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Abstract. The notion of ternary groupoid powers is introduced and some
of its properties are investigated. In particular, it is shown that the set E
of ternary groupoid powers, under a suitably defined binary operation, is a
cancellative monoid and that this monoid is free over the set of its irreducible
elements.

In the paper [1] groupoid powers are considered to be elements of a term
groupoid over the one element set {e}. Following this note, we introduce in the
present work the notion of ternary groupoid powers and investigate some of their
properties. The main results of the paper are Theorem 1 and Theorem 2 .

Let G be a nonempty set. The mapping []: G® — G from the third cartesian
power of G into G is called a ternary operation. The set G together with the
ternary operation [ | is called a ternary groupoid, or shortly, 3-groupoid and will
be denoted by (G, [ ]) or shortly by G. The ternary groupoid of ternary terms
over a given nonempty set X will be denoted by Tx = (Tx,[]) and its elements
by t,u,v,... The groupoid Ty is injective, i.e. if t;,u; € Tx, for i = 1,2,3, then
[t1t2t3] = [U1UQU3] = t1 = U1, t2 = ug, t3 = us.

For any term t € Tx we define the length |t| of t and the set of subterms P(t)
of ¢ in the following inductive way:

|| =1, |[tatats] | = [t1 |+ |t2 | + [ 23]
P(x) = {z}, P([titats]) = {[tatats]} U P(t1) U P(t2) U P(t3),

for any x € X and any t1,t2,t3 € Tx.
If X is an one-element set {e}, then we write E = (E,[ ]) instead of Ty, =

(Ttey,[ ). Note that E = {e, [¢], [ee[]], [e[¢]e], [[€]ee], ...}, where [€] stands
for [eee]. Its elements are called ternary groupoid powers and are denoted by
f7 g7 h’ A

The number of ternary groupoid powers of length 2n+1 is denoted by 6(2n+1),
where n is any nonnegative integer. By induction on length it can be obtained the
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following recurrent formula:
0(1)=1, d2n+1)=Xd()0(4)d(k),

where (4, j, k) is an ordered 3-tuple of odd positive integers such that i + j + k =
2n + 1, for n > 1.

By a result of P. Hall ([3]), 6(2n + 1) can be obtained by the explicit formula

(3n)!
(2n+ 1)!n!”

Let G = (G,[]) be a 3-groupoid and E = (E,[]) be the ternary groupoid of
ternary terms over the set {e}. Every f € E induces a transformation f¢ : G — G,
called an interpretation of f in G, defined by:

(Va € G) f9(a) = ga(f),

where ¢, : E — G is the homomorphism from E into G, such that ¢,(e) = a. In
other words, for any f,g,h € E,

eC(a) = a, [fgh]®(a) = [f%(a)g®(a)h(a)]. (1)
We will usually write f(a) instead of f¢(a) when G is understood.

By induction on the length of f, for any f € E and t € Tx it is shown that the
following proposition holds.

i2n+1) =

Proposition 1. Ift € Tx and f € E, then:
a) [ )| =1f1-]t] b)te P(f(t)).
Proof. a) If [ f| =1, then f = e, and [ f(t)| = [e(t)[ = [t] = 1-[t] =[f]-[|t].

3 3
If[f| =3, then f = [e], and [f()| = [[e](t)| = [[e(t)e(t)e(t) ]| = [[tit]] =
[t|+|t|+]t|=3-]t] =|f]||t| Therefore, the statement is true for | f| =1
and | f| = 3. Suppose that | f(t)| = |f]|-|¢| for any ternary groupoid power

with odd length less than or equal to 2k — 1 and let | f(¢)| = 2k + 1. Then,
f = [fifzf3], where fi, f2, f3 have odd lengths less than or equal to 2k — 1,
| fil+ 1 f2l+ | fs]=]f]and

FO1 =LA fofs 10 | = | LS00 = @)+ Fo0) |+ F5(8) | =
SR+ e+ sl = (F 4 o+ fs D) [E = [ F]- ]

b) If |f| =1, then f = e, f(t) = e(t) =t and t € P(t) = P(f(¢)). If
| f| =3, then f(t) = [eee](t) = [e(t)e(t)e(t) | = [tit], and P(f(t)) = P([ttt]) =
{[ttt]} U P(t). From the fact that t € P(t), it follows that ¢ € P(f(t)). Suppose
that the claim is true for any f € E, such that | f| = 1,3,...,2k — 1. Then,
f=1/f1faf3], where fi, fa, f3 have odd lengths less than or equal to 2k — 1 and
i€ PUL(1) for i = 1,2,3. By this, since P(f(t) = P({f1(t)fa(t)fs(1)]) =
{f@&) U P(f1(t)) U P(f2(t)) U P(f3(t)), it follows that t € P(f(t)). O

By induction on the length of f, injectivity of Tx and Prop.l a), it can be
shown that the following proposition holds.

