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Abstract. In the light of several major epidemic events that emerged in the past two
decades, and emphasized by the COVID-19 pandemics, the non-Markovian spreading
models occurring on complex networks gained significant attention from the scientific
community. Following this interest, in this article, we explore the relations that exist
between the non-Markovian SEIS (Susceptible-Exposed—Infectious—Susceptible) and
the classical Markov SIS, as basic re-occurring virus spreading models in complex
networks. We investigate the similarities and seek for equivalences both for the discrete-
time and the continuous-time forms. First, we formally introduce the continuous-time
non-Markovian SEIS model, and derive the epidemic threshold in a strict mathematical
procedure. Then we present the main result of the paper that, providing certain
relations between process parameters hold, the stationary-state solutions of the status
probabilities in the non-Markovian SEIS may be found from the stationary state
probabilities of the Markov SIS model. This result has a two-fold significance.
First, it simplifies the computational complexity of the non-Markovian model in
practical applications, where only the stationary distribution of the state probabilities
is required. Next, it defines the epidemic threshold of the non-Markovian SEIS model,
without the necessity of a thrall mathematical analysis. We present this result both
in analytical form, and confirm the result trough numerical simulations. Furthermore,
as of secondary importance, in an analytical procedure we show that each Markov SIS
may be represented as non-Markovian SEIS model.

Keywords: Complex networks, Epidemic models, non-Markovian processes, Endemic
states, Stability analysis

1. Introduction

Following the outbreak of several recent epidemics, the SARS, the MERS, Bird flu etc.,
and emphasized by the Covid-19 pandemics, the non-Markovian models captured the
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attention of the complex networks research community that studies stochastic spreading
processes [1l, 2, B, 4, 5 [6 7, 8, @, 10]. The shift of interest from the Markov to the
non-Markovian realm was caused by the realization that no status transition, that an
individual (node) undergoes following the contraction of the spread agent, may neither
occur simultaneously, nor the probability of status transition on a daily bases is constant,
as may be seen from the collected medical data [11,[12]. For example, when an individual
contracts a virus, the individual has no capacity to instantly spread the agent to the
neighboring nodes. A certain viral quantity should first be produced (the node acts as
an incubator for the agent), in order for the infected individual to become infectious.
The time required for the virus to replicate over the necessary viral load threshold, varies
from individual to individual and follows a time dependent probability distribution [I3].
On the other hand, the recovery process is a product of complex biochemical interactions
within the hosts immune system, that take several days in order for proper deference
response to be prepared and for the virus to be eradicated (as an example of the immune
system modeling one may refer to [14]). Again, individual differences lead to specific
probability distribution of time from Exposure to Recovery.

In our recent paper [I5], we introduced the non-Markovian SEIS (Susceptible —
Exposed — Infectious — Susceptible) model as a basic mathematical non-Markovian
form that describes re-occurring spreading processes, taking place on complex networks.
In the model formulation, We assumed that status transitions from Exposed (non-
Infectious) to Infectious status and Exposed (both non-Infectious and Infectious)
back to Susceptible status, follow temporal distribution described with Discrete Time
Probability Functions (DTPFs):

e daily manifesting function b(7): probability that an Exposed and previously non-
Infectious node, becomes Infectious exactly at day 7;

e manifesting function B(7): probability that an Exposed node, is Infectious at day
T,

e daily recovering function (7): probability that an Exposed node, recovers exactly
at day T;

e recovering function I'(7): probability that an Exposed node, is recovered by day T;

In this paper, We first extend the discrete-time concept to continuous-time non-
Markovian model form. Adequately, the functions (7), I'(7), b(7) and B(7) in this
scenario are continuous, and are further referred to as Continuous-Time Probability
Functions (CTPFs), with v(7) and b(7) referred to as instance recovering probability
and instance manifesting probability, correspondingly. For the continuous-time form, we
derive the epdemic threshold in a strict mathematical procedure. Then, the main result
of this paper is presented: that for each non-Markovian SEIS model (discrete-time or
continuous-time), exists a Markov SIS model, such that the stationary state probabilities
of each node being exposed in the SEIS model, equals the stationary probability that the
node is Infected in the SIS model, providing certain relations between process parameters
hold. We consider this result to be of at-most importance for the following reason:
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non-Markovian models, although highly accurate in analyzing natural phenomena,
are computationally sufficiently more demanding. Investigating these models with
utilization of Markov analogs (as shown here as possible), significantly reduces the
computational complexity in acquiring significant data related to the endemic state of
the diseases. The presented analysis directly leads to relations that define the epidemic
threshold for the non-Markovian (SEIS) models occurring on complex networks, without
the necessity of a thrall mathematical procedure. Similar type of equivalences, between
the non-Markovian and the Markov SIS model, using different settings and approaches,
have been established by the authors in [I] and [10]

As a result of secondary importance, it is shown that an arbitrary Markov SIS
model occurring on complex networks, may be represented an non-Markovian SEIS
model. This equivalence is only vaguely mentioned and numerically illustrated in the
Conclusions of [15]; here we show this feature trough a rigorous mathematical procedure.
One should note that similar analysis was conducted in respect to the non-Markovian
and Markov SIR model in [16].

