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Hrvoje Smoljanović 1, Ivan Balić 1,* , Ante Munjiza 1 and Viktor Hristovski 2

����������
�������

Citation: Smoljanović, H.; Balić, I.;
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Abstract: This paper presents a computationally efficient numerical model for the analysis of thin
shells based on rotation-free triangular finite elements. The geometry of the structure in the vicinity of
the observed triangular element is approximated through a controlled domain consisting of nodes of
the observed finite element and nodes of three adjacent finite elements between which a second-order
spatial polynomial is defined. The model considers large displacements, large rotations, small strains,
and material and geometrical nonlinearity. Material nonlinearity is implemented by considering the
von Mises yield criterion and the Levi-Mises flow rule. The model uses an explicit time integration
scheme to integrate motion equations but an implicit radial returning algorithm to compute the
plastic strain at the end of each time step. The presented numerical model has been embedded in
the program Y based on the finite–discrete element method and tested on simple examples. The
advantage of the presented numerical model is displayed through a series of analyses where the
obtained results are compared with other results presented in the literature.

Keywords: shell structures; numerical model; three-noded rotation free finite elements; material
nonlinearity; geometric nonlinearity

1. Introduction

Shells, as structural elements, have been frequently applied in civil, automotive, naval,
and aerospace engineering. The finite element (FE) method [1–5] is the principal analytical
tool for shell structures. The analysis of shells by the FE method has a long tradition, going
back to the 1970s [6], which is almost as long as the history of the method itself. Most
numerical models for the analysis of shells are founded on planar FEs with six or five
degrees of freedom (DOF) per node (three rotations and three translations, or two rotations
and three translations) [7,8]. Alternatively, some researchers [9,10] used the approach in
which rotations are not represented by normal (pseudo) vectors but by the components of
polar (proper) vectors, resulting in the symmetry of the tangent stiffness matrix. Symmetric
element tangent stiffness matrices lead to computational efficiency and major computer
storage saving. In the last forty years, few numerical models dealing with rotation-free
formulations [11–13] have emerged, in which only three translations at each node are
retained as the degrees of freedom. The advantage of such numerical models is that they
significantly simplify the problem and are computationally highly efficient compared to
these numerical models involving rotation. In fact, rotation-free numerical models can
significantly reduce the number of degrees of freedom in solving particular problems. In
addition, rotation-free numerical models can avoid problems with ill-conditioned stiffness
matrices caused by the introduction of rotational DOF, in solving systems of equations
with many unknowns. Moreover, rotation-free numerical models, in combination with
explicit integration schemes for transient dynamics, are suitable for parallel programming,
which can be performed at the control domain level.
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Probably the first numerical formulation, which belongs to the group of rotation-free
numerical models, was proposed by Phaal and Calladine [14,15]. This numerical model
is based on the concept that the alteration of curvature at the examined finite element is
related to the coordinates of three neighbouring FE nodes. In fact, the shell geometry in the
surroundings of the examined FE is approximated by a second-order spatial polynomial
that passes through the nodes of the examined FE and the nodes of the three neighbouring
FEs. Finally, the alteration of curvature of the shell itself is related to the alteration of
curvature of the spatial second-order polynomial. Nonetheless, the numerical model
suggested by Phaal and Calladine was limited for the analyses of elastic problems with
small displacement.

Shortly after Phaal and Calladine published the paper [14,15], Oñate and Cervera
proposed a numerical model for plates based on rotation-free formulation [16] followed by a
series of numerical models for shells based on rotation-free formulations [17–20], including
orthotropic behaviour [20] and large strain plasticity [18]. Proposed numerical algorithms
are based on the discretisation of plates and shells into three-noded triangles, the linear FE
approximation of the displacement field within each triangle, and the finite-volume-type
approach for computing the curvature and bending moment fields within the appropriate
non-overlapping control domains using the mixed Hu–Washizu functional formulation.

Another rotation-free shell finite element numerical model was proposed by
Linhardt et al. [21], who used isoparametric displacement elements to describe mem-
brane strains, while the calculation of curvature for the determination of bending strains
was based on the geometry of the surrounding elements.

Stolarski et al. [22] also presented a numerical formulation—based on rotation-free
formulation—for the analysis of thin shells with large deflections. This approach combines
the formulations of previous contributors to the subject matter, particularly that of Phaal
and Calladine for plates, with the algorithmic adjustments required to model shells and
large deformations. However, the model is restricted to the linear-elastic material behaviour.

Uzelac et al. [23,24] presented the numerical model 4-TRIELS for the geometric non-
linear analysis of thin shells defined with rotation-free triangular FEs with three nodes.
Curvature within an observed FE in the proposed numerical formulation is calculated
by considering the neighbouring finite element nodes between which a spatial quadratic
polynomial is laid. Pursuant to the alteration of the curvature of the spatial quadratic
polynomial, the bending and twisting moments, and, finally, the nodal forces on the corre-
sponding three-noded finite element, were determined. The 4-TRIELS numerical model
has proven to be promising in the analysis of thin shells considering linear-elastic material
behaviour with hyperelastic constitutive law.

Within this paper, a 4-TRINONL numerical model for the analysis of thin shells, includ-
ing material and geometrical nonlinearity, is presented. Similar to the 4-TRIELS numerical
model, the proposed numerical formulation is also based on the control domain consisting
of one observed and three adjacent triangular finite elements over which a second-order
spatial polynomial is laid. However, in the presented numerical model, integration points
for monitoring strain and stress state along the shell thickness were introduced. Strains in
integration points were calculated based on the alteration of the curvature of the spatial
square polynomial, while the normal forces and the bending and twisting moments were
obtained through the numerical integration of stress by shell thickness. Material nonlin-
earity was taken into account considering the hypo-elastoplastic material model with von
Mises yield criterion and Levi-Mises flow rule. Proposed numerical formulations use an
explicit time integration algorithm for transient dynamics, but an implicit radial returning
algorithm for computing the plastic strain at the end of each time step. Proposed numerical
algorithms were implemented in program Y based on the combined finite–discrete element
method (FDEM) [25–29]. The adopted material model is suitable for the analysis of metal
structures [30]; however, the proposed numerical model can be easily upgraded with any
other material model that would be suitable for the analysis of concrete, reinforced concrete,
or any other structures.
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The paper is structured as follows. The second section describes the discretisation
of the shell structure within the proposed numerical model and the procedure for the
calculation of strain at the Gaussian points. This section provides a detailed description
of the implemented material model, including the yield criterion and flow rule. It also
includes the presentation of normal and bending stresses via nodal forces. The third
section presents the numerical examples which demonstrate the validity and the fields of
application of the presented model, while the fourth section provides the final comments
related to the model development and the guidelines for further research.

