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1 Introduction

In this paper we consider a special kind of finite projective geometries that can
be constructed quite easily and very fast. They consist of n? +n + 1 points and
n?+n+1 lines, for prime number n. It is well known that there is a procedure for
generating a projective geometry with n? + n + 1 lines and points, for integers
n that are powers of prime numbers [1]. The procedure we are proposing is
restricted to prime numbers only, but we earned effectiveness for that price. The
projective planes constructed in our ways give immediately a Stainer system too.

In the sequel we give the definitions of a projective geometry and of a Stainer
system.

Definition 1. A projective plane is an incidence structure (P, L) of points and
lines such that:

P1:  Any two distinct points are incident with exactly one line.
P2:  Any two distinct lines are incident with exactly one point.
P3: There exist a quadrangle, i.e., there are four points such that no three of

them are collinear.

Definition 2. Given three integers t, k, v such that 2 <t < k < v, a Stainer
system S(t,k,v) is a v-set V together with a family B of k-subsets of V' (blocks)
with the property that every t-subset of S is contained in exactly one block.

The next proposition implies that each finite projective plane is a Stainer
system S(2,n+ 1,n% +n+1) [1].
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Proposition 1. All lines in a projective geometry have the same cardinality. If
the projective plane is finite (|P|,|L] € N), then there is an integer n > 2, such
that all lines have n + 1 points and the plain contains n®> +n + 1 points and
n? +n+1 lines.

2 A new formula for construction of projective geometries

Let n be an integer and let define an integer function MOD(i,n) by MOD(i,n) =
jiff i =j (modn) and 1 < j < n. Using this function we define the integers p; ;
as follows.

0, i=j=0
—1
V J 1<i<n(n+1), j=0
n
Pij = (1)
n-i+ 7, 0<i<n, 1<j5j<n
. . i —1 . . .
n-J+MOD<(J—1)<{ - J—1)+z,n>,z>n,]7ﬁ0

Now, for each i, 0 < i < n? 4+ n, we define sets L; by

Li = {pi;li =0,n}. (2)
Proposition 2. |L;|=n+1, Vi=0,n% 4+ n.

In order to proof that (P,L) for P = {0,1,...,n%> + n} and £ = {L;|i =
0,n(n + 1)} is projective geometry, we need the following lemma:

Lemma 1. Let n be a prime. For any integer a, 1 <a <n—1, and any b € Z
there is only one integer k, 0 < k <n —1, such that a-k =b (mod n).

Proof. Let 1 <a<n—1andbeZ.

Regard the group Z,(-). Since n is a prime, for i; and i such that 0 <
i1,i2 <n—1, from a -, i1 = a -, iz follows i; = i5. So, we have that [{a -, i|i =
0,n — 1}| = n. From the other side, {a -, |t = 0,n — 1} € {0,1,...,n — 1}, so
{a-nili =0,n—1} ={0,1,...,n — 1}. From this we have that for any integer
a, 1 <a<n-—1, and any j € Z, there is only one integer k, 0 < k < n — 1,
such that a -, k = j (i.e. a-k =37 (mod n)).

Now, let j € Z,, such that b = j (mod n). Then, there is only one integer k,
0 <k <n-—1,such that a-k =0 (mod n).

Theorem 1. Let n be a prime number, P = {0,1,...,n2 +n} and £ = {L;|i =
0,n(n+1)}. Then (P,L) is a projective geometry with n®> + n + 1 lines and
n? 4+ n+ 1 points.
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Proof. Let n be a prime number.

P1l:  Let fi1, fo € P. We will proof that there is a set L;,i € {0,1,2,...,n} such
that {f1, fa} € L;. There are four cases:
1. For f1 =0,fo=kn+0b, 1 <b<nand 0 <k <n, then {f1, fo} C L.
2. If f1 = kn+b1,f2 = kn+l)2, 0 S k S n, 1 § bl,bg S n, then
{f1, f2} C Ap.
3. For1 < fiy <nand fy =kn+0b, 1 <k <n, we we will proof that
{f1, f2} € A;, where i = nf; + MOD(b — (k — 1)(f1 —1),n).
Let i =nfi + MOD(b— (k—1)(f1 — 1),n), then
)

V1J _ VfﬁMOD(b( = fi.

n

(fi=1,n)— 1J

n
and i =b— (k—1)(f1 — 1)(mod n), i.e. b= (k— 1)(f1 — 1) + i(mod n)
Now, p; o = V — IJ = fi= f1 € L;. Also,

pik =nk+ MOD | (k—1) -1 1>+i,n>

=nk+ MOD ((k — )(1—1)—|—z n)
= nk + MOD(b,n) = nk + b.

