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ON LIMIT LAWS FOR CENTRAL ORDER STATISTICS
UNDER POWER NORMALIZATION

E. I. Pancheva, A. Gacovska-Barandovska

Smirnov (1949) derived four limit classes of distributions for linearly nor-
malized central order statistics. In this paper we investigate the possible
limit distributions of the k-th upper order statistics with central rank using
regular power norming sequences and obtain twelve limit classes.

1. Introduction

k
Below {k,} is a sequence of integers such that — — 6 € (0,1) and X, ,, is the
n

kn-th upper central order statistic (u.c.0.s.) from a sample of iid rv’s X7,..., X,
with a continuous df F, thus

Xn,n < e < an,n < e <& Xl,n'

We denote by GM A the group of all max-automorphisms on R with respect to
the composition “o”. They are strictly increasing continuous mappings and hence
they preserve the max-operation “V” in the sense that L(X VY) = L(X)V L(Y).
Let ® denote the standard normal df and F = 1 — F. In Pancheva and Gacovska
(2013), abbreviated here as PG’13, the authors have proved the following
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sequence.
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k
Theorem 1. Let H be a non-degenerate df, — — 0 € (0,1) and {G,} be a
n

sequence of norming mappings in GMA. Then
(1) Fkn,n (Gn(qj)) =P (Gn_l(an,n) < x) %)H(Jj)
if and only if

0-F (Guls) u,

(2) vn a0 -

7(x)

where T(x) is a non-decreasing function uniquely determined by the equation

7(z)

(3) H(J:):\/%/ewjdxzcb(ﬂx)).

Let A be the group of all affine transformations on R, a(z) = ax +0b, a >0, b
real and P be the group of all power transformations on R, p(z) = b|x|*sign(z)
with a and b positive. We denote by Iy = inf{z : H(x) > 0} the left endpoint of
the support of H and by ry = sup{x : H(z) < 1} the right endpoint.

Definition 1. A sequence {G,} C GMA is a regular norming sequence on
(g, rm) % (0,00) if for all t € (0,00) there exists gi(x) € GM A such that

(4) liﬁn G[:é} o Gp(z) = g(x), =€ (lg,rm)

and the correspondence t — gi(x) is continuous 1 — 1 mapping. The last means
that s # t implies gs # gi, for s,t > 0.

Example 1. a) A norming sequence {«a,} C A is regular iff V¢ > 0 and
n — oo

G, by, — b[nt}
— Ay >0, —— = By € R,
Alnt] Afnt]
thus
b — by,
a[;é} o an(x) = an T+ (4] — Ayx + By

Alnt] Alnt]
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b) A norming sequence {p,} C P is regular iff V¢ > 0 and n — oo

. b, 1/ajny
a — Ay > 0, ( ) — B, >0,

Qfnt) bina)

then

by ||

1
b ) e sign(x) — Bylz|sign(x).
[nt]

P on(o) = (
Definition 2. A df F' belongs to 8-normal domain of attraction of H (briefly
ky,
0-NDA(H)) if (1) holds and (— - 0) Vvn — 0.
n

A basic result to characterize the class of limit df’s in (1) is the following theorem
proved in PG’13.

Theorem 2. If a df H has -NDA with respect to a regular norming sequence
{Gn} € GMA, then its corresponding function 7(x) satisfies for t € (0,00) the
following functional equation

() Vt-r(z) =7 (g(2)), weC(r).

Here C(7) means the set of all continuity points of 7. Solving (5) with respect
to 7, given that g; € A, Smirnov (1949) derived four different classes of limit df’s
H = ® o7, namely

0, z <0
1. Hl(w)z{@(cxo‘) >0 c>0,a>0.
(0%
2 Hg(x):{‘f( clz["), z;g . e>0,a>0.
D (—cq]z]¥), <0
3. H3($):{q)5621:10’c)’) s> 0 re>0,a>0
0, z<lyg
1
4 H4(JJ): 5, lgy<z<rg
17 I'ETH
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Solving (5) , given that ¢ € GM A, Pancheva and Gacovska (2013) obtained 13
possible types of limit df’s in (1). The aim of this note is to find the possible
solutions of (5) with respect to 7 if g, € P and to list the corresponding limit
laws H = ® o7 in (1).