2. The Proposed Numerical Formulation

This section presents detailed information regarding the proposed numerical formula-
tion. The discretisation of the structure, detailed information related to the material model,
membrane and transverse carrying mechanism, and the presentation of internal forces are
provided below.

2.1. Discretisation

In the presented formulation, shells are discretised with triangular FEs, as shown in
Figure 1. Perpendicular to the plane of the observed finite element, n numerical integration
points were introduced in order to determine stress and strains by shell thickness. Masses
are lumped into the finite element nodes, while the transient dynamics for each degree of
freedom is solved by using an explicit scheme.
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2.2. Calculation of Strain at Gaussian Points

Strains in the middle surface of the subjected FE are determined on the basis of the
already defined coordinates of the FE nodes. At the beginning of the calculation, at time
t = 0, all nodes have their initial coordinates. Due to the activity of the load, the nodes
change their position in space and time, and, at the observed time t = ti, all nodes have
their current coordinates. For the purposes of simplicity and computational efficiency, in
addition to the global coordinate system, a local coordinate system is introduced, which
is fixed to node 0 of the observed triangle as it is presented in Figure 2. Coordinates

(x, y, z) refer to the global coordinate system, coordinates (
−
x,
−
y,
−
z) refer to the initial local

coordinate system, and coordinates (
∼
x,
∼
y,
∼
z) refer to the current local coordinate system.
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Figure 2. Current and initial coordinates of finite element nodes.

A local coordinate system is introduced to enhance CPU efficiency while preserving
a consistent multiplicative decomposition. The global coordinates of each FE node are
mapped onto the local coordinate system. The deformation gradient F is then obtained
as [25]:

F =

[ ∼
x1 −

∼
x0

∼
x2 −

∼
x0

∼
y1 −

∼
y0

∼
y2 −

∼
y0

] [
x1 − x0 x2 − x0
y1 − y0 y2 − y0

]−1

(1)

Since the first node of the FE is also the origin of the local coordinate system, this
yields the following expression:

F =

[ ∼
x1

∼
x2

∼
y1

∼
y2

] [
x1 x2
y1 y2

]−1

(2)

The Green St. Venant strain tensor Ec in the middle surface can be obtained from the
deformation gradient F, as follows [25]:

Ec =

[
ε∼

x
∼
x ,c

ε∼
x
∼
y ,c

ε∼
y
∼
x ,c

ε∼
y
∼
y ,c

]
=

1
2

(
F FT − I

)
(3)

where I is the second-order identity tensor.
In order to determine the strains at the Gaussian points by shell thickness, each finite

element is observed together with three neighbouring finite elements, as presented in
Figure 3.
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Based on the already defined nodal coordinates of the examined FE and three neigh-
bouring FEs, a quadratic polynomial is determined in both the current

∼
z =

∼
α1 +

∼
α2
∼
x +

∼
α3
∼
y +

∼
α4
∼
x
∼
y +

∼
α5
∼
x

2
+
∼
α6
∼
y

2
(4)
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and the initial configuration

z = α1 + α2x + α3y + α4xy + α5x2 + α6y2 (5)

which yields the alteration of curvature within the observed FE according to:

κ∼
x
= 2

(∼
α5 − α5

)
, κ∼

y
= 2

(∼
α6 − α6

)
, κ∼

x
∼
y
= 2

(∼
α4 − α4

)
(6)

The strains at the i-th Gaussian point are determined as follows [31]:

ε∼
x
∼
x ,i

= ε∼
x
∼
x ,c
− ∼z i κ∼

x

ε∼
y
∼
y ,i

= ε∼
y
∼
y ,c
− ∼z i κ∼

y

ε∼
x
∼
y ,i

= ε∼
y
∼
x ,i

= ε∼
x
∼
y ,c
− ∼z i κ∼

x
∼
y

(7)

where
∼
z i is the

∼
z coordinate of the i-th Gaussian point:

2.3. Material Model

This section provides a detailed description of the adopted hypo-elastoplastic material
model including the von Mises yield criterion, the Levi-Mises flow rule, and the adopted
constitutive law.

Stress-strain relation in a linear-elastic regime. Neglecting the stress perpendicular
to the shell surface, Cauchy stress tensor T and the Green St. Venant strain tensor E at the
Gaussian points are presented as follows [31]:

T =

 σ∼
x
∼
x

σ∼
x
∼
y

0

σ∼
y
∼
x

σ∼
y
∼
y

0

0 0 0

E =

 ε∼
x
∼
x

ε∼
x
∼
y

0

ε∼
y
∼
x

ε∼
y
∼
y

0

0 0 ε∼
z
∼
z

 (8)

Since the plastic behaviour of materials in the plasticity analysis is often independent
of the hydrostatic stress, Cauchy stress tensor T is decomposed into the deviatoric stress
tensor Td, which causes the change of shape, and the hydrostatic stress tensor Th, which
causes the change of volume as follows [30]:

T = Td + Th (9)

with
Td = T− 1

3 tr(T) I
Th = 1

3 tr(T) I
(10)

where I is the third-order identity tensor. In the proposed numerical model, the hydrostatic
and deviatoric stress tensors are presented in an incremental form given by:

Td,t = Td,t−∆t + ∆Td
Th,t = Th,t−∆t + ∆Th

(11)

where index t represents time, index ∆t represents time step, and ∆Th and ∆Td represent
the increment of the hydrostatic and deviatoric stress tensors between time t and time
t−∆t, respectively.

