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Computation and Measurement of Low Frequency
Magnetic Field Near Thin-Wire Structures

Sonja Filiposka, Vesna Arnautovski-Tǒseva, and Leonid Gřcev

Abstract: Magnetic fields in residential and occupational environments attract atten-
tion due to concerns of health risks. This paper describes comparison of two simple
numerical procedures for computation of magnetic fields dueto sources typical for
residential environment which can be also used for teachingpurposes. The methods
are confirmed with the results obtained by analytical closedform solution and experi-
mental laboratory measurements.
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1 Introduction

The biological effects of electromagnetic fields on human health have been a con-
cern for decades [1]. Recent classification of low frequencymagnetic fields in
residential and working environments as possible human carcinogen by IARC [2]
reflects continuing efforts by numerous ongoing experimental research studies to
determine the risk in practical situations.

In a number of cases in the residential environments the magnetic field is cre-
ated by conductors that usually conform to thin-wire approximation, i.e. they might
be considered as consisted of a network of straight segmentswith lengths much
greater than their radiuses. Consequently, only the line currents along axes of such
conductors might be considered, which allows more simplified modeling. A com-
plex technique for computation of fields due to residential wiring based on the
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method of moments is described in [3, 4] using the rigorous solution in [5]. How-
ever, at low frequencies simpler methods are applicable. The distribution of cur-
rents might be obtained by usual power system analysis [6], and fields have to be
determined for line current sources.

For the purposes of creating teaching examples the rising need is for simple, yet
effective computational methods that can later be comparedwith real experimen-
tal laboratory tests. This paper compares two simple computational procedures,
the first one is derived from antenna theory near field computation technique [7],
which is applicable at low and high frequencies, and the other for low frequencies
based on Biot-Savart law. The numerical results are then compared with laboratory
measurements for a simple case of rectangular loop, which isstill very often used
as a model for more complex situations.

2 Computation of the Magnetic field

2.1 Method of moments

Following the method of moments, the wire is considered as a network of short
current segments connected together. Following the thin-wire approximations, the
magnetic field~H produced by line current density~I(l) along the wire axis is ex-
pressed in terms of magnetic vector potential~A in integral form [1]:

~H =
1
µ0

∇×~A (1)

~A = µ0

∫

axis

~I(l)
e− jkRm

4πRm
dl (2)

whereR denotes the distance from the source point on the axis to a field point on
the wire surface, anda is the wire radius.

A solution to the above equation is obtained by the well-known moment meth-
ods procedures with pulse expansion for current and point matching [8]. Fig.1
shows typical source segmentn of length∆lm with terminal pointsn+ andn−, and
its midpointn.

The calculation of the near magnetic field at arbitrary pointm is performed us-
ing test segment∆lm positioned in a desired direction, which leads to the following
expression:

~A(m) = µ0~I(n)∆lnΨ(n,m) (3)

Ψ(n,m) =
1

∆ln

∫

∆ln

e− jkRm

4πRm
dl (4)
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Fig. 1. A view of a source and test current segments in the moment method approach

whereRm is distance from a point on∆ln to the point m. The direction of the
magnetic vector potential~A(m) is the same with the direction of the source current
segment, and can be represented by its Cartesian components

Ax,y,z =µ0I(n)∆lnΨ(n,m)cosαxn,yn,zn

=µ0I(n)∆lnΨz,y,z(n,m)
(5)

An approximate solution of the integral in (4) with respect to the distance
source-observer is given in [8], which is obtained by expanding the exponential
in Maclaurin series

Ψ(n,m) =
e− j k r

4π∆ln

n+
∫

n−

(
1

Rm
− jk− k2

2
Rm + · · ·)dln (6)

wherek = ω√ε0µ0 is the wave number.
For n = m, the two-term integration gives good accuracy

Ψ(n,m) ≃ 1
2π∆ln

log(
∆ln
a

)− jk
4π

(7)

