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On Quaternary Associative Operations*

VESNA CELAKOSKA-JORDANOVA

ABSTRACT. Some properties of quaternary associative operations that have
neutral sequences are investigated. A characterization of such operations by
means of binary primitive operations is established.

1. PRELIMINARY NOTES

In the paper [1] ternary associative operations that have neutral sequences are
considered. Following this note, in the present work we investigate some properties
of quaternary associative operations that have neutral sequences, and we obtain a
characterization of such operations by means of their primitive binary operations.
The main results of the paper are Theorem 2.1 and Theorem 3.1.

For the sake of completeness of the exposition some definitions and notations
that will be used further on are stated bellow.

Let M be a nonempty set and n be a positive integer. An n-ary operation A
on M is a mapping from M" into M, where M" is the n-fold direct power of M.
The pair (M, A) is called an n-groupoid. The elements of M™, i.e. the n-tuples
(x1,22,...,2p), where x; € M, i € {1,2,...,n}, will be denoted by 1z ...z, or
x! and will be referred as sequences. In the case when z1 = 9 = ... 2z, = z, the
sequence z{ is denoted by z". If A maps the element 2] € M™ into y € M, then
we write A(z}) =y or [z]] = v.

In the special cases when n = 1,2,3 or 4, the operation is said to be unary,
binary, ternary or quaternary, respectively.

Let A be an n-ary operation on M. An m-ary operation B on M is said to be
induced by A if the following conditions are satisfied:

(i) if m =1, then B(z) = z, for any x € M;
(ii) if m > 1, then there are m;-ary operations By, B, ..., B, on M, induced
by A, such that

B(z") = A(By(z]"), Bg(mziiam), cery Bu(oo oy xm)),

where m =m1 +mo + -+ + my,.
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18 ON QUATERNARY ASSOCIATIVE OPERATIONS

If B is induced by A, than A is called a primitive operation for B.

By induction on m one can show that m = k(n — 1) + 1, for some nonnegative
integer k.

A sequence e’f*l is said to be i-neutral for A (i € {1,2,...,n}) if for any x € M,
A(ei‘lxe?_l) = 7; and, e’f_l is called neutral sequence for A if it is i-neutral for
all i = 1,2,...,n. (As usual, wlg denotes the element z; and xllz—l the empty
symbol.)

An element e € M is said to be i-neutral for A (i € {1,2,...,n}) if the sequence
e"~!isi-neutral for A; and, e is neutral for A if it is i-neutral for alli = 1,2, ..., n.

An element ¢ € M is called central element for the n-groupoid (M, A) if for all
T1,...,Tn—1 € M and all 7,5 such that 1 < ¢ < 5 < n, the following equalities
hold:

A(a:iflcxnfl) = A(:B{flcx;-“l).

(2
The set of all central elements in (M, A) is called the center ([2]) of (M, A) and
is denoted by Z(M).
An n-ary operation A on a set M is said to be associative if for each i =
2,3,...,n and for any x1,xo,...,%o,—1 € M, the following equality holds:

A(A@})zy") = Ay Al D).

Specially, if A is a quaternary operation, then A is associative if
A(A(z)af) = Alar A(a3)zg) = A(aTA(af)zr) = A(z}A(x])).

It is easily shown that if A is a quaternary associative operation, then there is only
one (3k + 1)-ary operation B that is induced by A, for any nonnegative integer k.

In what follows we will assume that A is a quaternary operation on a set M
and we will often write [zyzt] instead of A(zyzt).

2. QUATERNARY ASSOCIATIVE OPERATIONS WITH NEUTRAL SEQUENCES

A sequence (ejege3) that is 2-neutral and 3-neutral for a quaternary associative
operation [ ] is in fact i-neutral for all i = 1,2, 3,4 and each member e; of (ejezes)
is a central element for []. This is the main claim of the following theorem.