Considering the assumption that the material is incompressible in the plastic range,
the stress-strain equations for obtaining the increment of the hydrostatic and deviatoric
stress tensors are presented by:

∆Td = 2 G dev(∆Ee)
∆Th = K ∆εv I

(12)
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where I represents the third-order identity tensor and G and K represent the shear modulus
and bulk modulus, respectively, which are associated with the Poisson’s ratio ν and Young’s
modulus of elasticity E as follows:

K =
E

3(1− 2ν)
G =

E
2(1 + ν)

(13)

∆εv is the change in the volumetric deformation between two time steps presented by:

∆εv = ∆ε∼
x
∼
x
+ ∆ε∼

y
∼
y
+ ∆ε∼

z
∼
z

(14)

whereas ∆Ee presents the elastic increment of the Green St. Venant strain tensor given as:

∆Ee = ∆E− ∆Ep (15)

with ∆Ep being the plastic increment of the Green St. Venant strain tensor. Taking into ac-
count the assumption that the material is incompressible in the plastic range, the deviatoric
elastic increment of the Green St. Venant strain tensor dev(∆Ee) is presented by:

dev(∆Ee) = ∆Ee −
∆εv

3
I (16)

where I is the third-order identity tensor. As long as the material is not subject to plastic
deformation, the plastic part of the increment of the Green St. Venant strain tensor ∆Ep
equals zero and ∆Ee = ∆E.

Since the proposed numerical model is 2.5-dimensional, the deformation in the
∼
z

direction is not directly measured, but rather indirectly determined, taking into account
that the stress in the

∼
z direction equals zero. In the linear-elastic region, this yields the

following expression:

∆ε∼
z
∼
z
= − ν

1− ν

(
∆ε∼

x
∼
x
+ ∆ε∼

y
∼
y

)
(17)

Plasticity model. In the proposed numerical model, yield criterion is defined with
respect to equivalent stress σeff in the form of [30]:

f ≡ σe f f − σy(εp,e f f ) = 0 (18)

with

σe f f =
√

3J2 =

√
3
2

Td : Td (19)

where f represents the yield function, whereas σy represents yield stress, which depends
on the equivalent plastic strain εp,eff , given by:

εp,e f f =

t∫
0

dεp,e f f =

t∫
0

√
2
3

dEp : dEP (20)

As long as the yield function is negative, the material behaves linearly elastic. The
nonlinear behaviour of the material occurs when the function is greater than zero.

Assuming the associative plastic flow rule, the infinitesimal plastic strain tensor dEp
may be expressed as [30]:

dEp = γ n dt (21)

with
n =

Td√
Td : Td

(22)
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which, taking into account relation (20), yields:

dεp,e f f =

√
2
3

γ dt (23)

The increment of the plastic strain ∆εp,eff within the time increment ∆t is given by:

∆εp,e f f =

t∫
t−∆t

√
2
3

γ dt =

√
2
3

Γ (24)

In the practical application, it is originally assumed that the increment of strain ∆E
within the time increment ∆t is fully elastic. Following that, deviatoric Td,tr,t and hydrostatic
Th,t Cauchy stress tensors at time t are presented as follows:

Td,tr,t = Td,t−∆t + ∆Td
Th,t = Th,t−∆t + ∆Th

(25)

Conforming to the Equation (18) at time t, the yield function is presented as:

f = σe f f ,tr,t − σy,t−∆t(εp,e f f ,t−∆t) = 0 (26)

with

σe f f ,tr,t =

√
3
2

Td,tr,t : Td,tr,t (27)

If the yield function determined by Equation (26) is negative, the time step is elas-
tic, providing:

Td,t = Td,tr,t (28)

Ultimately, if f is positive, it results in plastic deformations, hence the deviatoric stress
tensor Td,tr,t has to be corrected pursuant to the flow rule.

In the practical application, the plastic correction coefficient Γ is determined by satis-
fying Equation (18) at time t, providing [32]:

f (Γ) =

√
3
2

Td,t : Td,t − σy,t(εp,e f f ,t) = 0 (29)

with
Td,t = Td,t−∆t + 2 G dev(∆E− ∆Ep) = Td,tr,t − 2 G Γ n

εp,e f f ,t = εp,e f f ,t−∆t +
√

2
3 Γ

(30)

The integration of relations (29) and (30) yields [32]:

f (Γ) = σe f f ,tr,t −
√

6 G Γ− σy,t(Γ) = 0 (31)

The previous relation is a nonlinear equation with unknown Γ. Assuming the linear
hardening of the material during the time step, as it is usually performed in the explicit
integration scheme, the following analytical solution to the Equation (31) may be expressed
according to Gao’s proposal [33]:

Γ =

√
3
2

σe f f ,tr,t − σy,t−∆t

3G + h
(32)

with h = dσy,t−∆t/dεp,eff,t−∆t being the slope of the hardening law at the current point,
presumed to be constant during the time increment ∆t. Said method may lead to many
instabilities when the nonlinear terms of the constitutive flow law become significant [32].
In the proposed method, the iterative Newton–Raphson and bisection procedure is used to
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solve the Equation (31), which is an approach similar to the one proposed by Ming and
Pantalé [32].

It should be noted that regardless of the bisection or the Newton–Raphson method
used to determine the correction coefficient Γ, the deformation ∆εzz must be recalculated in
each iteration considering the plastic deformation pursuant to the following equation:

∆ε∼
z
∼
z
=

(
− ν

1− ν

)(
∆ε∼

x
∼
x
+ ∆ε∼

y
∼
y

)
−
(

∆ε∼
x
∼
x ,p

+ ∆ε∼
y
∼
y ,p

)(
1− ν

1− ν

)
(33)

with ∆ε∼y
∼
y,p and ∆ε∼x

∼
x,p being the increment of plastic strain in

∼
y and

∼
x direction, given as:

∆ε∼
x
∼
x ,p

=
T

d,
∼
x
∼
x ,t−∆t√

Td,t−∆t :Td,t−∆t
Γ

∆ε∼
y
∼
y ,p

=
T

d,
∼
y
∼
y ,t−∆t√

Td,t−∆t :Td,t−∆t
Γ

(34)

In the practical application, the hardening flow curve σy(εp,eff) defined by the equation [30]:

σy =
(

A + Bεn
p,e f f

)
(35)

is implemented, where n, A, and B are three constitutive flow curve parameters.