2. The model

The discrete-time form of the SEIS model analyzed in this paper is originally introduced
in [I5]. For completeness, in what follows, we re-state the formal definition of the
observed process, and for more details we refer the readers to the cited paper.

Consider a network represented with the adjacency matrix A. In the general case,
the network is directed, weighted, and strongly connected; consequently the matrix
A = [a;;] is asymmetric, with 0 < a;; < 1 and irreducible (Perron-Frobenious theorem
for non-negative irreducible matrices applies).

The SEIS model is a status model in which, in respect to the spreading agent, each
node is in one of the three following statuses: Susceptible, Exposed and Infectious. A
node is in status Exposed, at time ¢, if at the given instance it contains the spread agent.
Exposed node may be Infectious (manifesting infectiousness) or non-Infectious. Node
is Infectious if it contains the agent (is Exposed) and is capable to spread the agent to
the neighboring nodes.

When Susceptible node contract the spread agent, the node becomes Exposed (and
generally assumed non-Infectious). The process of agent contraction by the Susceptible
node plays a role of a trigger event (7 = 0): all consequent processes within the node
are time-referenced to this transition. Exposed (but non-Infectious node) may become
Infectious exactly at time 7 after the trigger event with probability b(7). Exposed node
is Infectious at time 7 following the trigger event with probability B(7). To stress the
difference between b(7) and B(7), as explained in [15], the model allows for two different
types of Infectiousness manifestation:

e Cumulative manifestation — in this case b(7) has a character of a mass probability
function in the discrete-time case scenario and density probability function in the
continuous-time scenario. Adequately, B(1) = >.;_,b(k) (discrete-time), with
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ST=Lb(r) < 1, or B(1) = [7 b(1')dr’ (continuous-time), with [ b(7)dr < 1, has a
cumulative character, with the sign ” <” indicating that the Exposed node may not
necessarily become Infectious prior to recovery. This type of behavior is typical for
epidemic diseases;

e Random manifestation — in this case B(7) = b(7) has a random character, with
0 < b(7) <1 being the only restriction.

Exposed node recovers and becomes Susceptible again exactly at time 7 following the
exposure, with probability (7), and is recovered at time 7 with probability I'(r) =
ST _o(k), with T2 ~(7) = 1, in the discrete-time model, and I'(7) = [7 v(7')d7’
with [ v(7)dr = 1 in the conitinuous case. The probability function (DTPF/CTPF)
~(7) is a m.p.f in the discrete-time scenario, and p.d.f. in the continuous-time case, with
['(7) being a cumulative probability function. In the modeling of the SEIS process, we
widely use the complement T'(7) = 1 — ['(7).

In the formal sense, the dynamical behavior of the model is defined as follows: node
1 is Exposed at time t if it contracted the agent at time ¢ — 7 and did not recover in the
time interval [t — 7,¢]; node ¢ is Infectious at time ¢ if it contracted the agent at time
t — 7, did not recover in the time interval [t — 7,¢] and is capable to spread the agent to
its neighbors at time t. We consider that the process lasts for maximum 7' time units,
with ['(T" — 1) = 1, in the discrete-time scenario, and I'(7") = 1, in the continuous-time
version.

Considering the definitions stated above, and following [15], the discrete-time SEIS
model is mathematically defined in the following form:

T-1

pi(t+1) = Z(l =i (t = T)T(7)Pi(t — 7) (1)

pl(t+1) z_:l (1 —pZ(t — ) B(r)T(1)Ps(t — 1),

with P;(t) representing the product-like term:
N

Pi(t) =1 - [[(1 = pi(t)ayp),

j=1
that denotes the probability that a Susceptible node ¢ will contract the spread agent
from its neighbours, at time ¢ [17, [I8] 19] 20].

2.1. Continuous-time SEILS model

In this section, we introduce the continuous-time non-Markovian SEIS model, as an
extension to the discrete-time model (Il). Similar model forms, represented as non-
Markovian SIS models may be found in [I, 4 5] [6, 10]. The difference between the
approach we take in our formulation and the approach in the cited papers, relates to
the process of the transfer of the infectious material from the Exposed/Infected node to
its neighbors. In the cited papers the non-Markovian character is expressed in the form
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of time-distributed infection rate (7). In our approach, the non-Markovian feature
lays within the capability of the Exposed node to transfer the agent to its neighbors
(non-Markovinity of manifestation), while transfer itself is of Markov type.