Theorem 2.1. Let [ | be a quaternary associative operation on a set M and
(e1ese3) be 2-neutral and 3-neutral sequence for []. Then:

(a) the sequences (ey, ey €y,) are neutral, for any permutation vivavs of the
numbers 1,2,3;

(b) every member of the sequence (e1ezes) is a central element for (M,[]);

(c) a sequence (f1fafs) is 1-neutral if and only if (fifafs) is 4-neutral.

Proof. (a) There are 24 cases that should be considered. We will show the follow-
ing cases: l-neutrality of the sequences (ejeze3) and (ejeses), 4-neutrality of the
sequences (ejezes) and (ezeseq), and 2-neutrality of (ejeses).
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Using the fact that (ejeses) is 2-neutral and 3-neutral sequence for | | and that
[ ] is an associative operation on M one can show that the sequences (ejeze3) and
(e1eseq) are 1-neutral. Namely,

[zereses] = [e1ea[xereses]es] = [e1eax[ereseses]] = [e1eazes] = @
[xeresea] = [erea|xereses]es] = [ereax(ereseses]] = [ereaxes] = .

4-neutrality of the sequence (ejeze3) can be shown by using its 2-neutrality and
1-neutrality. Indeed,

[e1esesx] = [e1]e1eaesx]eses] = [[ere1e2e3]zeses] = [erzeres] = x.

Using the 2-neutrality and 4-neutrality of (ejeze3) one can show the 4-neutrality
of the sequence (eseseq):

[e2eseix] = [e1[ezeserx]eses] = [[ereaeser|xeses] = [e1xeses] = x.
2-neutrality of the sequence (ejesgez) can be shown by the 4-neutrality of (egezer),
2-neutrality of (ejeze3) and 1-neutrality of (ejeses):

[erxzeses] = [e1x[eaeseres)ea] = [[erxeses]ereses] = [xeieses] = .

The other cases can be easily shown similarly as the cases proved above.

(b) It suffices to show that [e;xyz] = [reyz] = [xye;z] = [zyze;], for all z,y, z €
M and i = 1,2,3,4. We will state the proof only for ¢ = 1, using 1-neutrality of
the sequence (egese;) and 2-neutrality of (ejeses). Indeed,

[erzyz] = [e1[xeseseryz] = [[erxeses|eryz] = [re1yz] =
= [ze1[yeseser]z] = [x[eryesesler z] = [zyeiz] =
= [xzyei[zezeser]] = [xyleizesesler] = [xyzes].

The other cases can be shown similarly, using (a).
(c) Let (f1f2f3) be 1-neutral sequence. By (b), for any x € M,

[f1faf3z] = [fifafslerzezes]] = [[f1fafze1]zezes] =
= [le1 f1 fof3]zeses] = [er1xeqes] = w.

Therefore, the sequence ( f1 f2f3) is 4-neutral. Conversely, let (f1 f2f3) be 4-neutral
sequence. By (b) one obtains:

[z f1fafs] = [[ereawes| fifaf3] = [ereaz[es f1fafs]] =
= [ereaz[f1f2f3e3]] = [ereazes] = x.
Therefore, the sequence (fi faf3) is 1-neutral. O

By E; we denote the subset of M that consists of all -neutral elements for [],
i.e. e € E; if and only if e is i-neutral for [ ], i € {1,2,3,4}.
The following two propositions are corollaries of Theorem 2.1.

Corollary 2.1. Let [] be a quaternary associative operation on M and (ejeses) be
2-neutral and 3-neutral sequence for []. If e € Eo N E3, then Eo N Es C By = Ey.
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Proof. Let e € EoN E3. Then by Theorem 2.1 it follows that the sequence (eee) is
i-neutral, for i = 1,2,3,4. Hence, e € E1 and e € Ey, i.e. e € E1 N Es N E3N Ey.
Therefore, F5 N E3 C Ey. On the other hand, by Theorem 2.1 (c), it follows that
e € Fy if and only if e € By, i.e. 1 = FE4. Hence, Es N E3 C E1 = Ey. U

Corollary 2.2. Let (M,-) be a semigroup and let for anyx € M, a-b-x-c=x =
a-x-b-c, for somea,b,c € M. Thena-b-c=a-c-b=b-a-c=b-cca=c-a-b=c-b-a
is a neutral element for the semigroup (M,-) and a,b,c € Z(M).