Let us first make precise the notion “type(H)” for a non-degenerate df H. We
say that G € g-type(H) if there exists a mapping ¢ € GM A such that G = Ho ¢
(where g stands for general). In order to distinguish the cases ¢ € A and ¢ € P
we define two subsets of the set g-type(H), namely

a—type(H) ={G:3a € A, G(z) = H(a(z))},
p—type(H) ={G :3p € P, G(x) = H(p(x))}.

In section 2 we make a short overview of the properties of 7 and g, needed further
on and proved in PG’13. Then in section 3 we obtain 12 different p-types of limit
laws. In section 4 we discuss the results.

2. Preliminaries

In this section we cite without proof some of the main results of PG’13 needed
in Section 3 below.

A. Properties of 7(z):

We introduce two important subsets of the interval S = (lg,7x), namely D =
{z :7(x) #0, 7(x) # —o0, 7(x) # 400} and [ = {z : 7(x) = 0}, D = S\I.
Functional equation (3) , H(x) = ®(7(x)), implies:

1. 7(z) is a non-decreasing function such that 7(z) = —oo for z < Iy and
7(z) = 400 for & > ry. For x € I by definition 7(x) = 0, hence H(x) = 1/2.
Defining the median of H by mpy = sup{z : H(xz) < 1/2}, we reach uniqueness
of the median.

2. 7(x) is negative for x € (Igy,mpy) and 7(x) > 0 for x € (mpy,rH).

Further, as a direct consequence of functional equation (5), vVt - 7(z) =
7 (g¢(x)), we observe that for any fixed = that belongs to the interior of D the
whole trajectory I'y, = {g:(z) : t € (0,00)} belongs to D.

Now, it is not difficult to check the following

Proposition 1. 7(x) is continuous and strictly increasing on the interior of

D.

B. Properties of g;(x)
Observe that functional equation (5) gives no information for the value of g; in the
boundary cases t = 0 and ¢ = oo. For thoroughly determining the trajectory of
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g through a point z in the interior of D we suppose that the following boundary
conditions hold.

BC 1. i = my.
C 1. lim g;(z) = my

BC 2. lim g(z) = { g, @ <,

t—00 TH, T > MKy
By (5), these conditions are fulfilled if 7 is everywhere continuous. Hence, as
a consequence of the boundary conditions, every trajectory I', starts from mpg
and increases to rgy if my < x < rpg, or decreases to ly if lg < x < my.
Furthermore, limit relation (4) entails that the family {g; : ¢t € (0,00)} forms a
continuous one-parameter group with respect to composition, with the half-group

property
(6) 91 © gs = Gis

and identity element gy, gi(x) = . Then g; ' = 91/t

Denote by SuppH the support of the df H. For the subset I C S we state
the following possibilities:

Proposition 2. Fither I = (my,rg) or I = {myg}. In the first case ly =
mpy and SuppH = [mp,rg) where H is the two jumps distribution with jump
high 1/2, and in the second case SuppH = (lg,rm), lg < mg <rpg.

Proof. Obviously the left endpoint of the interval I is mpg. Assume the
interval is I = (mp,a), mg < a < rg. For arbitrary x € I, by the functional
equation (5) it follows that 7(g;(z)) = 0 for all ¢ > 0. Hence g;(z) < a for all
t > 0 and this contradicts the boundary condition BC2. Thus I = (mpy, 7).
We still have to prove that [ = my. For arbitrary fixed x € I, limit relation (2)
implies

V[0 — F(Gn(z))] — 0, n — oco.

Let us assume that there exists a unique solution xg of F((x) = . This assumption
is in fact not restrictive, since we can always transform the initial model so that
xg falls into an interval where the continuous df F' is strictly increasing. Now the
limit relation above can be rewritten as

Vi [F(zg) — F(Gp(2))] —0, n— oo, z €1

and it is equivalent to
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i) Gy (z)—xg for F- almost all x € I and n — oo.
Consequently for € > 0 and n > ng(¢)

xg—e < Gp(r) < xg + €.

On the other hand, as known from the theory of central u.o.s
i) Xk, n 2% 29, m — 00,

implying P(zg —e < Xj, n < zg+¢)—> 1.

Moreover, both sequences {G),} and {X}, ,,} are comparable in the sense that
i) G (Xp, ) —= Y, where Y has df H.