2.4. Stress Presentation over Nodal Forces

When the stresses at all Gaussian integration points of the corresponding triangular FE
are determined, the internal forces laterally acting on the finite element may be calculated.

Components of the normal forces of the examined FE are given by:

n∼
x
=

t/2∫
−t/2

σ∼
x
∼
x

d
∼
z + µa t

.
ε∼

x
∼
x ,c
≈ t

2

n
∑

i=1
σ∼

x
∼
x ,i

wi + µa t
.
ε∼

x
∼
x ,c

n∼
y
=

t/2∫
−t/2

σ∼
y
∼
y

d
∼
z + µa t

.
ε∼

y
∼
y ,c
≈ t

2

n
∑

i=1
σ∼

y
∼
y ,i

wi + µa t
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(36)

where wi represents the weight coefficients, whereas n represents the number of Gaussian
integration points. The last term in the Equation (36) represents the contribution of damping
where µa is the normal damping coefficient, whereas

.
εij (i,j =

∼
x,
∼
y) is the deformation rate.

Critical normal damping µa,cr for the highest normal frequency in the system is presented
by [25]:

µa,cr =
2√
3

h
√

Eρ (37)

with h being the average height of the triangular finite element. The normal forces over
the corresponding edge of the triangle in the direction of the local coordinate system, as
displayed in Figure 4a, are presented as follows:

s∼
x
= n∼

x
∼
x

t∼
x
+ n∼

x
∼
y

t∼
y

s∼
y
= n∼

y
∼
x

t∼
x
+ n∼

y
∼
y

t∼
y

(38)

where t∼x and t∼y are the components of the normal on the edge of the deformed configuration
of the triangle. Traction forces acting on the observed triangular edge are distributed in the
corresponding nodes in the form of equivalent nodal forces, as displayed in Figure 4b.
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The last part of the Equation (39) represents the contribution of damping, whereas
µb is the damping coefficient due to bending, while κij (i,j =

∼
x,
∼
y) is the rate of change of

curvature. The critical bending damping µb,cr for the highest normal frequency in the
system is presented by [25]:

µb,cr =
2√
18

t2h
√

Eρ

1− ν2 (40)

Ultimately, the moment mn on the respective side of the examined triangular element,
as displayed in Figure 5a, is presented by:

mnA = mx

 t∼
x∣∣∣t∼x ∣∣∣
2

+ my

 t∼
y∣∣∣t∼y ∣∣∣
2

+ 2m∼
x
∼
y

t∼
x

t∼
y∣∣∣t∼x ∣∣∣ ∣∣∣t∼y ∣∣∣ (41)
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Moment mn is then transformed into nodal forces presented by:

f2 = mnA l
hA

, f0A = f2
lA2

l , f1A = f2
lA1

l

f3 = mnA l
hA

, f0B = f3
lB2
l , f1B = f3

lB1
l

(42)

acting perpendicularly on the plane of the examined finite element A and the neighbouring
finite element B, as displayed in Figure 5b. The procedure is reiterated for each side of the
examined FE, and then for each FE. The forces derived from the moment are subsequently
added to the global nodal force matrix.

2.5. Time Integration of Transient Dynamics

The time integration of transient dynamics is solved explicitly for each degree of
freedom. The dynamic equation for each degree of freedom is, hence, presented by

mi ai = fi (43)

where mi, ai and fi are the mass, acceleration, and total force which correspond to the i-th
degree of freedom, respectively.

The time integration of the dynamic equation is solved by using the central difference
time integration scheme, which is given by [25]:

vi,t+∆t/2 = vi,t−∆t/2 + ∆t fi,t/mi
xi,t+∆t = xi,t + ∆t vi,t+∆t/2

(44)

where ∆t is time step, while vi and xi are velocity and coordinates of i-th degree of free-
dom, respectively.

3. Numerical Verification

The previously described model has been applied to program Y based on the combined
FDEM. The model was validated by using simple benchmark tests whereby the results
were compared with the analytical and reference solutions available in the literature.
Reference solutions were obtained by the programme package ABAQUS [34] using S3
and/or S4R finite elements. Both S3 and S4R are general-purpose shell elements with six
DOFs per node. They use thick shell theory and are suitable for the large-strain geometrical
nonlinear analysis. S3 are three-noded fully integrated triangular shell elements, while
S4R are quadrilateral four-noded elements that use reduced integration with only one
integration location. In the nonlinear solution procedure, the full Newton–Raphson method
is used. The default convergence criteria are adopted with 0.5% force tolerance and 1.0%
displacement tolerance. The default automatic load incrementation scheme is also adopted.

3.1. Uniaxial Tensile Test

This example was selected to verify the influence of the computational approach and
the value of the tolerance error ε for the evaluation of the plastic correction parameter Γ
on the accuracy and computational efficiency of the numerical solution. To this intent,
the triangular element, as displayed in Figure 6, is subjected to the uniaxial loading
accomplished by velocity v = 0.2 m/s at the right free end.

The analyses were performed by directly evaluating Γ via Equation (32), and by using
the Newton–Raphson and the bisection iterative procedure with the tolerance error ε varied
in the amount of 1 × 10−8, 1 × 10−7, and 1 × 10−6. All numerical results were compared
with the analytical solution. The material properties of the triangle are adopted from Ming
and Pantalé [32] and are summarised in Table 1.
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Figure 6. Triangular finite element under uniaxial loading.

Table 1. Steel material properties.

E/GPa ν A/MPa B/MPa n

206.9 0.29 806 614 0.168

Figure 7a,b show the stress-strain relations in the triangle obtained by the Newton–
Raphson and the bisection iterative procedures, respectively, varying the tolerance error t,
in comparison with the direct approach for the evaluation of Γ and the analytical solution.
It derives from above that all numerical results are very close to the analytical solution.
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evaluation of plastic correction parameter Γ.