For n 6= m, the crudest approximation is obtained by considering

Ψ(n,m) ≃ e− j k Rmn

4πRmn
(8)

whereRm is the distance from midpointsn to m. For the quasi-static case it is
convenient to consider the following approximation

Ψ(n,m) ≃ 1
4πRmn

(9)
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3 Method Based On Biot-Savart Law

At low frequencies, such as 50 Hz, the magnetic flux density ofthe field of a com-
plete circuitC carrying a currentI may be determined by direct application of the
Biot-Savart law [9, 10]. After fictitious segmentation of the circuit into network of
current segments as shown on Figure 1, the magnetic flux density of the field at
the given point whose position relative to the small elementof length dln(along the
source segment∆ln) is determined by the position vector is

~B = ∑
n

n+
∫

n−

µ0

4π
Id~ln ×~r

r3 . (10)

For simple circuit geometry the magnetic flux density~B may be easily deter-
mined in closed form by the analytical solution of (15). Thus, the intensity of the
magnetic flux in the center of a rectangular frame with dimensionsa×b is

B0 =
2µ0NI

π

(sinα
b

+
sinβ

b

)

(11)

where tanα = a/b, tanβ = b/a. Along thex-axis, thex component of the magnetic
flux density is

Bx =
2µ0NI

π
ab√

a2 + b2 +4x2

( 1
a2 +4x2 +

1
b2 +4x2

)

(12)

A lot faster, easier and more flexible approach is to calculate the magnetic in-
duction in the vicinity of the observed conductors using superposition of the mag-
netic inductions obtained for each linear segment of the created model. This means
that instead of viewing a small element of length along the source segment, the
complete source segment (the rectangular frame in this case) is divided into a min-
imum number of linear segments. During this operation, eachsegment is defined
with its start and end point coordinates, and the module and phase of the current
that flows through the given segment with a direction from thestarting towards the
end point.

When considering the magnetic induction in a point that liesin the same plane
with the observed linear segment which is the origin of this magnetic induction, the
following relation of the Bio-Savart law can be used [9].

B =

∫

dB =
µ0

4π
I
d

θ2
∫

θ1

sinθdθ

=
µ0

4π
I
d
(cosθ1−cosθ2)

(13)
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whereθ1 is the angle between the radius vector of the calculation point related to
the starting point of the linear segment and the radius vector of the linear segment
directed according to the currentI, θ2 is the angle between the radius vector of the
calculation point related to the end point of the linear segment and the radius vector
of the linear segment directed according to the currentI, while d is the normal
distance from the calculation point to the linear segment.

Using the principles of the method of superposition thex, y andz components
of the result magnetic flux density in a given point is obtained as a summation of
the components calculated for each distinctive linear segment of the current contour
or contours, which were obtained using a coordinate system translation and vector
algebra.

This method of computation of the magnetic flux density can betranscribed
programmatically and, then, connected to a suitable graphical display program that
will allow fast visual observation of the obtained results [10]. The approach is very
fitting especially for school examples, since the students only have to give the initial
data feed that consists of a list of the observed linear segments. It is also applicable
for cases where the exact position of the equipment or conductor contours make the
on-field measurements difficult, thus avoiding the constantproblem of expensive
equipment, as well as for more difficult problems when considering a complex
shaped loop.

4 Measurements

The obtained results for the proposed computation method based on the Biot-Savart
law and the numerical moment method solution of the magneticflux density caused
by a test rectangular current loop can be compared with the results experimentally
determined by measurements. The examined test example is (415 × 276) mm
rectangular current loop withN = 517 turns made of fine wire (model 147 S/N
94 magnetic Field generator) product ofElectric Field Measurements shown on
figure 2(a). The measuring scheme and the applied equipment for the magnetic
flux density measurements are presented on figure 2(b).