The latter is equivalent to

1
PG (Xpym) < 7)—®o7(z) = 3 for z €I.

On the base of i) and ii), for arbitrary ¢ > 0 one may choose ng = ng(e),
g1 = e1(€), ea = e2(e), and €; — 0 as € — 0, such that for n > ng

P(Gn(x - {51) < an,n < Gn(x + 52)) >

| —

Indeed, by i) we obtain G,,!(zg —¢) < z < G, (xg + ¢). Hence one may choose
g1 = €1(€), e2 = e2(g) such that

x—e1 <Gl (xg—e)<a <Gyl (xg+e) <a+en
Then by ii)
P(Gn(l‘ - 61) < an,n < Gn(I + 62)) > P(IQ —e< Xpon <o+ 6)—)1.

Hence for n large enough, n > ng(e) we have

P(Gn(x - {51) < an,n < Gn(x + 52)) >

DN =

Applying iii) we conclude that

< P(Gn(z —€1) < Xi,n < Gn(z + €2))

= PG, (Xp,n) < x4 e2) — P(G (Xpy ) < @ — 1)

1
—5 - O(7(x —e1)), since z+e9 € 1.

1
2

It is clear that ®(7(z —e1)) = 0 hence x — 1 < lj.
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Consequently myg < x < lg + €1 for g1 arbitrary small. The last statement
is a contradiction, hence Il = mpyg. O

The first case in Proposition 2 we call “singular” since the support of H consists
of the two endpoints only: Il and rpg. Further on, we consider only the non
singular case I = {my}.

Proposition 3. The three points ly, mpg, Ty are the only possible fixed
points of the continuous one-parameter group {g; : t € (0,00)}.

Assume the functional equation (5) holds, vt - 7(x) = 7 (g¢(2)). Obviously it
implies:

a) 7(x) < 0 for x € (lg,mpg), thus g; is decreasing in t. Moreover g; is
repulsive for ¢ € (0,1) , ie. gi(x) > z, and ¢ is attractive for ¢ > 1, i.e
gt(x) <.

b) 7(z) > 0 for € (mpg,ry), thus g is increasing in ¢. Moreover g; is
attractive for ¢ € (0,1) and g¢; is repulsive for ¢ > 1.

Our next aim is to solve the half-group property (6) rewritten as functional

equation g(t, g(s,x)) = g(ts, x).

Proposition 4. Let {g; : t € (0,00)} be a continuous one-parameter group in
GMA. If g : (lg,rm) — (lg,rH) satisfies a) and b), then there exist continuous
and strictly increasing mappings h : (lg,mpg) — (—00,00) and | : (mpg,rH) —
(—00,00) such that fort > 0:

() = { ((lh() logt), =€ (lg,mpg)

(x) +logt), x€ (mmy,rm)

Next we substitute the explicit form of ¢g;(z) in (5) and solve it with respect
to 7(z). Denote Sy = (lg,mp) and S2 = (mu,rm).

Proposition 5. Let {g; : t € (0,00)} be the continuous one-parameter group
from Proposition 4. Suppose T satisfies V't - 7(x) = 7(g(x)) for t € (0,00) and
x € (lg,rm), gwen that T(x) >0 on Sy and 7(z) <0 on S1. Then:

(@) = m(z) = —cle_h(x)ﬂ, c1 >0, on Sy
mo(z) = /@2 ¢y >0, on Sy

After obtaining the explicit form of 7(x) we now state the characterization theo-
rem for the limit distribution H = ® o 7.
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Theorem 3. The non-degenerate df H in the limit relation (1) may take one
of the following four explicit forms:

0, r<myg=ly
1
L Hi(z)={ o v =mg =lm
®(ra(2)), =€ (mu,rm)
17 x Z TH
(0, x<ly
@ (ri(z), z€ (ly,mn)
2 Hg(l‘) = 1 o N
9 r=myg=7TH
L 1, r>myg=TH
( 0, i S lH
_ ) ®(n(=z), z€(lg,mn)
3. Hs(x) = O (1a(2)), =€ (mo,rH)
1, T>ry
0, z<lyg
1
4. Hy(z) = 3 TE (lg,rm)
{ 17 x 2 TH.

Note, in theorem 3 above, we use the notion “form” of H having in mind
“limit class” H.