Table 2 shows the absolute values of the relative error of stresses varying the com-
putational approach and the tolerance error t for the evaluation of the plastic correction
parameter Γ. Index bis in the table refers to the bisection method, while index NR refers
to the Newton–Raphson method. All values in the table correspond to the strain equal
to 0.2. Table 2 also presents the average number of iterations within the time step for the
evaluation of Γ during the entire calculation process.
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Table 2. Comparison of results for single element under tensile loading.

Rel. Error (%) Iterations

tbis = 1 × 10−8 0.24 19.982
tbis = 1 × 10−7 0.42 16.000
tbis = 1 × 10−6 1.23 13.000
tNR = 1 × 10−8 0.24 2.993
tNR = 1 × 10−7 0.28 1.996
tNR = 1 × 10−6 0.74 1.000

Direct 0.78 1.000

It derives from the presented results that by decreasing the tolerance error t, the accu-
racy of the numerical solution and the average number of iterations increases regardless of
the selected iteration method. In addition, it derives that for the same value of the tolerance
error t, more accurate solutions are procured from the Newton–Raphson method as com-
pared to the bisection method. With a tolerance error t = 1 × 10−7, the Newton–Raphson
method provides the solution with an accuracy of 0.28% and an average of 1.996 iterations
per time step, while the bisection method provides the solution with an accuracy of 0.42%
and an average of 16.00 iterations per time step. The direct solution method provides the
solution with an accuracy of 0.78%. Adopting a 0.5% error as acceptable, it can be con-
cluded that, in terms of computational efficiency, it is recommended the Newton–Raphson
iterative procedure be used for the evaluation of the plastic correction parameter Γ with a
tolerance error tNR = 1 × 10−7.

3.2. Four-Element Bending Test

This example analyses the impact of an error in the calculation of moments in the
cross-section, depending on the number of Gaussian points. To this intent, a triangle
plate discretised with four triangular finite elements simply supported at three corners, as
presented in Figure 8a, was exposed to the bending loading condition, which was achieved
by imposing velocity v = 0.01 m/s at the nodes of the central triangular element. The
analyses were conducted for 3, 5, 7, and 9 Gaussian points. The thickness of the plate was
equal to 5.0 cm, and the material properties of the elements are presented in Table 1.
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centre finite element and the corresponding curvature.

Figure 8b plots the bending moment at the edge of the centre FE against the corre-
sponding curvature varying the number of Gaussian points. It derives from the presented
results that a greater number of Gaussian points increases the value of the plasticity mo-
ment. This is due to the fact that the use of more Gaussian points enables a more accurate
determination of the part of the cross-section in which the material flows.

Table 3 shows the edge moment and the relative error of the moment at the end of
the calculation adopting the moment obtained with nine Gaussian points as a reference
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solution. With seven Gaussian points, the relative error is less than 1.0%. It is expected that
using nine Gaussian points will give a solution with an accuracy greater than 0.5%. More
Gaussian points will lead to a more accurate numerical solution; however, the calculation
time will also linearly increase. Therefore, it is necessary to find a minimum number of
Gaussian points that will produce an error with acceptable accuracy. Adopting a 0.5% error
as acceptable, it can be concluded that, in terms of computational efficiency, using nine
Gaussian points within the cross-section is recommended.

Table 3. Comparison of results for four elements under bending.

Moment/MNm Rel. Error (%)

3 Gaussian points 6.2967 11.29
5 Gaussian points 6.8607 3.34
7 Gaussian points 7.0275 0.99
9 Gaussian points 7.0981 -

3.3. Square Plate Subjected to Gravity Load

In this example, the convergence of the numerical solution was analysed depending
on the refinement and pattern of the FE mesh. For that purpose, the rectangular plate,
with its geometry shown in Figure 9, was subjected to gravity load. The plate thickness
amounted to 4 mm, while the material was linearly elastic, with the following properties:
Poisson’s ratio ν = 0.3, Young’s modulus E = 210 GPa and density ρ = 7850 kg/m3. Gravity
constant was g = 10.0 m/s2.
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The analyses were conducted by implementing the structured and unstructured finite ele-
ment (FE) meshes with four refinements each, as displayed in Figures 10 and 11, respectively.
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Table 4 shows the numerically obtained mid-span deflection derived from the pro-
posed numerical model and the relative error compared to the reference solution. The
reference solution, equalling 9.070515 mm, was obtained from the programme package
ABAQUS [34] by using 6400 S4R FEs. In addition, Table 4 displays the number of degrees
of freedom (NDOF) of FE meshes. The numerical solutions in the performed analyses were
obtained with two integration points per section height.

Table 4. Central Deflection d (mm) of the plate and the relative error.

Average Length of
the FE Sides

NDOF Deflection d/mm Relative Error/%

FE Mesh Pattern FE Mesh Pattern FE Mesh Pattern
Structured Unstructured Structured Unstructured Structured Unstructured

h = L/4 75 81 8.87636 8.33342 2.19 8.85
h = L/8 255 294 9.06101 8.93905 0.10 1.47

h = L/16 969 1014 9.07437 9.03185 0.04 0.43
h = L/32 3603 3597 9.06939 9.06250 0.01 0.09

The displayed results indicate that by increasing the refinement of the FE mesh, the
obtained numerical solution converges to the reference solution regardless of the FE mesh
pattern. However, it is observed that the obtained solution converges faster with the
structured mesh in relation to the unstructured FE mesh. Considering the presented
convergence to the reference solution with increasing FE mesh refinement, in the examples
presented below, only one FE mesh suitable for the comparison with the examples adopted
from the literature was used.