Prior to the formal introduction of the continuous-time SEIS model, we stress
the major difference that exist between discrete-time and continuous-time modeling
approach. It is a standard practice in modeling spreading phenomena in continuous time
to assume that the transfer of the spread agent, within an infinitesimal time interval
AT, may occur from a single sources (neighbour), only (no-multiple infectious events
assumption). This notion transforms the product-like term in the following manner:

N

1— H(l — p§(t —T)a;; BAT) = ijl-(t — T)a;,; BAT + O(AT?).

j=1
For sufficiently small A7, the term O(A7?) is neglected, and the appropriate sum-like
term [21], obtained.
Bearing in mind the differences, We may now re-write the system of equations ()
as follows:

S
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When A7 — 0, providing no discontinuities of first kind exist in T'(7) or T'(1)B(7),
the terms multiplied by A7? may be neglected. In what follows, we show that this term
may be neglected even in the presence of finite number of first order discontinuities.
The analyses is focused around the second set of N equation in the system (2)), related
to the p!(t), variables; by analogy, the same analysis is valid for the set of equations
related to the pF(t) variables.

Consider a point 0 < 7; < T, such that a discontinuity of first kind T'(7) or
[(7)B(7) exists at 7 = 7,. Let A7 be an integration constant, such that the series
7w = kAT provides a proper sampling of I'(7) and T'(7)B(7). Let k; be an index such
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that k;,_1AT < 7; < k;A7. Under these assumptions, the following inequality may be
considered:

(1 —pE(t — kAT)) i pi(t — kAT)[B(k:AT)T (kA7) ay BAT| <

j=1

N
(1= pP(t — kAT S ph(t — kAT)||[B(kAT) T (kA7) |ay BAT? ~
j=1
(1 — pE(t — kiAT))| x
3 Dt — ko) | BUADTURAT) = Blki 1 AT (i1 AT)
g=1 AT
< NAT

a,ij/BA7_2

Let R be a total number of first kind discontinuities of either T'(7) and T'(7)B(7).
Then, in accordance with the relation above:

/(A7) N
Z (1 —pZ(t — kAT)) Zp] (t — KAT)[B(kAT)T (kAT)] ayy BAT?| <

Y (b kAT Skt — KAT)BATIT(AT) 0y, 5A7)
k#k1, kR j=1
+ NRAT

The preceding analyses indicates that the the terms multiplied by A7? in the set
of N equations, related to the p!(t) in (2)), may be neglected, since for finite R, NRAT
may be maid arbitrary small, with the right choice of A7. Similar analysis, leading
to the same conclusion, may be conducted for the set of equations related to pZ(t)
in ([2). Consequently, from () and considering A7 — 0, one obtains the integral
form of equations for the non-Markovian SEIS model occurring on complex networks in
continuous-time:

sz(t):/O (1—pZ(t—1)) t—7‘ T)a;;fdr (3)

t —7)B(7)T(7)a;; fdr

T Mz I MZ

pi(t) I/OT(l—pZ t—1))

with s(t) being the Heaviside function. In what follows we consider both I'(7) and B(7)
to be smooth around the point 7 = 0, and the Heaviside function may be neglected in
the system of equations (3]).

2.1.1. Differential form In this segment, we show that the non-Markovian SEIS model,
represented with (B]), may be written in a differential form, as well. The purpose of this
model-form is to relate the non-Markovian SEIS model and the Markov SIS model, in
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order to investigate the circumstances under which an arbitrary Markov SIS may be
presented as non-Markovian SEIS.
Starting from the system of equations (2)), one obtains:

pE(t+ A7) — pE(t) = (1 —pP(t ij (0)a;; BAT +
T/(AT) —
+ Z (1 —pE(t — kAT)) ij (t — kAT)[C(kAT) — T((k — 1)AT)]ay,; AT
k=1 7j=1

— (1 =pE(t—T — A7) ipﬁ-(t — T — AT)T(T)a;; AT

Considering that T'(T') = 0, by dividing both sides of the equation with A7 and by
letting A7 — 0, the following relation may be written :

dpy’(t)
7 = Zp] azyﬁ +

+ / Y1 —pF(t—1) ij T)aijﬁr,(T)dT (4)

Similarly for p! one obtains:

dp!
K~ (00 ST 0B 0N+

=z

+ [T sn - pF-7) ) 2pt = RO dr (3

2.1.2. Epidemic threshold for the continuous-time model One of the main results that
are derived in the theoretical analysis of the stochastic spreading processes occurring on
complex networks, is the determination of the epidemic threshold. Epidemic threshold
defines the critical relation between the process parameters and network topology, that
separate the parametric region in which the network is disease free, from the region in
which a permanent epidemic exists.