Proof. Putting [zyzt] = x -y - z - t, we obtain a quaternary associative operation,
for which the sequence (abc) is 2-neutral and 3-neutral. By Theorem 2.1 it follows
that the sequences (abc), (acb), (bac), (bea), (cab), (cba) are neutral for [ ]. By
1-neutrality and 4-neutrality of the sequence (abc), it follows that for any x € M,
z-a-b-c = [xabc] = x and a-b-c-x = [abcx] = x. Thus a-b-c is a neutral element for
(M,-). The same is true for all sequences obtained by permuting (abc). However,
if a semigroup posses a neutral element, then it is uniquely determined, and thus
a-b-c=a-c-b=b-a-c=b-c-a=c-a-b=c-b-ais a neutral element
for the semigroup (M, -). Using this, one can see that: x-a=(a-b-¢) -x-a =
a-(b-c-x-a)=a-[bcral =a-z forall x € M,ie a€ Z(M). The same is true
for b and c. O

Note that an n-ary operation (n > 3) on a set M may have more than one
neutral element ([3]).

Remark 1. 2-neutrality and 3-neutrality in Theorem 2.1 can not be replaced by 1-
neutrality and 4-neutrality of the sequence (ejeze3), see Example 2.1 below. Also,
the associativity of the quaternary operation can not be replaced by 2-neutrality
or 3-neutrality, see Example 2.3.

Example 2.1. Let D4 be the group of symmetries of the square. We are using
p; for rotations, u; for mirror images in perpendicular bisectors of sides, and &;
for diagonal flips. The table for Dy is given bellow.

po P1 P2 p3 M1 M2 01 02
po|po p1 p2 p3 p1 p2 01 02
pr|pr p2 p3 po O2 O1 p1 p2
p2|p2 p3 po p1 M2 M1 O2 O
p3 | p3 po p1 p2 01 02 po p
1| 1 01 p2 d2 po p2 p1 p3
p2 | p2 02 p1 01 p2 po P3 P1
01|01 p2 d2 p1 p3 p1 pPo P2
02| 02 p1 01 p2 p1 p3 P2 PO

Define a quaternary operation on Dy by [zyzt] = z-y- z-t. By the above table
it can be easily seen that the sequences (p1p1p2), (p2p3p3), (p11201) are 1-neutral
and 4-neutral, but they are not 2-neutral or 3-neutral. For example, [p1zp1p2] # =
if = pa. The sequence (pop2p2) is 1-neutral, 2-neutral and 4-neutral, but it is
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not 3-neutral. The sequence (j1p1p0) is 1-neutral, 3-neutral and 4-neutral, but it
is not 2-neutral. I

The following example provides sequences that are 2-neutral and 3-neutral.

Example 2.2. Let G be the group that is the direct product of the groups D4 and
Zy, i.e. G = Dy x Zy. Define a quaternary operation on G by [zyzt] =z -y-z-t.
One can obtain neutral sequences from the elements agp = (po,0), a1 = (po, 1),
az = (po,2), a3 = (po,3), bo = (p2,0), b1 = (p2,1), b2 = (p2,2), b3 = (p2,3). For
example, (apajas), (ajaiaz), (a1bib), (a1bobs), (azazas), (asbabs), are 2-neutral
and 3-neutral sequences, and thus by Theorem 2.1, they are i-neutral for all
i=1,2,3,4. [

Example 2.3. Define a quaternary operation on M = {a,b} by: a = [aaaa] =
[aaab] = laaba] = [abaa] = [baaa] = [bbaa] = [bbba] = [bbbb], b = [baba] =
[baab] = [abab] = [abba] = [aabb] = [abbb] = [babb] = [bbab]. The sequence (aba)
is ¢-neutral, i = 1,2, 3,4, but the operation is not an associative one. Namely,
[alaaablba] = [aaba] = a # b = [abba] = [[aaaa]bbal). I

We will state two lemmas that will be used further on for proving Proposition
2.1.