3. Power normalization

In this section we suppose that there exists a sequence Gy, (z) = b, |z|*" sign(z), a,
and b, positive, to normalize the upper c.o.s. Xy, , in theorem 1 so that

(7) Fiepo n( bn)z|*sign(z) ) 2y H(xz), n— oo .

We observe that
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thus

Hence, if Vit > 0

an b, 1/apny
—>Oét>0, (—) —>Bt>0,
A[nt]

then {G,} is a regular sequence and

(8) Gt

nt] © Gn(x) = gi(x) = Bi|x|“ sign(x) € GM A.

Proposition 6. If {G,} is a regular norming sequence in P, then the family
{gt : t € (0,00)} defined in (8) forms a continuous one-parameter group with
respect to composition with identity element g1, g1(x) = x.

Proof. Obviously a; = 81 = 1, so ¢; is the identical mapping. Then gt_1 = g1/t-
We have to check the half-group property g: o gs = g¢s Vt, s > 0. Indeed:

9:(9s(x)) = BuBs* | sign(x) ,

gts(x) = Brs|z|* sign(x) .
Hence (6) is true if equivalently
(9) Bis = BBt = B .Bs and a5 = ap.as
hold and this is easy to be seen:

ap  Qpn Ap  QAnts] apn
Qg < = [nts] — Qs ,

A[nt] Qlns] A[nts] A[nt] A[ns]

b 1/apis] b\ Yamms Afns]/Ants] bins) 1/a[ps)
s | = (= S — BB, O
& (b[nts]) (b[ns}) (b[ms}) P'he
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Let us look at (9) as functional equations for oy and f;. There are two
possibilities, namely

)oy=1and B =t°, b#0.

or

i) y =t ,a#0and g, = e (=) ¢ real.
Consequently, in case i) the mapping g;(x) = tz is affine without translation and
in case ii) g;(z) = c|=[""sign(z) , ¢ =e >0, is a power mapping.

We consider separately both cases.

Case i). g(z) = t’z, b# 0.
The fixed points of {g; : t € (0,00)} are the points —oco, 0, +00. On the other
hand lp, my, rg are the only possible fixed points, thus there are three
possibilities for the SuppH:

(=00 =lg,rg =mpg =0}, [0 =1lg =mpg,rg = +00)
and
(—oo =lpg,rg = +00).

Case i1). Let Supp H = (—oc0 =g, rg = my = 0].
Here 7 < 0 and g;(z) = —t°|z| is decreasing in ¢ , hence b > 0. There is a
continuous and strictly increasing h : (I, mp) <> (—00,4+00) such that g;(z) =
h=Y(h(z) — logt). The solution of the functional equation h(—t’|z|) = h(z) —
1
logt, * < 0 1is h(zx) = —glogm and consequently 7(z) = —ce M®/2 =

1/2b

—ci|x|*”, ¢1 some positive constant, and

1
Hi(z) = ®(—c1]z]%), a = o> 0, ¢c1 >0, z <0.

Case i3). Now Supp H = [lg = myg = 0,7y = o0).
Here 75(z) = c2e!®/2 > 0, g(x) = 17 ((x) + logt) = t°z, | : (my,rH) —
(—00,400). The functional equation I(t°z) = I(x) + log(x) entails the solution

1
l(x) = Eloga:. Thus 0 < mo(z) = c2e!@/? = 2%, o = o © > 0, z > 0 and

g¢(x) is increasing in ¢, hence b > 0, attractive for ¢t € (0,1) and repulsive for
t > 1. Consequently,

Hy(z) = ®(c22%), >0, c2 >0, >0

has a jump 1/2 at g = mg = 0.
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Case i3). Take Supp H = (g = —o0, 7 = +00).

In the same way as above one obtains for some positive constants ¢z and c3
— @(—03’1}‘&)7 z <0

Hs(x) = { D (czx”), x>0

i.e. Hjs is continuous and strictly increasing on (—oo,+00), my = 0, H3(0) =
1/2.

Remark. In case i) the affine mapping g;(z) = tPx =: A;x+ By has coefficients
Ay # 1 and B; = 0. Thus the two jumps Smirnov’s distribution does not appear
here as limiting df.

Case ii). g(x) = c\f\tasign(x) , >0, a#0.