Proposition 2. Let f and g be ternary groupoid powers and t,u € Tx. Then:
a) f(t) = f(u) = t=u. b) f(t) =g(t) = =g
o) f(t)=g(w) A (I fl=1gl VIt|=]|u]) & f=g Nt=u O
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Proposition 3. Let f and g be ternary groupoid powers and t,u € Tx. Then:
ft)=g) A [t[>]u] & 3'he E\{e}) (t="nh(u) A g=[f(h)).
Proof. Let f(t) = g(u) and |t]| > |u|. If |f| = 1, than f = e, and therefore
t =g(u). If h =g, then t = h(u) and g = e(g) = e(h) = f(h). Clearly, g # e,
because if the opposite is true, we would have f(t) = v and then by Prop.1 a),

| fllt] =|ul, that contradicts || > |u|.

Suppose that the statement is true for | f | = 1,3,...,2k—1. If | f | = 2k+1, then
f=1/1faf3], where | f1],] f2],] f5 | are less than or equal to 2k —1. If f(¢) = g(u),
then 1 9] = | [919290] | > 26 + 1, and [ () f2()f5(8)] = [gn (w)ga (u)ga(u)]. From
the fact that Tx is injective, it follows that f1(¢) = ¢1(u). By the inductive
supposition, there is h € E \ {e}, such that ¢ = h(u). Then g(u) = f(t) =
f(h(uw)) = (f(h))(u) and thus by the Prop.2 b), it follows that g = f(h).

If ' # e is a ternary groupoid power that has the property ¢ = h'(u) and
g = f(K'), then by h'(u) = h(u) and Prop.2 b), we obtain that A’ = h. Hence,
h # e is a unique ternary groupoid power with that property.

The converse is also true. Namely, if there is a unique ternary groupoid power
h # e, such that t = h(u) and g = f(h), then |t| = |h||u| > |u| and g(u) =
(f(h)(u) = f(h(u)) = f(1). O

The corresponding translations of the above properties that can be done when
Tx = (Tx,]]) is replaced by E = (E, []), are obvious.

Define a binary operation o on the set E of ternary groupoid powers by:

f.geE = fog=f(g) (2)

The operation o is well defined by the formula (1), and therefore, (E, o) is

a groupoid. We obtain an algebra (E,[ |,0) with one ternary and one binary
operation such that for any g, f1, f2, fs € E

ecog=g, [Nifafsleg=1[(fio9)(f209)(f309))] 3)

Note that o is right distributive with respect to the operation []. We will show
the following

Theorem 1. The groupoid (E, o) is a cancellative monoid.

Proof. Let f,g,h € E. By the induction on | f|, one can show that (fog)oh =
fo(goh). If |f| =1, then f = e, and therefore, (fog)oh = (eog)oh =
goh =eo(goh) = fo(goh). Suppose that the proposition is true for any
f € F with odd length, less than or equal to 2k — 1. Let | f| = 2k + 1 and
f=1f1f2f3]- Then f1, fa, f3 have odd lengths, less than or equal to 2k — 1, and
thus (f;0g)oh = f;0(goh), for i = 1,2,3. Hence,
(fogloh=([fifafs]log)oh=[(fiog)(faeg)(fsog)]oh=

= [((frog)oh)((f209)0h)((fsog)oh)] = [(fio(goh))(f20(g90h))(fso(goh))] =

=[fifafs]o(goh)=fo(goh).

Clearly, e € F is the identity element for the operation o. Namely, for any
g € E, by (1) and (2), we obtain that eo g = e(g) = g, i.e. e is a left identity. By
induction on |g| one can show that e is a right identity. If |g| = 1, then g = e,
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and therefore, goe = eoe = e = g. Suppose that go e = g holds, for any g € F
with odd length, less than or equal to 2k — 1. Let |g| =2k + 1 and g = [ 919293 |-
Then g; o e = g;, where g; has an odd length, less than or equal to 2k — 1, for
i =1,2,3. Therefore, goe = [g1g293]oe = [(g10€)(g20€)(g30€) | = [919295] = g,
i.e. e is a right identity.