To find the epidemic threshold for the continuous-time non-Markovian SEIS model,
we resort to the investigation of the stability criteria of the dynamical system (3]), around
the point of epidemic origin, i.e. pF(t) = 0, p!(t) = 0, for all i. In that sense, we consider
the following:

Theorem 1. Consider a directed, weighted and strongly connected graph, represented
with the adjacency matriz A = [a;;] that is, consequently, non-negative and irreducible.
The 2N wvector [pE(t), pl(t)] = [0,0], i.e. the epidemic origin, is a globally asymptotically
stable point of equilibrium of the dynamical system (3), providing the following relation
holds:

. )\11( e / ! BT (r)dr
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with A\1(A) being the leading eigenvalue of the matriz A.

Proof. Consider the system (3)). Since pZ(¢),pl(t) € [0, 1], for all i, and B(7),T(7) >0,
the argument under the integral is strictly postitve, so the following relation holds:

/ ij (t — 7)T(7)a;; Bdr

< /0 ;pj.(t—f)B(T)F(T)aijﬁdT

In other words, the dynamical behaviour of the system (3) is bounded from bellow by
the epidemic origin, and from above, by the dynamical system:

/ Zp] (t — 7)[(7)a;;Bdr (6)

/ Z )T(7)ay;Bdr

Consequently, if lim; ..opiE(t) — 0, limioopf(t) — 0, then lim; ..opF(t) — 0,
limi_oopl(t) — 0, as well. In that sense, the proof of the global stability of the (epidemic
origin of the) system (3]), reduces to proof of the global stability of the system ([@]).

One may notice that the second set of N equations in (@) is self-sufficient. In that
sense the dynamical stability of the system ([]) reduces to the dynamical stability of this
set of equations only: from (@)) follows that, if lim;_,oop (t) — 0, then limy_oopF(t) — 0.

By conducting a Laplace transform on both sides of each of the equations from the
second set of N equations in (), following the methodology in [16], one obtains:

) 0 TN —
Pl(s) = [l e tar= [T | jzzjlp;f(t—T)B(T)r(f)%ﬁdmt:

= TB(T)F(T)(J_STﬁ iai]— Oop;-‘r(u)e_suam dr = (7)
/0 (Lol )

BT S (70 + [ ) -

j=1

.

= BL(B(T)T(r iaw (P;I + P07, s),)

<.
[y

with
_ 0 _ T _
L(S) = £(B()T(7) = [~ BEOT()emdr = [ BEOT(r)e mdr,  (8)
0 0
being the Laplace transform of the product B(7)T(7), and
0
P07, s) = /_Tp;I(u)e_S“du

the term that takes into account the initial conditions. The initial conditions and the
nature of this term are discussed separately in Remark 1, at the end of this segment.
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Consider the vector P/(s) = [P/(s)] and P"'(0,s) = [P/(0,s)]. The system of
equation () may be re-written in a vector form as:

P (s) = BL(B(T)T(7))A(P" (s) + P"(0,5)), (9)
leading to a solution in Laplace domain, in the following form:
P (s) = BL(B(T)T(r)) AP" (0, 5)(I — BL(B()T(r)A)™"

T
— LB )AP (0,9 PP ())>>’) (10)

where (I — BL(B(7)[(7))A) is a matrix, which elements are the minors of the matrix

I - BL(B(T)[(1))A.
It is a well known result in the dynamical system theory, that the stability of the

(origin of the) dynamical system is determined by the position of the poles of the system
in the complex plane. If all poles of the dynamical system lie within the left-half of the
complex plane, i.e. Re{s} < 0, the dynamical system is globally asymptotically stable.
From the equation ([I0), one obtains that the poles of the system ([@]) may be determined
from the zeroes of the equation:

det(I — BL(B(T)T(7))A) =0
On the other hand:
det(I — BL(B(T)T())A) = (ﬁc(B(T)f(T)))Ndet <

- (£ O) T 3z~ V@) = (- AAseEEOTe),

with A;(A), i = 1,.., N, being the eigenvalues of the adjacency matrix A. From the last

1
BLBEON) A)

relation, the position of the poles of the dynamical system () are determined from the
set of equations:

— Mi(A)BL(B(T)I(7)) =0 (11)
Let s;x, be a pole of the dynamical system (), associated with the i-th eigenvalue
Ai(A) in the following manner:

L(six) = L(B(T)T(7

r T —Si kT — 1
Mo, = ) BOTdr = oo

Index k allows for multiple poles associated with a single eigenvalue \;(A).
From the definition of the Laplace transform of £(B(7)T'(7)), i.e. equation (8), the
following conclusions hold:

o if Re{s;x} > 0, i.e. if a pole of the dynamical system ([6]) lies on the right-
half of the complex plane, the value of the term L(s;j) lies within the circle
2| = Jf B(r)T'(7)dr in the complex plain;
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o if Re{s;r} < 0, i.e. if a pole of the dynamical system (@) lies on the left-
half of the complex plane, the value of the term L(s;;) lies outside the circle
2| = [y B(r)T(7)dr;

Bearing in mind the preceding discussion and the relation (IIl), the poles of the
dynamical system ([6)) will lie within the left-half of the complex plane, i.e. Re{s;;} <0,
providing:

IEBETN e, = g0 >, BEOTEr,

lemsss = BTN CAT
for all 7 and k.