We observe that: ¢

1) the fixed points of the group {g:(z) : ¢ € (0,00)} are the 5 points:
—o0, —c¢, 0, +¢, +o0;

2) the equation chain 7(x) = T(C!x\ta sign(x)) = 0 implies that the median
mpg € {—c¢, 0, +c};

3) in view of Proposition 3 the support of the limit df H may be one of the
7 intervals (—oo, —c), (—¢,0), (0,¢), (¢,00), (—00,0), (—c,c), (0,00);

4) in view of functional equation (5) g;(x) is repulsive for z € (Ig,mpy), t €
(0,1) and also for = € (mpg,rH), t > 1; g:(x) is attractive for z € (mpy,ry), t €
(0,1) and also for x € (Ig,mg), t > 1; gi(x) is decreasing in t if x € (lg, mp)
and increasing in t if x € (mpy,rg).

Having in mind these properties we consider the different cases for SuppH
separately. Assume below ¢ = 1 for simplicity, without loss of generality.

Cc

Case ii). SuppH = (Il = —oo,mpy = rg = —1] and gy(z) = —|z|".
The boundary condition mpy = %iné—]ﬂta = —1 implies @ > 0. Recall, for
—

x € (lg,myg) g(x) = h™Y(h(z) — logt), so we have to solve the functional
a 1
equation h(—|z|"") = h(z) —logt. It has the solution h(z) = —= loglog |z| where
a
h:(—o00,—1) = (—00,400) is strictly increasing. Then

1
ma(z) = —cse M2 = ¢ (log|z))*, a = 5 > 0, c4>0

and the corresponding limit df has the explicit form
Hy(z) = ®(—cq(log |z])?), x < —1, Hy(—1) = ®(0) = 1/2.

Case iiy). SuppH = (—1,0) and g;(z) = —|z|*".
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For the median my = }in})—]ﬂtﬂ we obtain my = —1 for a > 0 and my = 0 for
ﬁ

a < 0. Thus this case gives rise to two different limit df’s Hs and Hg:

a) SuppHs = [l = my = —1, rig = 0) and g;(x) = —|z[*", a > 0.
Recall, that 7(x) > 0 in the interval (my,ry) and g;(z) = 17 (I(z) + logt), I:
(=1,0) — (—o0,+00). Now the solution of the functional equation I(—|z|'") =

1
l(xz)+logt, a>0isl(x) = —log|log|z||. Hence
a

1
5(2) = 56! @/ = ¢5]log |z||*, o= % > 0, cs>0
a

and the corresponding limit df has the explicit form
Hy(x) = ®(cs|log [«]|"), @ € (~1,0), Hy(—1) = B(0) = 1/2.

b) SuppHs = (Iy = —1, my =g = 0] and g;(z) = —|z|"*, a < 0.
In the interval (Ig = —1, mg = 0) 7 < 0 and g;(z) = h~'(h(x) — logt). We
have to solve the functional equation h(—|z|"") = h(x) — logt where a < 0 and

x € (—1,0). Its solution is h(x) log |log|z|| . We observe that indeed

~al
h:(—1,0) = (—o00,400) is strictly increasing. Then

1
T6(x) = —cge M®/2 = _¢gllog |z||7%, a = 9a] >0, c6 >0
a

and correspondingly

Hg(x) = ®(—cg|log |z||7*), x € (—1,0), Hs(0) = (0) =1/2.
Case ii3). SuppH = (0,1) and g;(x) = z*".
For the median my = %in% 2" we obtain myg = 1fora > 0and myg =0 for a < 0.
_>
Thus also this case gives rise to another two different limit df’s H7 and Hsg:
a) SuppH; = [lg =mpg =0, rg =1) and g(z) = 2, a < 0.
In this interval 7(z) > 0 and g,(z) = I"'(I(z) + logt) is increasing in t. As

a solution of the functional equation I(z'") = I(z) + logt we obtain I(z) =

1
Tl log |log z|. Then
a

1
7(z) = cret@)/2 = crllogz|™ >0, a= m >0, >0
and

Hi(z) = ®(cr|logz|~®) , z € (0,1) , H+(0) = 3(0) = 1/2 , Hy(1) = B(c0) =
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b) SuppHg = (Iy =0, my = rg = 1] and g;(z) = =", a > 0.
Here 7 < 0 and g;(z) = h~(h(z) —logt). The solution of the functional equation

a 1
h(z"") = h(z) —logt is now h(x) = —=log |log x|. Then
a

1
Tg(x) = —cge M@)/2 = —cgllogz|® , a = % >0, cg>0
and

Hg(z) = ®(—cs|logz|®), = € (0,1), Hg(0) = ®(—o0) =0, Hs(1l) = ®(0) =1/2.