Lemma 2.1. Let [ ] be a quaternary associative operation on M and (ejeses) be

2-neutral and 3-neutral sequence for [ ]. Then, for any positive integers r and s,
the following three conditions are equivalent:
(a) [ai"er] = [yi*er];  (b) [2{"ea] = [yi®eal;  (c) [a]"es] = [yi°es].

(We denote by the same symbol [ | the (3k + 1)-ary operation induced by the
quaternary operation [ |.)

Proof. (a) = (b). Let [z37e1] = [y3%e1]. Then, by the associativity of [ ] and

2-neutrality of the sequence (ejeses), we obtain: [m?"eg] = [23"[e1ezeze3]] =
[[23"e1]esezes] = [[y7°er]eaeaes] = [y7°[erereses]] = [y7%€a).

The statements (b) = (c¢) and (¢) = (a) can be easily shown in a similar way as
(a) = (b), using the associativity of [ ] and 2-neutrality of the sequences (ezeze)
or (esejey), respectively. O

By induction on k one can prove the following

Lemma 2.2. Let [ ] be a quaternary associative operation on M and (ejezes) be

2-neutral and 3-neutral sequence for [|. Then, y = [yelesek], for any y € M and
any positive integer k. O
Proposition 2.1. Let [ | be a quaternary associative operation on M and let
(e1e2e3) be 2-neutral and 3-neutral sequence for []. Then, for any k > 1:

3k 5 Bk] ;
3k 3k] ;
3k 3k]

(a) [xerd ] =y if and only if v = [yéx°"é
(b) [z&%*] =y if and only if x = [yé&
(c) [ze3%*] =y if and only if x = [yé&
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Proof. The statements (a), (b), (¢) are shown by using Lemma 2.2, Theorem 2.1
(b) and Lemma 1.1. We will show only the statement (a), since (b) and (c) can
be shown similarly. Indeed,

[zei*] = y & [ze1%] = [yefeses] &
& [za®7le| = [yeiTleheke)] o [xaFTley) = [yeilebekey).
Repeating this procedure k — 1 times we obtain: [vé12%es] = [yesebel]. By

Theorem 2.1 (b), [zé1%¢el] = [ye3kek]. By this, using Lemma 2.2, Theorem 2.1
(b) and Lemma 1.1, we obtain:
k Sk Sk

2k k Sk 53k 52k

[ze1?*e5] = [[yeresesleseses] e [ze1™"es] = [yerey’es’] <
& [za® ] = ey e erta] & (v lejes] = [ye e es es].
Repeating this procedure k — 1 times we obtain that [vé;*ekel] = [yesFedt]. By

Lemma 2.2, x = [yesFest]. O

3. PRIMITIVE OPERATIONS FOR A GIVEN QUATERNARY OPERATION

For every n-ary operation A, the “identity” unary operation and A itself are
primitive operations; they are the only ones unary and n-ary operations that are
primitive for A. If n = 3, then the rest of the primitive operations are binary.
The same is true for n = 4, i.e. the rest of the primitive operations are binary
(they cannot be ternary because there is no k € N, such that 4 = k- (3 —1)+1).
If B is a binary operation, then the quaternary operations induced by B are:
[zyzt] = B(B(B(xy)2)t), [vyzt]s = B(B(xB(y2))t), [vyzt]s = B(B(xy)B(zt)),
[zyzt]s = B(xB(B(yz)t)), [zyzt]s = B(xB(yB(zt))).