From the Perron-Frobenius theorem for non-negative and irreducible matrices, the
leading eigenvalue, A\;(A), of the matrix A is distinct, real and largest by module,
compared to all other eigenvalues; therefore it minimizes the term 1/5||\;(A||. For this
reasons, providing:

1 T —
NIV /0 B(r)T(r)dr (12)

holds, the poles of the second set of N equations of the dynamical system () lie

within the left-half of the complex plane, resulting in lim; .., p{/(¢) — 0. This yields
limy—oopiZ(t) — 0, limy_oopl(t) — 0, limy_oopZ(t) — 0, and the point of epidemic
origin of the dynamical system (3)) is globally asymptotically stable.

The Proof is completed. O

In accordance with the Theorem, the relation:
1 T —

Y /0 B(r)T(r)dr (13)
defines the boundary between the parametric region related to the state of permanent
epidemic presence in the network and the region of epidemic absence. In that sense,
the equation ([[3)) represents the epidemic threshold for the non-Markovian SEIS model

occurring on complex networks.

Remark 1. The immense importance of proper inclusion of the initial conditions in
the non-Markovian SEIS model, is discussed, for the discrete-time case, in details in
[15]. The focus of this article is set around the model analysis in the endemic state, i.e.
for circumstances in which initial conditions play a minor role. Therefore, it is fairly
assumed that the initial epidemic outbreak occurred at moment preceding the beginning
of analysis (time t = 0), for both systems (1) and (3) and that properly collected set of
initial condition, for the time period (—T,0], ezists.

3. Equivalence of the stationary states of the non-Markovian SEIS and
Markov SIS model

In this section, we present the main result of the paper — that the stationary state
solutions of the non-Markovian SEIS model, may be found from the stationary
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state solutions of the Markov SIS model, providing certain relations between process
parameters — infection rates for both Markov SIS and non-Markovian SEIS model §3,
curing rate for the Markov SIS model v and the DTPFs (CTPFs) I'(r) and B(r) for
the non-Markovian SEIS model — hold. The purpose of the following analysis is to
show that the steady state probabilities that the node i is Exposed, p¥, for the non-
Markovian SEIS model, may be directly related to the steady state probability of the
node i being Infected for the Markov SIS model. Knowing steady-state value of pZ, one
may easily calculate the steady state probability of the node i being Infectious, p!, for
the non-Markovian SEIS model.

In the following text, we would frequently re-direct the attention of the reader
between the Markov SIS and the non-Markovian SEIS model. In order to avoid any
confusion in respect to the form we are referring to, in this and in the next Section,
labels M for the Markov SIS and NM for the non-Markovian SEIS form would be
used for the variables and the parameters (except for B(7) and T'(7)), in the form of

superscripts.

3.1. Discrete-time model

Starting from the system of equations (), the stationary state solutions of the discrete-

time non-Markovian SEIS model, pV = pZ-E’NM(t), prNM pf’NM(t), may be found
from the relations:
ENM E.NM il ILNM ==
pi =0 =-p ) (1= H(l —pj az’jﬁNM) I'(7) (14)
7j=1 7=0
ILNM E.NM il ILNM = =
i (1 =p ") (1= T = py™ M ay M) B(m)I'(1)
7j=1 7=0
By dividing equations in (I4)):
Iy B(r)T
piI,NM _ piE,NM ZT_OT_I(I) (7) (15)
ZT:O F(T)
From the eq.(I4]) and eq.(IH), the stationary state solution of the non-Markovian SEIS
model, in respect to the variable pf ’NM(t), may be written in the following form:
N T-1
P = (1= pPY) (1 -TIa- pf’NMaiﬁfU) > T(n) (16)
7j=1 7=0
with B¢/ defined with:
T-1 =
ﬁeff — ﬁNM ZT:O B(T)F(T) (17)

S5 I(T)
Discrete-time Markov SIS model occurring on complex networks is well known in
literature, and is mathematically represented in the following form [17, [1§]:

PP+ 1) = (1= p/M(0) (1 -1la —PJI-’MaijﬁM)) (18)

+ (1 =" ()
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The stationary state solution of the system of equations (I8), pl"™™ (t) = p/™:

I,M _ (1 - szM) (1 - H;V:1(1 - p?MaZ]ﬁM))

Di (19)
A M
We formulate the stationary state equivalence between the Markov SIS, and non-
Markovian SEIS model in a sense that p2** = pl"* By taking:
T-1 Il
M _ peffNM _ gNM -0 B(T)I'(7) 20
S S G .
and then dividing equations (I9) and (I6), assuming equality p”™ (t) = p!"* holds, one
obtains:
1
M
M = (21)
>rso I(r)

The analysis conducted above, leads to the following conclusion: providing relations (20)
and (2I)) hold, the stationary probabilities of each node being Exposed in the discrete
non-Markovian SEIS model equals the stationary probabilities of the nodes being in
status Infected, in the discrete Markov SIS model.