Case iis). SuppH = [1,00) and g;(z) = z'".
The median myg = i1111[1) 2! in this case is mpyg = 1, hence a > 0. In the interval
—

(ly = mpg = 1, 0o) 7(z) is positive, hence g;(z) = I71(I(x) + logt) and we
have to solve I(z!") = I(z) + logt for z > 1, @ > 0, t > 0. The solution is

l(x) = " log(log ). Then

To(x) = coe!@)/2 = co(logz)® >0, a = %a >0, cg >0,

and

Hy(z) = ®(co(log z)*), = € (1,00), Ho(1) = ®(0) =1/2, Hg(oc) = ®(c0) = 1.

Case ii5). SuppH = (—00,0) and gy(z) = —|z|".
Here mpy = %in%—]:c\ta = —1, hence a > 0. For z € (—o0,—1) 7(z) is nega-
—

tive, thus g;(z) = h~*(h(x) — logt) where h : (Ig,my) — (—o00,00). For z €
(=1,0) 7(x) is positive and so g;(z) = I~ (I(x) 4+ logt) where I : (mpg,ry) —
(—00,00).

The solutions of the functional equations h(—|z|"") = h(z)—logt, =z € (—o0,—1)

and I(—|z["") = I(z) + logt, =z € (=1,0) are: h(z) = —=loglog|z| , resp.
a

1
l(z) = —log|log|z||. Then
a

1
T10(2) = —cqpeM@)/2 = —cip(log |z|)* for = < —1, ¢10>0, a= > >0
a

and

m0(z) = ¢oe!®7? = ¢t log |z||* for z € (—1,0), ¢y > 0.
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(I)(_Clo(log ‘x’)a), LS (_007 _1)

Consequently Hyp(z) = { ¥
®(colloglz(|*), € (-1,0).

Case iig). SuppH = (—1,1) and g;(z) = |z|"" sign(z).
In this case Iy = =1 < myg = 0 < rg = 1 and ¢(x) has to be decreasing in
t for x € (lg,mpy) and increasing in ¢ for x € (mg,ry). Hence a < 0. For

€ (=1,0) 7(z) <0 and gi(z) = h ' (h(x) —logt). For z € (0,1) 7(x) >0
and g;(z) = 171 (I(x) 4+ logt). We have to solve the functional equations

h(—|z|"") = h(z) —logt, =z € (—1,0)

and
1(z") = 1(z) +logt, x€(0,1).
The solutions are respectively h(x) = %log |log |z|| and I(x) = —% log | log x|.
Denote oo = ﬁ > 0. Consequently:
m1(z) = —cpreh@)/2 —c11|log |z||7% for z € (—1,0) ¢11 >0,

and
_ ok Jl(x)/2 _ x - *
m11(x) = cfe = ciq|logz|™® for z € (0,1), ¢j; > 0.
Finally we obtain the explicit form of the limit distribution Hy1, namely

d(—ec|log 2| %), @ € (~1,0)
H =
1(2) { O (ciq|logz|™9), x € (0,1).
Case ii7). SuppH = (0,00) and g;(z) = z'".
Again, from the monotonicity properties of g;(z) we conclude that a > 0 and
my = 1. As solutions of the corresponding functional equations

h(z") = h(z) —logt, z € (0,1)
and

I(z") = I(x) +logt, z € (1,00)
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1 1
we obtain h(z) = ——log|logz| and I(z) = —log(logz) respectively. Put now
a a

1
o= % > 0 and observe that
a

T12(2) = —cppe M@)/2 —cio|logz|® for z € (0,1), c12 >0,
and
Tio() = el @2 = &, (log 2)® for x> 1, ¢y > 0.
Finally we obtain the explicit form of the last limit distribution Hy9, namely

[ @(-epllogal), z e (0,1)
Hyg(x) = { O(ciy(logx)®), x>1.

At the end of this section let us gather all results concerning the model described
above in the following

Theorem 4. Let F' be a continuous df. Assume that the limit relation
Fhy (Ca(2)) = P (G (X ) < ) - H(x)

holds for a non-degenerate df H, where
i) {Gn} is a regular norming sequence which corresponding function g in (4)
satisfies the boundary conditions BC1 and BC2;

kn

1) {kn} is a sequence of integers satisfying the condition (— — 9) Vn — 0 for
n

afe(0,1).