The following question arises naturally: which primitive operations for a qua-
ternary associative operation that has 2-neutral and 3-neutral sequence are as-
sociative? Before we give the answer to this question, we will introduce some
notations.

Let [ ] be a quaternary operation on a set M and let a € M be a fixed element.
We define two binary and two ternary operations on M by:

Aga(zy) = [zyaa] and 4, A(zy) = [aazy],
Ay(zyz) = [ryza] and ,A(azyz) = [axyz]

for any x,y,z € M.
In a similar way one can define binary operations as follows:

Ag(zy) = [vaay], aAl(zy) = [azyal,
oA (zy) = [azay],  “Aa(zy) = [zayal.

The following two propositions provide necessary and sufficient conditions for
a binary operation to be primitive for a quaternary associative operation.

Proposition 3.1. Let [ | be a quaternary associative operation on a set M such
that (ereses) is a 1-neutral sequence for [ | and B be a binary operation on M.
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Then B is primitive for | ], [xyzt] = B(xB(yB(zt))), if and only if there is a
1-neutral element e € M such that B(xy) = Aec(zy).

Proof. Let [xyzt] = B(xzB(yB(zt))). Then, for any © € M, © = [xejeges] =
B(xB(e1B(eges))) = B(we), where e = B(e1B(ezes)). The element e is 1-neutral
for [ ]. Namely, for any = € M, [zeee] = B(xB(eB(ee))) = B(xe) = x. Then,
B(xy) = B(zB(ye)) = B(xB(yB(ee))) = [xyee]. Conversely, by the associativity
of [] and l-neutrality of the element e, for any z,y, z,t € M, we obtain:

B(zB(yB(zt))) = [z[y[ztee]ee]ee] = [z[[yzte]eeelee] =
= [z[yztelee] = [[zyztleee] = [ry=t]. O
The following proposition can be proved in a similar way as Proposition 3.1.

Proposition 3.2. Let || be a quaternary associative operation on a set M such
that (e1ezes) is a 4-neutral sequence for [ ] and B be a binary operation on M.
Then B is primitive for | ], [xyzt] = B(B(B(xy)z)t), if and only if there is a
4-neutral element e € M such that B(zy) = . A(zy). O

The following example shows that the associativity of the quaternary operation
in Proposition 3.1 and 3.2 can not be omit.

Example 3.1. By example 2.1, the sequence (p1p2671) is 1-neutral for the quater-
nary associative operation [zyzt] = x -y -z -t and pg is 1-neutral element for [ ].
The binary operation B, B(zy) = z -y, is primitive for [ |, i.e. B(x(B(yB(zt))) =
[xyzt]. Then py = B(p1B(p2d1)) and B(zy) = [zypopo]. However, this is not true
if [ ] is not associative. For example, let M = Z4. Define a quaternary operation
on M by [xyzt] = x4 2y. This operation is not associative. The binary operation
B(zy) = = + 2y is primitive for [ ], [xryzt] = B(zB(yB(zt))). The sequence (213)
is 1-neutral for | ] and the 1l-neutral element 2 is not equal to B(2B(13)), since
B(2B(13)) = B(23) = 0.

Remark 2. By the properties of associative binary operations it follows that a
quaternary operation on M is associative if at least one of its primitive binary
operations is associative. The converse does not hold, i.e. from the associativity of
the quaternary operation it does not follow the associativity of all of its primitive
binary operations. For example, let M = Z4. Define a binary operation B and
a quaternary operation [ | on M by: B(zy) = 2x + 2y and [zyzt] = 0, for all
x,y,z,t € M. The operation B is not associative, [ | is associative and B is
primitive for [ |, [zyzt] = B(B(xy)B(zt)).
Theorem 3.1. Let [ | be a quaternary associative operation on a set M and
(e1eze3) be a 2-neutral and 3-neutral sequence for | ].
(a) B is a primitive binary operation for A if and only if there is an element
e € E (where E = E; = Ey4 in Corollary 2.1) such that B = Aee or
B = A.
(b) Ife € E, then:

ceA(zy) = Ace(zy) & e € EaN Es & the operation Ae. is associative.
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(c) Ife, f € E, then:
Ar=A. & e=f
fA=A. & e=fecE;s.
Proof. (a) By Theorem 2.1, it follows that the sequence (ejeges) is l-neutral
and 4-neutral. Therefore, by Proposition 3.1, there is an element e € F such
that B = A or, by Proposition 3.2, B = ..A. The converse is also shown in
Proposition 3.1 and 3.2.
(b) Let Ace(zy) = ecA(zy). Then, for any x € M, x = [zeee] = Aec(xe) =
ceA(ze) = [eexe], i.e. e € E3. Also, x = [eeex]| = cA(ex) = Aec(ex) = [exee], i.e.
e € Fs. Therefore, e € Fo N E3. Conversely, let e € Fo N E3. Then,

ceA(zy) = [eexy] = [eelexee]y] = [[eeex]eey] =
= [zeey] = [zee[yeece]] = [x[eeye]ee] = [xyee] = Aee(xy).

Hence, Acc(zy) = e A(zy) if and only if e € Eo N Es.
Let e € E5 N E3. Then, for any z,y,z € M,

Ace(rAce(yz)) = [x[yzeelee] = [xy|zeeele] = [xyze] =
= [zy[eeze]e] = [[xyee]|zee] = Ace(Aece(Ty)2),

i.e. the operation A.. is associative. Conversely, let A.. be an associative oper-
ation, i.e. Aee(Aee(2y)2) = Ace(rAce(y2)), ie. [[xyee]zee] = [x[yzee]ee], for any
x,y,z € M. Then, for any y € M:

[eyee] = [e[eeeylee] = (by the associativity of A..) = [[eeey|eece] = [yeee] =y,
i.e. e € Fy. Also, for any z € M,
[eeze] = [ee[zeee]e] = [e[ezeelee] = [ezee] = z,
i.e. e € F3. Hence, the operation A, is associative if and only if e € Fo N Fj3.
(c) Let Ay = A, ie. [zyzf] = [zyze]. Then,
e = lejegeze] = lejezesf] = f.

The converse is obvious.
Let fA = A, ie. [fayz] = [xyze]. Then,

f = [feiezes] = fA(ereze3) = Ac(ereges) = [e1ezese] = e.
Also, for any x € M,
x = [eeex] = (A(eex) = Ac.eex = [eexe],
i.e. e € F3. For the converse, let e = f € F3. Then,
FA(zyz) = [frye] = [f[ffaflyz] = [[ff falfyz] =[x fyz] =
= [2f[ffuflz] = [x[f ffylf2] = [y f2] =[xy fIf f2f]] =
= [zylfff2]f] = [zyzf] = [wyze] = Ac(zyz). 0
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Remark 3. If we omit the supposition of associativity or existence of 2-neutral
and 3-neutral sequence for a quaternary operation [ |, then primitive binary ope-
rations can also exist in the case when Fy = E4 = &. It can be seen in the
following examples.

Example 3.2. Let M be at least two element set and a € M. Define a quaternary
operation [ | on M by [zyzt] = a, for any z,y,z,t € M. It is obvious that [ | is
an associative operation for which the binary operation B(xy) = a is primitive.
However, F1 = Fy = k3 = E, = @.

Example 3.3. Let M be the set of rational numbers. Define a quaternary ope-
ration [ | on M by [zyzt] = = + 2y + 22 + 2t — 3, for all z,y,2,t € M. It
can be easily checked that F; = {%} and that By = E3 = E; = @&. The
binary operation B on M defined by B(zy) = x + 2y — 1 is primitive for [ |,
B(B(B(zy)2)t) = ¢ + 2y + 2z + 2t — 3 = [zy=t]. Note that the operations [ ] and
B are not associative, and B(zy) = [zyee] or B(zy) = [zveye], if e = L.
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