3.2. Continuous-time SEIS model

In the stationary state, p”™" = pPNM (), pENM = pINM (1) “the relation (B) takes the

following form:

T N
PPN = (L= P [CT()dr 3 a8 (22)
j=1

T N
I,NM E,NM = I.NM
PN = (1 =P [T BT ()T Y a8,
Jj=1
The last pair of equations represent nonlinear system from which one can determine
the stationary probabilities. By dividing equations in (22]), We show that in the

I,NM E,NM

stationary state, the variables p; and p;

pINM _ [ BNM Jo B(r)T(r)dr
Z Z Jo T(r)dr
If one substitutes the relation (23)) into the first equation of the system (22)), one
obtains:

are related in the following fashion:

(23)

N T .
PPN = (1= PNV S BV [T BT (s (24)
j=1
The Markov SIS model in continuous form is well known [21], and may be written
as:
dpi ™t -
O = 0)5 S a0 — 2 ) 25
j=1
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From (25), the stationary state solution, pi™ (¢t) = pI™, dpl™(t)/dt = 0 of the
Markov SIS model may be written in the form:

LM N I.M
IM (L—p;")BY j=1%ijP;j

We seek equivalence between the models by equalizing the stationary probability

(26)

of the arbitrary node being Infected in the Markov SIS model with the stationary
probability of the corresponding node being Exposed in the non-Markovian SEIS model,
ie. phM = pPNM - From relations (26) and (24) (dividing the two equations under
the equality assumption), one obtains that the stationary state of the non-Markovian
SEIS spreading process may be obtained form a Markov SIS process providing following

relation holds:
pM vy [T =
=0 /0 B(r)T(7)dr (27)

One should note the interesting difference between the relations (20, 21]) and (27).
While (20, BI)), in the discrete-time case, fully define both the $* and ~™ for the
Markov SIS equivalent, relation (27)), in the continuous-time case, leaves certain degree
of freedom in the choice of one of these parameters.

As an interesting consequence, one should note that from the second relationship

in (22)), when the epidemic is weak pENM

)

T . N
P = 5% [T BT()ar Y agpf ™.
j=1

~ 0, one has

pLNM

In the matrix form, if is the vector of probabilities of infectious state, and

A is the network connectivity matrix, one has
T —
PIM — G APIN [ B T(r)dr,
0

The last expression indicates that the Infectiousness probability vector is
eigenvector of scaled connectivity matrix in weak epidemic. This is similar to the
previous result that the principal eigenvector determines the probabilities of infection
in SEAIR model [22]

3.3. Determination of the epidemic threshold from the Endemic state equivalence

Standard approach in determining the epidemic threshold for stochastic spreading

processes, requires thrall mathematical procedure that is based either on establishing the

stability criteria for the system around the point of epidemic origin, as done here in the

Section 2.1.2, or complex statistical analysis. In this segment, we show that the endemic

model equivalence, enables us to derive the epidemic threshold for non-Markovian SEIS

model, directly from the well-known epidemic threshold for the Markov SIS process.
The epidemic threshold for the Markov SIS process is defined as:

M(A) = %, (28)
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with A;(A) being the largest (leading) eigenvalue of the adjacency matrix A. This
relation holds for both discrete-time SIS model [17, 18], as well as continuous-time SIS
model [21], 23].

Stationary-state equivalence between the Markov SIS and non-Markovian SEIS
implies that, providing equations (20, 2I]) in the discrete-time, and (27) in continuous-
time SEIS model hold, then:

pr M = limysopy MM (1) = limysoopi ™ (1) = pi™
Consequently, if pf M — 0, then pf MM — 0 as well. Since, pf M — 0 in the general

case, holds for all ¢ if the system is parametersized "under” the epidemic threshold,
in accordance with relations (202I) and (27), the epidemic threshold for the non-
Markovian SEIS model is defined with:
™ 1
M(A)=— = — 29
&)= B = B ST BT )
in the discrete-time case, and:
M 1

_ X
MA) = G = ANM " B(r)T(r)dr

in the continuous case. For the discrete-time case the relation (29)) is derived in precise
analytical procedure in [15]. The relation (30) is identical to the equation (I3]) derived
in Section 2.1.2.

As presented in this subsection, the stationary-state model equivalence, leads
directly to the result for the epidemic threshold of the non-Markovian model. No thrall

(30)

statistical or system stability analysis is required to obtain this result. This feature
further emphasizes the importance of the main result of the paper.