Figure 12 shows the relative error obtained with the presented numerical model
compared to quadrilateral four-noded S4R and triangular three-noded S3 Abaqus shell
finite elements in relation to the NDOF. The relative error obtained by the presented
numerical model relates to that obtained with the structured finite element meshes shown
in Figure 10. The same meshes were used for the numerical analyses with the S3 Abaqus
finite elements. It derives from the presented results that the convergence rate of the
presented numerical model outperforms the S3 and S4R general-purpose shell elements
from the well-known commercial software package ABAQUS [34] in terms of the NDOF.
For instance, the FE mesh with 196 S4R FEs, which yields 1350 DOFs, provides a solution
with an error of 0.26%, whereas the mesh with 576 S3 FEs (displayed in Figure 11c), which
yields 1938 degrees of freedom, gives a solution with an error of 1.21%. For the presented
model with a structured FE mesh and 969 DOFs, the relative error amounts to 0.04%.
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13b presents the FE mesh used in the performed analyses, which consists of 16 × 4 FEs, 
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3.4. Cantilever Beam Exposed to End Moment

This example examines the suitability of the proposed numerical model for analysing
problems with large rotations. For this purpose, a cantilever plate, whose geometry is
displayed in Figure 13a, is exposed to end moment m. This issue is analysed in many
references [35].
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different loading stages.

The material of the cantilever is linearly elastic with Young’s modulus and Poisson’s
ratio, adopted in the amount of E = 1.2 MP and v = 0, respectively. Under the moment
at the free end m, the cantilever forms a circular arc with its radius R defined with the
well-known flexural relation R = EI/m. Using this relation, the analytical tip deflections are
obtained as:

u
L
=

m0

m
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m
m0
− 1,
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=
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(45)

where m0 = EI/L. The maximum end moment mmax is 2πm0 at which the cantilever will bend
into a circle. The analyses are performed with the lengths L = 10 m and L = 12 m. Figure 13b
presents the FE mesh used in the performed analyses, which consists of 16 × 4 FEs, while
Figure 13c shows the deformed configurations of the cantilever with the length L = 10 m at
different stages. The central node in the presented finite element mesh is added because
the spatial second order polynomial defined by relations (4) and (5), which approximates
the cantilever geometry near the observed triangle, cannot be performed with only two
nodes in one direction.

Figure 14a,b show the load–displacement curves for the cantilever with the lengths of
10 m and 12 m, respectively. For comparison purposes, the results from Lu et al. [36] and
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Jeon et al. [37] are also depicted in said figures. The results obtained from the presented nu-
merical model match those obtained by Lu et al. [36] and Jeon et al. [37] and are reasonably
close to the reference solutions.
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(b) L = 12 m.

In their analyses, Lu et al. [36] used 10 × 2 NLDGT three-noded triangular finite
elements with 6 DOFs per node, while Jeon et al. [37] used 16 × 2 MITC3+ three-noded
triangular FEs with 5 DOFs per node and 2 additional rotational degrees of freedom in the
central node of the FE.

3.5. Slit Annular Plate Exposed to Lifting Force

The slit annular plate whose geometry is displayed in Figure 15a is exposed to the
monotonic increasing line force pmax = 0.8 N/m at one end of the slit, while the other end
of the slit is fully clamped. This issue has been considered in many references [35]. The
thickness of the plate is 0.03 m, while the Poisson’s ratio and Young’s modulus equal v = 0.0
and E = 21.0 MPa, respectively.
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Figure 15. Slit annular plate: (a) geometry with loading condition; and (b) discretisation.

Figure 15b displays the FE mesh used in the performed analyses, which consists of
6 × 32 × 2 finite elements.

The load–displacement curves at two different points, A and B, are shown in Figure 16a.
For comparison purposes, the results from Jeon et al. [37] and Li et al. [10] are also depicted
in this figure. It derives that the results obtained from the presented numerical model
match those obtained by Jeon et al. [37] and Li et al. [10] and are reasonably close to the
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reference solutions. The reference solution [35] was obtained with the programme package
ABAQUS by using 10 × 80 S4R shell FEs.

Buildings 2021, 11, x FOR PEER REVIEW 17 of 26 
 

model match those obtained by Jeon et al. [37] and Li et al. [10] and are reasonably close 
to the reference solutions. The reference solution [35] was obtained with the programme 
package ABAQUS by using 10 × 80 S4R shell FEs. 

 
Figure 16. (a) Load-deflection curves for the slit annular plate lifted by line force p; (b) the deformed mesh at p = pmax. 

It should be noted that Jeon et al. [37] used 6 × 30 × 2 MITC3+ triangular finite ele-
ments with 5 DOFs per node and 2 additional rotational degrees of freedom in the central 
node, while Li et al. [10] used 4 × 32 × 2 TRIS3 three-noded triangular elements with 5 
DOFs per node, which yielded 1255 DOFs and 825 DOFs, respectively. In this paper, we 
used 360 triangular three-noded FEs with 3 DOFs per node, which yielded 651 DOFs. Fig-
ure 16b shows the deformed mesh of the plate at p = pmax. 

3.6. Cantilever Beam Exposed to End Shear Force 
A cantilever plate with geometry displayed in Figure 17a is exposed to end shear 

force so as to additionally verify the large rotation and large displacement capacity of the 
presented numerical model. This issue has been analysed in many references [35]. 

 
Figure 17. Cantilever exposed to line force at the free end: (a) geometry; (b) discretisation; (c) deformed finite element 
mesh for the linear material behaviour under the maximum force. 

In the present study, the analyses were performed with nonlinear and linear-elastic 
material behaviour. Material properties, geometry and applied force in the analysis with 
linear-elastic material behaviour are as follows: Young’s modulus of elasticity E = 1.2 MPa, 
and Poisson’s ratio v = 0, thickness t = 0.1 m, and maximal end shear force pmax = 4 N. In 
the analysis with nonlinear material, whose material properties are presented in Table 1, 
the adopted thickness t was 0.1 m, while the maximal end shear force was equal to pmax = 

Figure 16. (a) Load-deflection curves for the slit annular plate lifted by line force p; (b) the deformed mesh at p = pmax.

It should be noted that Jeon et al. [37] used 6 × 30 × 2 MITC3+ triangular finite
elements with 5 DOFs per node and 2 additional rotational degrees of freedom in the
central node, while Li et al. [10] used 4 × 32 × 2 TRIS3 three-noded triangular elements
with 5 DOFs per node, which yielded 1255 DOFs and 825 DOFs, respectively. In this paper,
we used 360 triangular three-noded FEs with 3 DOFs per node, which yielded 651 DOFs.
Figure 16b shows the deformed mesh of the plate at p = pmax.