It follows that fo = p;x € L;.

4. Let fi = kin+by, fo = kon+byfor 1 < ky < ko <n, 1 < by, by < n. Since
n is a prime, from Lemma 1 we have that there is ¢t € {0,...,n—1} such
that by — by = t(ka — k1). Let by — (k1 — 1)t = s (mod n) and 1 < s < n.
Then MOD(by — (k1 —1)t,n) = s and MOD(s+ (k; —1)t,n) = b;. Now,

b2 — (]fg — 1)t = bl + t(k’g — k’l) (kig — l)t (mod n)
< by — (kg — l)t by — t(k‘l — 1) (mod ’I”L)
& by — (k2 — 1)t = s (mod n)
& by = s+ (k2 — 1)t (mod n)

Let i = n(t+ 1) + s. Then,

V—lJ_lz{’M*S_lJ_lz(HU—l:t.

n n
Now we will show that f; and f are in L;, for i = n(t + 1) + s.

1—1

Diky, =nk1 + MOD((k; — 1) - 1> +n(t+1)+s,n)
=nk; + MOD((ky — D)t +n(t+1) + s,n)
=nky + MOD((ky — 1)t + s,n) = nky + by.

On the same way it can be obtained that p; r, = nka + bs.

P2:  Let ¢,j € P and ¢ < j. To proof that |L; N L;| = 1 we will regard five
cases:
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1. If i = 0, then Ly N L; = {pjo}, because the other elements in L, are
smaller or equal to n, and the other elements in L; are bigger then n.

2. If1 <i<j<n,then pg = pjo =0 € L; N L;. Suppose that there
is another element in L; N Lj;. Then, there are ki,ka # 0 such that
Diky = DPj k- SO)

ni+k1znj+k2:>n(j—i)=k1—k2.

Since n(j —i) > n and ky; — ko < n, the last equation is not true, and we
proof that in this case |L; N L;| = 1.
3. Let 1 <i<n<jand p;x, = pjr,, then

ni + ky = nky + MOD((ky — 1) Q];lJ - 1> +4,m).

1
It follows that ks = i and ky = MOD((i — 1) (VJ - 1) +4,n), s0

n
|LiﬂLj|:1.
4. Iftnk+1<i<j<n(k+1)for k>0, then p;g =pjo=keL;NL,.
,— 1 I —1
Note that Ly QU =k.
n n

Suppose that there are ki, ks # 0, such that p; 1, = pj r,. Then
nk1+MOD((ky —1)(k—1)4+4i,n) = nko+ MOD((ka —1)(k—1)+j,n).

From the last equation we have that k1 = ko. Using this we have that
(ki —1)(k—=1)+i= (ks — 1)(k—1)+j (mod n), i.e. i = j (mod n).
Since nk +1 <i,j7 < n(k+1) from i = j (mod n) we have that i = j.
We obtain that L; N L; = {k}.
5. Let nki +1<i<n(k;+1)and nko +1<j <n(ky+1), for 1 <k <
ko < n. Then, V_nlJ = ki1 = p;0 and V;l = ko = pjo. It is clear

that p; o # pj,0, 50 if i t, = Djt,, then 1,2 > 0. Let p; ¢, = pj+,, then

nty + MOD ( (t; — 1) anJ —1) +i,n)

From this, ¢ =t and
MOD ((t1 —1) (k1 — 1) 4+i,n) = MOD ((t2 — 1) (ko — 1) + j,n) .

Now we have

(t1— D) (k1 —1)4+i=(t;1 — 1) (ka — 1)+ 7 (mod n)
< (t1 — 1)(k1 — ko) =5 — i (mod n)

From Lemma 1, only one ¢; satisfies (t; — 1)(k1 — k2) = j — @ (mod n),
S0, |Lz @] LJ| =1.
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P3: It is clear that 0, 1, n + 1 and n + 2 are not collinear.
In such a way we completed the proof of the theorem.