4. Numerical analysis

In this section we present the results of the numerical analysis, in order to validate the
theoretical results obtained in the previous sections. The analysis is focused around
the main result of the paper, i.e. the stationary state equivalence between the non-
Markovian SEIS and the Markov SIS model.

The numerical analyzes in the paper are conducted on the following networks:

e Barabasi - Albert [24] directed and weighted graph with N = 1000 nodes, total of
L = 3992 uni-directional links , and the largest eigenvalue of the graph’s adjacency
matrix A\ (A) = 5.2922. The reference BA1000, will be used for this network
thought the paper. The network is derived from a symmetrical BA(1000,1996)
graph, with N = 1000 nodes, generated with parameters my = 3, m = 2;

e Watts - Strogatz [25] directed and weighted graph with N = 1000 nodes, total of
L = 6000 uni-directional links, and the largest eigenvalue of the graphs adjacency
matrix A\j(A) = 3.26997. This network would be further referenced as WS1000.
The network is derived from a symmetrical WS(1000,3000) graph, with N = 1000
nodes, generated with parameters r = 3, p = 0.2;
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4.1. Discrete-time model

In order to confirm the results for the discrete-time model, following [15], we consider
two different sets of DTPFs. The first set is related to the case of cumulative-like
manifestation of Infectiousness, while in the second set the manifestation has random
character. Both sets are presented in Table [Il

Table 1: DTPFs of the two discrete-time cases cases: Cumulative manifestation and
Random manifestation

r o] 1234567 [8]09]10
(ry]00fo0foolo1]02]03]05]08]1.0[1.0]10
(r) [0.0]0.0[00]0.000[02|03]05]|08]0.9]1.0
(r]oof1ol1o0lo0]00]10[10]00]00]10]10
(r) [0.0]0.0]00]0000[02|03]05]08]0.9]10

Cumulative manifestation

= W

Random manifestation

=

The simulations were conducted as follows: for the non-Markovian SEIS model,
for both set of DTPFs, parameter SV was varied in the range ¥ € [0,1), with a
step of 0.01. Using relations ([2021), parameters ™, varied in the parametric region
BM € 10,0.0.215875], in the Cumulative manifestation case, and 8™ € [0,0.495] in the
Random manifestation case, with v = 0.27027 in both cases.

Results of the analysis in the discrete-time case are presented in Fig. [1I
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Figure 1: Comparison between the steady-state values of the number of Exposed
individuals in the discrete-time non-Markovian SEIS model and the Markov SIS model.
Meaning of the symbols in the legend: nM-non-Markovian, M—Markov; E-Exposed,
[-Infected; C—cumulative manifestation, R—random manifestation. (a) BA1000 graph;
(b) WS1000 graph.

The results from the analysis indicate that there is a perfect overlap of stationary
state solutions of both the discrete-time non-Markovian SEIS model and the Markov
SIS model, providing relations (20/21]) hold.
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4.2. Continuous-time model

The CTPF’s used in the continuous-time case (cumulative manifestation only) were
constructed as follows: it is assumed that the process lasts for total of T = 65
time units. The instance manifestation probabilities were obtained from the Weilbull
p.d.f: w(t;a;N) = aX(TA)* lexp (—(7A)%), with parameters « = 2.04 and \ =
0.103 [26, eq.2][12], normalized to 65 days: b(t) = w(r;;\)/ [ w(T;; N)dr. The
daily recovering probabilities were obtained from log-normal distribution I(7; u;0) =
1/(rov2m)exp (—(InT — pu)?)/0?), p = 3, 0 = 0.28 normalized to 60 days, and
then time-shifted for 4 days, obtaining: ~(r) = 0, for 0 < 7 < 4 and (1) =
T — 4 p50)) [P U1 — 4; p; 0)dr, for 4 < 7 < 65. Parameters were chosen to match
mean recovery time of 25 + 6 days.

In the analysis, the continuous-time non-Markovian SEIS model was simulated
using the integral form (2)), while varying the parameter 3™ in the [0,1) range. The
constant of integration A7 = 0.1 was used in all cases, except for the BA1000 graph with
BYM > .81, where, for the reasons of numerical stability, the constant of integration
was reduced to A7 = 0.05. The Markov SIS model was integrated with forward Euler
method, with numerical constant At = 0.01. Parameter v = 0.01, was arbitrarily
chosen, and parameter Y calculated from (27)) varied in the [0,0.162568] region.