Then the limit df H belongs to one of the following 12 limit classes:

O(—crfx[”), =<0
1, x20,0[>0,61>0.

0, T 50,650
O(coz®), z>0 " 2 '

_ (I)<_C3’$‘OC)7 z <0 . *
Hs(z) = { B(cia®), >0 a,c3,c3 > 0.

O(—ca(log |z[)®), @< -1

1, xZ—l;a>0’C4>O'
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0, < —1
Hs(z) =< ®(cs|log|z||¥), —1<z<0 ; a>0,c5 >0.
1, x>0
0, z<—1
Hg(z) =< ®(—cg|log|z]|7), —1<z<0 ; a>0,c >0.
1, x>0
0, x <0
Hr(x) =< ®(cr|logz|™), 0<z<1 ; a>0,¢>0.
1, x>1
0, <0
Hg(z) =< ®(—cgllogz|?), 0<z <1l ; a>00c>0.
1, z>1
Hy(z) = ’ $<1'oz>06 >0
N7 B(eg(logz)®), z>1 "7 A
B(—erp(log [2])), = < —1
Hig(z) =< ®(cjpllog|z]|*), —-1<z<0 ;a,c0,c]y>0.
1, x>0
0, < -1
) ®(—cui]log|z||7Y), -1<x<0 .
Hiu=9 ot log2 ), oO<z<1 & Gaven>0
1, z>1
0, x <0
Hiy = ¢ ®(—ciollogz|®), 0<zx<1 ; a,c,cly > 0.
B(cylloge)?), > 1
In their paper (2011) Barakat and Omar wrote: “...power normalization and

linear normalization of central order statistics are leading to the same families of
limit df’s”. The theorem above contains limit dfs for power normalization such
as the dfs Hqg, H11 or Hqis which do not belong to the family of limit dfs for linear
normalization. We leave to the reader to check that the limit dfs in Theorem 4
have non-empty domain of attraction.



On limit laws for central order statistics under power normalization 179

4. Conclusions

We have seen that the class of a limit law depends on the solution of functional
equation (5). Let us consider the possibilities for 7(z) = ®~! o H(z):

for x € (lg,mp) —oo<7(xz)<0or7(r)=—o0;

for x € (mpg,rg) 0<7(x) <ooor7(z)=0or 7(x) = 0.

Formally, these possibilities result in 6 different combinations, namely
. —o0o0 < 7(x) <0 for x € (ly,my) and 0 < 7(x) < oo for z € (my,ry),
. —o0o0 < 7(z) <0 for x € (lg,mp) and 7(x) = oo for x € (mu,ry),

(
. T(x) = —oo for x € (Ig,mpy) and 0 < 7(z) < oo for z € (muy,ry),
()

1
2
3
4. —oo < 7(x) <0 for x € (Ig,mpg) and 7(x) =0 for z € (mpy,rH),
5. 7(z) = —oo for x € (lg,my) and 7(x) =0 for z € (muy,ry),

6

. T(x) = —oo for x € (Ig,mpy) and 7(x) = oo for x € (mpy,rH).

Let us go bottom-up. The last case 6 is of no interest for us since it corresponds to
a degenerate df H. Case 5 can not appear if using power normalization since {g; }
can not act as a translation group. In case 4 SuppH is a disconnected set, namely
SuppH = (Ig,mpg) + {rg} which case is impossible if using regular norming
sequences. Case 3 results in a df H with jump 1/2 at ly = mpy, continuous
and strictly increasing on (I, 7). In case 2 the limit df H has a jump 1/2 at
rg = mp being continuous and strictly increasing on (lg,7r). Case 1 leads to
an everywhere continuous df H.

Note, with a power transformation p(z) = b|z|*sign(z), a and b positive, one can
not transform e.g. SuppHs = (—1,0) to SuppH7 = (0,1) although Hs and Hr
both belong to case 3. On the other hand, there is always a mapping g € GM A
which transforms into each other two distributions of the same form (case).

Consequently, the limit df’s of Theorem 4 give rise to 12 different limit classes.
They all belong to 3 different g-types described in cases 1, 2 and 3 above.
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