3.6. Cantilever Beam Exposed to End Shear Force

A cantilever plate with geometry displayed in Figure 17a is exposed to end shear
force so as to additionally verify the large rotation and large displacement capacity of the
presented numerical model. This issue has been analysed in many references [35].
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Figure 17. Cantilever exposed to line force at the free end: (a) geometry; (b) discretisation; (c) deformed finite element mesh
for the linear material behaviour under the maximum force.

In the present study, the analyses were performed with nonlinear and linear-elastic
material behaviour. Material properties, geometry and applied force in the analysis with
linear-elastic material behaviour are as follows: Young’s modulus of elasticity E = 1.2 MPa,
and Poisson’s ratio v = 0, thickness t = 0.1 m, and maximal end shear force pmax = 4 N. In
the analysis with nonlinear material, whose material properties are presented in Table 1,
the adopted thickness t was 0.1 m, while the maximal end shear force was equal to
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pmax = 2.0 MN. The FE mesh used in the numerical analyses and displayed in Figure 17b
consisted of 10 × 4 finite elements, while Figure 17c shows the deformed FE mesh for the
linear material behaviour under the maximum force.

Figure 18a shows the horizontal (utip) and the vertical (wtip) displacement of the
cantilever tip relative to the vertical force for linear-elastic material behaviour in comparison
with the reference solutions, i.e., three-noded triangular shell elements MITC3+ presented
by Jeon et al. [37] and quadrilateral flat shell finite elements presented by Tang et al. [38].
Reference solution [35] was obtained with the programme package ABAQUS by using
16 × 1 S4R shell FEs with 6 DOFs per node, which yields 192 DOFs. It can be observed
that the results of the presented shell element are in excellent agreement with the other
elements. It should be noted that, in the same example, Jeon et al. [37] used 16 × 2 MITC3+
finite elements with 5 DOFs per node and 2 additional rotational degrees of freedom in
the centre of the finite element, which yields 224 DOFs, while Tang et al. [38] used 10 × 1
quadrilateral four-noded FEs with 6 DOFs per node, which yields 120 DOFs. In this paper,
we used 40 triangular three-noded FEs with 3 DOFs per node, which yields only 90 DOFs.
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Figure 18. Tip deflection in relation to the end force: (a) linear-elastic material; and (b) nonlinear material.

Figure 18b shows the horizontal (utip) and the vertical (wtip) displacement of the
cantilever tip relative to the vertical force for nonlinear material compared to reference
solutions. The reference solution [35] in this case was obtained from the programme
package ABAQUS by using 20 × 1 S4R FEs. It shows a very good agreement of the results
with the reference solution.

3.7. Hinged Cylindrical Roof under Monotonic Increasing Central Force

A hinged semi-cylindrical roof exposed to the central pinching force, which is popular
due to the snapping behaviour, has been analysed in many references [35] considering
linear-elastic material behaviour. The geometry and the loading condition of the roof are
displayed in Figure 19a. The roof thickness is 12.7 cm. Along the hinged edges, all nodal
translations are restrained. Within the present study, the analyses are performed with
nonlinear material behaviour and linear-elastic material behaviour with the following
properties: Poisson’s ratio v = 0.3 and Young’s modulus E = 31.0275 MPa. The nonlinear
material characteristics are presented in Table 1. The FE mesh used in both analyses and
presented in Figure 19b consists of 196 finite elements.
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Figure 19. Hinged cylindrical roof exposed to the central pinching force: (a) problem description; and (b) meshes used for
the numerical analysis.

Figure 20a plots the comparison of the central pinching force against the central
deflection for the linear-elastic material behaviour obtained from the presented numerical
model compared to the reference solutions, i.e., quadrilateral flat shell finite elements
presented by Tang et al. [38] and parabolic curved shell elements proposed by Surana [39].
The reference solution [35] is obtained from the programme ABAQUS by using 16 × 16 S4R
shell FEs (for one-quarter of the shell) with 6 DOFs per node, which yields 1743 DOFs for
the whole structure. It can be observed that the results of the presented shell element are
in good agreement with other elements and the reference solutions. It should be noted
that Tang et al. [38] used 4 × 4 quadrilateral four-noded FEs with 6 DOFs per node, while
Surana [39] used 2 × 2 parabolic curved shell finite elements with 8 nodes and 5 DOFs per
node for one-quarter of the shell, which yields 1730 DOFs and 405 DOFs, respectively, for
the whole structure. In this paper, we used 40 triangular three-noded FEs with 3 DOFs per
node, which yields 339 DOFs.
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Figure 20b plots the comparison of the central pinching force against the central
deflection for nonlinear material behaviour in comparison with the reference solution. In
this case, the reference solution is obtained from the programme package ABAQUS [34]
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by using 25 × 25 S4R shell FEs for one-quarter of the shell. A relatively good agreement
is observed between the obtained results and the reference solution. This indicates the
suitability of the presented formulation in the analysis of the problems with snapping
behaviour for both linear and nonlinear material behaviour.

3.8. Free Vibration of Hinged Cylindrical Roof under Constant Central Force

A hinged cylindrical roof with the same geometrical and material characteristic as
in the previous example was exposed to free vibrations under the constant central force
f = 12.0 MN to demonstrate the suitability of the proposed numerical formulation in
the dynamic analysis of the structure. The analyses were performed with nonlinear and
linear-elastic material behaviour, with the material properties displayed in Table 1. Two FE
meshes were used in the performed analyses: the finite element mesh shown in Figure 19b,
which consisted of 196 finite elements, and a finite element mesh with the same mesh
pattern as the mesh in Figure 19b, but with 900 finite elements.

Figure 21 shows the comparison of central deflection in time for the linear-elastic and
the nonlinear material behaviour obtained from the presented numerical model compared
with the reference solution. As in the previous example, the reference solution was obtained
from the programme package ABAQUS [34] by using 625 S4R FEs for one-quarter of the
shell and explicit time integration of the motion equation.
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In this example, it is evident that a FE mesh with 196 finite elements, which provided
a rather good solution in the quasi-static analysis, is unable to provide such a good solution
in the dynamic analysis. This is because, in the dynamic analysis, the higher forms of
vibration produce the effects that can only be captured with a finer finite element mesh,
such as the one with 900 finite elements. This influence of higher forms of vibration proved
to be more pronounced in linear-elastic material than in nonlinear.