Results of the analysis in the continuous-time case are presented in Fig.

n 1000 e

gl N W s TV N

D

+ 800+

(O}

Y

£

= 600

-2

L

)

o 400

[}

(2]

g M-SEIS-E-BA

— n - --

>< -

aj 200 X  M-SIS-I-BA

e —— nM-SEIS-E-WS

S 0 *  M-SIS-I-WS

Z T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: Comparison between the steady-state values of the number of Exposed
individuals in the continuous-time non-Markovian SEIS model and the Markov SIS
model. Meaning of the symbols in the legend: nM-non-Markovian, M—Markov; E—
Exposed, I-Infected; BA-BA1000graph, WS-WS1000graph.
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As in the discrete-time case, the results from the analysis indicate that there is a
perfect overlap of stationary state solutions of both the continuous-time non-Markovian
SEIS model and the Markov SIS model, providing relation (27) holds. However, one
should exercise caution when considering the arbitrary choice of one of the parameters
BM or v in the continuous time case: the application of relation (27), should result
in M < 1 or M < 1, providing ¥ or M are arbitrary chosen, respectively.

5. Representation of Markov SIS models as non-Markovian SEIS models

In this Section, as a result of secondary importance, We show that every classical
(Markov) SIS model occurring on complex networks, may be represented as non-
Markovian SEIS model, with proper selection of DTPFs/CTPFs B(r) and ~(7).
[lustrative numerical example of this feature for the discrete-time case, has already
been presented in [15]. In this article, this feature is theoretically investigated and
shown for both model forms in a concise mathematical procedure.

As a note to the readers, in what follows, we avoid the use of label superscripts,
since the whole procedure is conducted on the non-Markovian SEIS model, that under
the investigated circumstances reduces to the Markov SIS form.

5.1. Discrete-time case
Consider, as suggested in [15], B(7) = 1, for all 7, and v(7) = v(1 —7)" s(7 — 1), with

0 < v < 1, with s(7) being the Heaviside function. Consequently, I'(0) = 0, T'(0) = 1,
[(r)=1—(1—-7)7,T(r) = (1 —v)". Acting similar as in [I6], we obtain:

pHt4+1)=pEt+1) Z 1 —pEt —m))Pi(t —7) =
= (1—pf(t)) 2_: L—pl(t—7)T(r)Pi(t —7) =
= (L=pf()P(t) Z_: (1=pf(t—7)D(r =Pt —7) —

—(1=p/(t=T)A—=7)"P(t-T) =
=1 =p’ )P + (1 —y)pi(t) = (1 —p (t=T))(1—7)"P:(t = T)
When T — oo, the last term in the equation vanishes. Bearing in mind that
pP(t) = pl(t), the following relation holds:

pi(t+1)=pft+1)=

= (1—p;(t) (1 - [I—pjt )%@) + (1= 7)pi (t) (31)
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The last equation is the equation of the Markov SIS model (I8). To summarize, for
arbitrary values of parameters § and -, the discrete-time SIS model, may be represented
as non-Markovian SEIS model, providing B(7) and () satisfy the relations defined in
the introduction of this Subsection.

5.2. Continuous-time case

) = 1, consequently pZ(t) = pl(t), and T(7) = exp(—y7) and T — oo
(see [16] for details) one obtains:
) _

dp] (t
dt

By considering B(T

= (L—pj(t Zp] Jai3 —

—7/ (1—pj(t—7))s ij T)a;;Be”"dr
= (L—pji(t ZP] Jaii B

—7/ (1—pi(t—1))s ij 7)ay ST (T)dr

1_p7, Zp] al]/B_fypZI(TJ’

The last relation is identical Wlth the classical formulation of the Markov SIS model
occurring on complex network, in continuous time (25]). The relation confirms that, for
a given Markov SIS, defined by parameters § and ~, exists a non-Markovian SEIS model
defined with the identical parameter 8 and CTPFs B(r) = 1 and I'(1) = exp(—y7),
such that the non-Markovian SEIS mimics the behaviour of the Markov SIS model on
complex networks.

6. Conclusions

The non-Markovian systems more accurately address the spreading processes in
comparison with Markov models.  This characteristic of non-Markovian models
originates in their basic definition — to consider the status transitions that accompany
the spreading as non-Poisonous processes, as confirmed by every-day practices. On
the adverse side, the numerical analysis of non-Markovian processes is computationally
more demanding. The computational complexity increases with the process memory,
i.e. with parameter 7. Even further, in continuous models the choice of an accurate
integration step may require substantial amount of computer memory, in order to store
and manipulate with an excessive number of preceding states. When these features are
accompanied by a huge network, the analysis of a non-Markovian, in this case SEIS,
model, may become an overwhelming task for all, but a fairly small number of computing
devices.
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In this article we have shown that for the basic non-Markovian re-occurring model,
the SEIS model, the stationary state distributions of nodes being Exposed/Infectious,
may be found from a Markov SIS equivalent. This result is of at-most importance,
since it allows the numerical analysis of the stationary state solutions of the spreading
processes to be conducted on systems with standard computational capabilities. In that
sense, the result contributes to bringing the computational analysis of non-Markovian
models closer to more users, especially individual researchers, small research teams
and organizations, that may not be able to acquire a sufficiently powerful computing
equipment.
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