Hence, (F, o) is a semigroup with identity element, i.e. (E,o,e) a monoid.

The monoid (E, o, e) is left cancellatve, i.e. fog= foh = g= h. Namely, if
f = e, then g = h. Suppose that implication holds for any f € E with odd length,
less than or equal to 2k — 1. If | f| = 2k+ 1 and f = [ f1f2f3], then f; has an odd
length, less than or equal to 2k — 1 and fiog = fioh = g=h, fori=1,2,3.
Thus, fog={[fifafs]og=[(fiog)(faog)(fsog)|and foh=[fifofs]oh=
[(fioh)(faoh)(fsoh)]. By fog = foh and the injectivity of E = (E,[]) it
follows that f; og = f; o h, for i = 1,2,3. By the inductive supposition, we obtain
that g = h.

That (E, o, e) is right cancellative can be shown analogously. O

A ternary groupoid power f is said to be irreducible in (E,o,e) if and only if
f#e N (f=goh = g=eV h=e). (4)

A ternary groupoid power f is said to be reducible in (E,o,e) if and only if
there are g, h € E'\ {e} such that f =goh.

Proposition 4. If the length | f| of the ternary groupoid power f is a prime
number, then f is irreducible in (E, o, e).

Proof. Let f = goh. By Prop.1 we obtain that | f| =|g]|-|k|. If | f]is a prime
number, then |g|=1or |h| =1, ie. (4) holds. O

Proposition 5. If g, h,p1,p2 are ternary groupoid powers, such that p; and po
are irreducible in (E,o0,¢e) and if g o py = hopy, then g = h and p1 = ps.

In other words: If f € E \ {e} is reducible, then it has a uniquely determined
left and right divisors and the right divisor is irreducible.

Proof. If |g| = 1, then g = e and p; = go p; = hopy. From the irreducibility
of p; and po we obtain that h = e. Thus, g = h and p; = p2. Suppose that the
proposition is true for | g| < 2k + 1, i.e.

g <2k+1 A gopi=hopy, = g=h A p1=pa.

Let |g| = 2k + 3. (Clearly, h # e. Namely, if h = e, then we would have
gops = hopy = eopy = pg, and that contradicts the assumption that py is
irreducible.) Then g = [g1g293] and h = [hihshs], where g1, g2, g3 have odd
lengths less than or equal to 2k + 1. From gop; = [(g1 op1) (g2 0 p1) (g3 0 p1)],
hopy={[(hiops)(haops)(hgopse)] and gop; = hops, and by the injectivity of
(E,[]), it follows that g; o p1 = h; o pa, i = 1,2,3. By the inductive supposition
we obtain that g; = h;, ¢ =1,2,3 and p; = p3. Thus, g =h and p; = po. (]

The monoid (E, o, e) of ternary groupoid powers is characterized by the follow-
ing property.
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Proposition 6. For every f € E\{e} in the monoid (E,o,e) of ternary groupoid
powers, there is a uniquely determined sequence of irreducible elements p1,...,Dn,
such that f =pyopaso---opy,, or f =p1, if f is irreducible.

Proof. If f is irreducible or the length | f| of f is a prime number, then the
statement is clear. If f is reducible, then by the Prop.5, there is a uniquely
determined pair (g1, p) of ternary groupoid powers, such that f = g1 o p and p is
irreducible. The same discussion can be repeated for g1, too. This procedure will
end after finite number of steps, because | f| > |g1|> ... O

By Prop.6 it follows that the set P of irreducible elements in (E,o,¢e) is a
generating set for (E,o,e). Clearly, P is a countable set. The monoid (E,o,e)
has the universal mapping property for the class of monoids over P. Namely, let
(M,-,157) be a monoid and let A : P — M be a mapping. Define a mapping
v : E — M by: p(e) = 1y, @(pi) = A(p;) for any p; € P, and for any reducible
feE o(f)=piop2o--op,) = Ap1) - A(p2) - -+ - A(ps). Clearly, ¢ is an
extension of A and it is easily shown that ¢ is a homomorphism from (F, o, e) into
(M,-,157). Therefore, (F,o,e) has the the universal mapping property for the
class of monoids over P. Thus, we have shown the following

Theorem 2. The monoid (E,o,e) of ternary groupoid powers is free over the
countable set of irreducible elements in (E,o,e€). O
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