Note that the theorem is not true when n is not a prime number. In that
case there are integers 1 < ni,no < n such that n = niny,. We will show that the
sets Lyy1 and Ly, +1)n+1 have at last two equal elements. Set b = (ng +1)n+1.
Then

Pnt11=n+MODOQ-1)+n+1,n)=n+1
P =n+MODO+ (ng +1)n+1,n) =n+1
Prtims1 = (n1 + 1)n+ MOD(n, QEJ _ 1) nt1m)
=(ni+1)n+1 "

(ne+1n+1

Dony+1 = (n1 +1)n+ MOD(ny ({ —1) + (n2+1)n+1,n)

( )
(1 +1) .
(ny+1)n+MOD(ny (n2+1—-1)+1,n)
E ; ning + 1,n)

n+1,n)=(Mn +1)n+1

ny+1)n+ MOD

—_———=

So, we obtain that {n+1, (n1+1)n+1} C L; N L;. This imply that L; = L.
Example for construction of the projective plane

We will construct the projective plane for n = 3.

Lo = {po,0,P0,1,10,2;p0,3} ={0,3-0+1,3-0+2,3-0+3} ={0,1,2,3}
1-1

Ll:{p1,07p1,17p1,23p1,3}:{ T a31+1731+2731+3}:{074a576}
2—1
L2:{P2,07P2,17P2,2ap2,3}:{ T 732+1732+2732+3}:{0777839}
3—1
ng{{SJ,3-3+1,3~3+2,3-3+3}:{0,10,11,12}

i1 i1
Fori=4,i=>5andi=6, V?)J —1, {23 J—le,so,

MOD((j — 1) QZ - 1J _ 1) +4,3) = MOD(i, 3).

Now,
Ly={1,3-1+ MOD(4,3),3-2+ MOD(4,3),3-3+MOD(4,3)}
={1,4,7,10}
L; ={1,3-1+ MOD(5,3),3-24+ MOD(5,3),3-34+ MOD(5,3)}
= {1757 8’ 11}
L,={1,3-1+ MOD(6,3),3-2+ MOD(6,3),3-3+ MOD(6,3)}
={1,6,9,12}
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— 1 ,— 1
For i € {7,8,9}, {13 J:Q7 V J—l:l7 S0,

MOD((j —1) Qz_glJ — 1) +1i,3) = MOD(j — 1 +1i,3).

Now,

Ly ={2,3-1+ MOD(1-1+7,3),3-24+MOD(?2—1+71,3),
3.3+ MOD(3—1+7,3)} ={2,4,8,12}

Ls={2,3-1+ MOD(1 —1+8,3),3-2+MOD(2—1+8,3),
3.3+ MOD(3—1+8,3)} ={2,5,9,10}

Ly={23-1+ MOD(1—1+9,3),3-2+ MOD(2—1+9,3),
3.3+ MOD(3—1+9,3)} ={2,6,7,11}

And for i € {10,11,12}, V ; 1J — 3,

1—1

MOD((5 - 1) Q J 1> +,3) = MOD(2j — 2 +1,3).

So,

Lio={3,3-1+ MOD(2—2+10,3),3-2+ MOD(4 — 2+ 10,3),
3.3+ MOD(6—2+10,3)} = {3,4,6,11}

L1y ={3,3-1+ MOD(2—2+11,3),3-2+ MOD(4 — 2+ 11,3),
3.3+ MOD(6—2+11,3)} = {3,5,7,12}

Lio=1{3,3-1+ MOD(2—-2+12,3),3-2+ MOD(4 — 2+ 12,3),
3.3+ MOD(6—2+12,3)} = {3,6,8,10}.

3 Conclusion

In this paper was present an easy and fast construction of finite projective ge-
ometry with set of points P = {0,1,...,n? + n} for prime number n, and set
of lines £ = {L;|i = 0,n(n+ 1)}, where L; are defined by (1) and (2). The
proposed procedure is restricted to prime numbers only, but it is very useful for
construction of projective geometry with great number of points. Also, it can be
used to make a quick algorithm for generating projective geometries.
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