The voltage feeding is performed by∼ 220V, 50Hz voltage generator (1). The
current in the rectangular loop (2) is formed by means of the regulating resistor (4)
and resistances of 10 kω and 100 kΩ (5) and measured by ampermeter (3). The
magnetic flux density measurement is performed by means of the Electric Field
Measurements EFM 140-3-50 probe-plug connected to digital multimeter METEX
M-3800 (6).
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Fig. 2. (a) A test rectangular loop and (b) The measuring scheme

5 Experimental and Numerical Results

The results determined by experiments that will be presented in this section are
obtained by series of measurements using various values of the current in the rect-
angular loop. In Table 1, the comparative values of the magnetic flux density at
the origin (point A) obtained by using the both method approaches and measure-
ment are presented: Magnetic Flux Densityx-component (mG), Current (ma), An-
alytical (Biot-Savart approach), Computational (Biot-Savart approach), Numerical
(Method of moments approach), Experimental.

Table 1. Magnetic flux density at the center of the rectangular loop.

Magnetic Flux Densityx-component (mG)
Analytical Comotational Numerical

Current (Bio-Savart (Bio-Savart (Method of mo- Experimental
(mA) Approach) Approch) ments approach)

0.28 5.04 5.04 5.10 5.1
0.56 10.08 10.08 10.09 11.4
0.87 15.66 15.66 15.40 15.9
0.96 17.28 17.28 17.11 17.1
2.64 47.51 47.51 46.8 46.3
5.62 101.14 101.14 100.0 99.1
8.43 151.71 151.71 149.5 144
9.56 172.05 172.05 169.4 165
12.93 232.70 232.70 229.5 228
30.91 556.29 556.29 549.2 550
84.32 1517.51 1517.51 1496 1360
196.71 3540.19 3540.19 3494 3300

Table 2 presents the comparative values of the magnetic flux density at points
along thex-axis obtained by using the analytical solution of (15), themoment
method approach and measurement.
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Table 2. The values of magnetic flux density at points along the x-axis.

Current
0.956 mA Magnetic Flux Densityx-component (mG)
Distance Analytical Comotational

along (Bio-Savart (Bio-Savart Numerical Experimental
x-axis (cm) Approach) Approch)

0 17.21 17.21 17.11 17.1
5 15.23 15.23 15.11 15.0
10 11.23 11.23 11.17 10.8
15 7.65 7.65 7.60 7.0
20 5.13 5.13 5.10 4.4
25 3.49 3.49 3.46 2.9
30 2.42 2.42 2.40 1.9

The results presented in table 1 and table 2 prove that the analytically or numer-
ically determined results are in very good agreement with the measurements taking
into account that the magnetic field has three components which makes it very hard
to correctly position the probe.

Fig. 3. Spatial distribution of the magnetic flux density in the yz plane forx = 1 cm
andI = 0.956 mA

Figure 3 shows the spatial distribution of the magnetic flux in the vicinity of
the rectangular frame. The values are obtained using the computational approach
based on the Biot-Savart law. This possibility for 2D visualization of the magnetic
flux density using this approach has proved as a valuable benefit for educational
and professional purposes.

6 Conclusion

In this paper four different approaches to define the magnetic flux intensity in the
vicinity of a simple rectangular loop with low frequency current are presented. The
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matching results show that the method of moments and the Biot-Savart computa-
tional approach based on linearization of the spatial geometry can successfully be
used for educational purposes. The second approach is very useful when consider-
ing more complex wired structures, while at the same time it allows an easy and fast
visualization of the magnetic flux density in the space around the magnetic source.

The computer results are compared with measurements that were performed in
laboratory using a test rectangular thin-wire loop and withthe analytical solution
obtained by a direct application of the Biot-Savart law. It is well known that the
moment methods solution is applicable for high frequencies, but this test proves that
it is applicable also for low frequencies such as 50 Hz without any modifications.
This proves that this powerful method may be directly used for analysis of the low
frequency magnetic fields due to wiring in residential and working environments.
This may be of interest in studies of the health risk due to lowfrequency magnetic
field.
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