However, FE mesh with 900 finite elements provided a very good agreement of the
results in comparison with the reference solution for both nonlinear and linear material
behaviour, which indicates the suitability of the proposed numerical model for the dynamic
analysis of shells with nonlinear and linear material behaviour.

Also, from the presented results, a significant difference in free vibrations can be
observed between the nonlinear and linearly elastic material behaviour. In fact, although
the maximum central shifts during the vibration of both materials are approximately the
same, the nonlinear material oscillates with approximately three-and-a-half times smaller
amplitudes and three times higher frequencies with respect to the linear material.

3.9. Buckling of Axially Loaded Rectangular Plate

A simply supported rectangular plate loaded with uniaxial compressive loading
achieved by applying a constant velocity v at two opposite sides of the plate, as shown in
Figure 22a, was selected for the application of the proposed numerical model in the stability
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analysis of the plates. In order to obtain the dynamic buckling effect, the velocity at the
sides of the plate was varied and corresponded to the deformation rates of 2.5 × 10−1 s−1,
2.5 × 10−3 s−1, and 2.5 × 10−5 s−1. All analyses were performed with the nonlinear and
linear-elastic material behaviour, with the material characteristic presented in Table 1.
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The discretisation of the plate with the FE mesh is presented in Figure 22b. The
thickness of the plate was 20 mm. In order to account for some extent of imperfection, the
initial deflection of the plate was adopted as the cosine function:

wi(x, y) = w0 cos
(πx

L

)
cos
(πy

L

)
(46)

with w0 equal to w0/L = 1.0 × 10−9. Equation (46) ensures that the initial imperfection at
the edges of the plate is zero while at the rest of the plate it equals the cosine function with
the highest value of w0 at the centre of the plate.

The analytical solution of the presented problem [31] with the static loading conditions
and the linear-elastic material behaviour provides the following equation for critical axial
stress, due to which the plate loses its stability:

σx,cr =
π2E

3(1− υ2)

(
t
L

)2
(47)

which, taking into account the concrete values related to geometrical and material charac-
teristics, yields σx,cr = 74.31 MPa.

Figure 23 shows the relation between the average axial stress and the shortening of
the plate for three values of strain rates. All solutions are compared with the critical stress
obtained from the analytical solution.
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It derives from the presented results that the increase in the strain rate also increases
the dynamic buckling axial stress. In this specific case, for the strain rate of 2.5 × 10−1 s−1

and the linear-elastic material behaviour, the buckling axial stress is approximately 18 times
higher as compared to the buckling axial stress at the strain rate of 2.5 × 10−5 s−1. It
can also be observed that for higher strain rates, in the specific case of 2.5 × 10−1 s−1,
the buckling can appear after reaching the yielding stress, resulting in significantly lower
buckling stress, considering the nonlinear material behaviour as compared to the buckling
stress in materials with linear-elastic behaviour. This example further emphasises the need
to consider material nonlinearities in the stability analysis of plate or shell structures due
to the dynamic loading condition. It derives from the presented results that by decreasing
the strain rate, the numerically obtained stress at which the plate loses stability converges
according to the analytical solution obtained for the static activity. In this particular case,
for the strain rate of 2.5 × 10−5 s−1, the numerically obtained buckling axial stress is 2.5%
higher as compared to the analytical solution; however, more accurate results could be
obtained with smaller strain rates when the dynamic effects would be even less pronounced.
Figures 24–26 show the shape of the plate in different time steps after the buckling for
strain rates 2.5 × 10−1 s−1, 2.5 × 10−3 s−1, and 2.5 × 10−5 s−1, respectively. It derives from
the presented results that, at lower strain rates, the buckling occurs in the first eigenmode,
while at higher strain rates, the buckling occurs at higher eigenmodes.
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Figure 26. Z coordinates of nodes for strain rate 2.5 × 10−1 s−1 and horizontal shortening of the plate of: (a) 10.0 mm;
(b) 14.2 mm; and (c) 28.0 mm.

4. Conclusions

A new 4-TRINONL numerical model for the analyses of thin shells was presented.
The model deals with nonlinear and linear material behaviour, taking into account large
displacements, large rotations, and small strains. The discretisation of the structure within
the proposed model is based on rotation-free three-noded finite elements. Material non-
linearity with hypo-elastic-based constitutive law is implemented by considering the von
Mises yield criterion and the Levi-Mises flow rule. The presented numerical model uses
an explicit time integration scheme for the integration of motion equation, but an implicit
radial returning algorithm to compute the plastic strain at the end of each time step. The
model has been embedded in Program Y based on the finite–discrete element method and
tested on simple examples.
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Pursuant to the conducted numerical examples and presented numerical formulations,
the following conclusions have been drawn:

• The presented numerical model is appropriate for the dynamic, quasi-static, and
stability analysis of thin shell structures.

• In the tested examples, the performance of the proposed formulations is similar to or
better than the one with standard triangular or quadrilateral shell elements measured
in terms of the number of DOFs.

• Finally, it cannot be concluded that the presented numerical model is better or worse
than other numerical models of a similar type or that it can do something that could
not be done with other numerical models. However, one of the main advantages of
the presented numerical model may be sought in the robustness of its formulation.
Considering that the time integration transient dynamics is solved explicitly for each
degree of freedom, there is no need for introducing stiffness and mass matrix at the
system level or to solve the large-scale system of equations. The determination of
stress and strain at the Gaussian integration points is based on the geometry of the
control domain determined by the observed triangle and three neighbouring triangles,
which implies that no information related to other triangular FEs in the system is
required. In view of the above, the presented formulation seems appropriate for the
parallel programming to be executed at the level of the control domain.

Moreover, the model can be easily upgraded for the purpose of interacting with the
fracture or for the analysis of laminated shells with some other material constitutive law
and finite strains, which is yet another advantage of using the FDEM model.

It should be noted that the procedures described in this paper are not intended for
finite strains but are limited instead to thin shell structures subjected to small strains.
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