) = 0 ≤ α(yn1 ). If y

n
1 ∈ Ji(x

n
1 ), then yn1 = [ali1 x

n
1a

lk
li+1] and

α(yn1 ) = α([ali1 x
n
1a

lk
li+1]) = α([ai1[a

li
i+1x

n
1a

(l−1)k
li+1 ]alk(l−1)k+1]) ≥

≥ α([alii+1x
n
1a

(l−1)k
li+1 ]) ≥ . . . ≥ α(xn

1 ) = 1.

Thus α(yn1 ) = 1, so fJi(xn
1 )
(yn1 ) = 1 ≤ 1 = α(yn1 ). Therefore, fJi(xn

1 )
⊆ α, for every

α ∈ Ji,xn
1
and

fJi(xn
1 )

⊆ inf{α| α ∈ Ji,xn
1
} = inf{α| α ∈ J

f{xn
1 }

i } = Ji(f{xn
1 }),

that completes the proof. □
Remark 5.1: We denote Ji(f{xn

1 }) by JF
i (xn

1 ), for every xn
1 ∈ Sn, to simplify the

notation. JF
i (xn

1 ) is called a fuzzy i-ideal of S generated by xn
1 . J

F (xn
1 ) is a fuzzy

ideal of S generated by xn
1 if JF

i (xn
1 ) is a fuzzy i-ideal of S generated by xn

1 for
every i ∈ {0, . . . , k}. By the previous notations and Theorem 1 we have

JF
i (xn

1 ) = Ji(f{xn
1 }) =

∧
α∈J

f{xn
1 }

i

α =
∧

α∈Ji,xn
1

α.

Note that JF
i (xn

1 ) ∈ Ji,xn
1
. Namely, for JF

i (xn
1 ) =

∧
α∈Ji,xn

1

α we obtain that

(
∧

α∈Ji,xn
1

α)(xn
1 ) = inf{α(xn

1 )| α ∈ Ji,xn
1
} = inf{1| α ∈ Ji,xn

1
} = 1,∧

α∈Ji,xn
1

α([yn+k
1 ]) = inf{α([yn+k

1 ])| α ∈ Ji,xn
1
} ≥
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≥ inf{α([yi+n
i+1 ])| α ∈ Ji,xn

1
} =

∧
α∈Ji,xn

1

α([yi+n
i+1 ]),

so JF
i (xn

1 ) is a fuzzy i-ideal of S and (JF
i (xn

1 ))(x
n
1 ) = 1. Thus, xn

1 if fully included
in JF

i (xn
1 ). Moreover, JF

i (xn
1 ) ⊆ α, for every α ∈ Ji,xn

1
.

Green's equivalences Ji on S, for each i ∈ {0, 1, . . . , n}, are introduced in [14]
and de�ned by:

an1 Ji b
n
1 ⇔ Ji(a

n
1 ) = Ji(b

n
1 ),

as well as Green's equivalence J , for all i ∈ {0, 1, . . . , n}, de�ned by:

an1 J bn1 ⇔ J(an1 ) = J(bn1 ).

We will now consider Green's equivalences on fuzzy i-ideals of S. For that purpose,
de�ne a relation J F

i on Sn for each i ∈ {0, 1, . . . , n}, by

an1 J F
i bn1 ⇔ JF

i (an1 ) = JF
i (bn1 ),

as well as a relation J F , by:

an1 J F bn1 ⇔ JF (an1 ) = JF (bn1 ).

It is clear that these relations are equivalences on S. We will show that the Green's
relation J F

i on S coincides with the relation Ji on S.

Theorem 3. J F
i = Ji.

Proof. an1 J F
i bn1 ⇔ J F

i (an1 ) = J F
i (bn1 ) ⇔ Ji(fan

1
) = Ji(fbn1 ) ⇔

⇔ fJi(an
1 )

= fJi(bn1 )
⇔ Ji(a

n
1 ) = Ji(b

n
1 ) ⇔ an1 Ji b

n
1 . □

Note that in a similar way one can show that J F = J .
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