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Fast and Accurate Transient Analysis of Large
Grounding Systems in Multilayer Soil

Blagoja Markovski , Leonid Grcev , Life Fellow, IEEE, and Vesna Arnautovski-Toseva

Abstract—One of the most accurate approaches to the lightning-
related transient analysis of grounding systems in layered soil is
based on the method of moments solution of the integral form of the
Maxwell equations. The practical application of this rigorous model
to large systems is hindered by a great amount of computer time
required for the numerical integration of oscillatory and slowly
convergent Sommerfeld integrals (SI). As a result, approximate
methods that avoid the solution of SI, e.g., image theory-based
methods, are often used for computation of the response of large
grounding systems. In this article, we extend the application of the
rigorous model for large grounding systems in multilayered soil by
applying a procedure that minimizes the number of direct compu-
tations of the SI using interpolation over a grid of a small number
of sample points. We implement a three-dimensional interpolation
scheme that adapts to the problem to minimize the interpolation
grid, maintaining the accuracy of the rigorous approach. The
developed model is applied for the analysis of transient voltages
that might couple to secondary cables and disrupt the operation
of connected equipment in case of lightning. The analysis shows
that there are cases when the image theory-based models might
underestimate the possibly harmful transient voltages.

Index Terms—Electromagnetic analysis, integral equations,
frequency response, green functions, grounding, interpolation,
modeling.

I. INTRODUCTION

GROUNDING grids are the most effective solution for
safety and protection in large substations and plants in

case of disturbances, such as power faults or lightning [1]. Since
such disturbances might have a high-frequency content, methods
for analysis in wide frequency ranges are necessary. Several
accurate numerical procedures are applied for this purpose, such
as the method of moments (MoM) [2]–[5], the finite element
method [6], and the finite difference time domain method [7].
Among these approaches, the MoM-based approach is a pre-
ferred choice for modeling large and complex grounding systems
[8]–[10].
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The MoM [11] is developed from the antenna theory and is
suitable for high-frequency and fast transient analysis (latter via
Fourier transform techniques) [3], [4]. MoM solves an integral
form of Maxwell equations with Green’s functions that are
based on an exact mathematical solution of the electromagnetic
fields of an electric dipole in the earth [12], [13]. The accuracy
of computer models based on this rigorous method, e.g., [3],
[4], has been validated through comparisons with published
experimental results by several independent research groups (see
[14]–[16]). Olsen et al. [5] have established this approach as an
“exact” solution to this problem and as a “gold standard” for
comparisons.

However, the excessive amount of computer time required
to compute the Green’s functions, which includes numeri-
cal integration of oscillatory and slowly convergent Sommer-
feld integrals (SI) [13], hinders the practical application of
this rigorous approach. As a result, computations of the re-
sponse of large grounding systems were usually made using
approximate models that avoid computations of SI, e.g., by
applying image theory-based methods [8]–[10], [17]. This is,
even more, a problem in a multilayer model of soil, which
is required for a more precise analysis [18]. There have been
efforts for rigorous modeling of grounding systems in mul-
tilayer soil in a wide frequency range, but computations of
only small and simple grounding systems have been reported
[19]–[21].

Efficient techniques based on interpolation that minimize
direct evaluation of SI were developed in the antenna theory,
first for a uniform model of soil [22], and later for multilayer
media [23], [24]. SI are first pre-computed in a suitable small
grid of points, and all required values are later calculated by
interpolation between the grid points.

In this paper, we apply an interpolation procedure that adapts
the interpolation grid to the analyzed case, which reduces the
number of direct computations of the Sommerfeld integrals
while maintaining the accuracy of the rigorous approach. We
apply the MoM technique for the numerical solution of the
mixed-potential integral equation (MPIE) developed by Har-
rington [11]. It has been shown that MPIE is well suited for
analysis in layered media [25]. However, the choice of MPIE
requires a different choice of potentials than the standard one
introduced by Sommerfeld [12]. In this paper, we adopt the
so-called “formulation C,” which is preferable for structures
with arbitrarily oriented electrodes that penetrate different layers
[26].
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Fig. 1. Grounding system in multilayer soil energized by a current impulse.

II. MIXED POTENTIAL INTEGRAL EQUATION AND

METHOD OF MOMENTS

A horizontally stratified multilayer soil with plane boundaries
is illustrated in Fig. 1. Layers are characterized by conductivity
σi, permittivity εi, and permeability of vacuum μ0. Their thick-
ness is di, except for the bottommost semi-infinite layer. The
grounding system is assumed to comprise a network of straight
thin cylindrical metallic conductors with an equivalent circu-
lar cross-section in an arbitrary position, possibly penetrating
different layers.

The transient problem is first solved by a formulation in the
frequency domain by computing the response to a steady-state,
time-harmonic excitation for a wide range of frequencies starting
at 0 Hz. The ejωt time variation is implicitly assumed throughout
the paper. The time-domain response is then obtained by the
application of a suitable Fourier inversion technique [4]. A
detailed description of the method can be found elsewhere, e.g.,
[3], [4], [27], [28]. Here, we briefly summarize the main steps.

To approximate the longitudinal current distribution, the
grounding electrodes are thought as divided into N fictitious
segments, along which a constant longitudinal current In is
assumed. As a result of the application of MoM [11], the MPIE
is reduced to a matrix equation:

[Z] · [I] = [V ] (1)

where [I] is a column matrix with unknown currents In, [V]
is related to energization of the grounding system and [Z] is a
square matrix of order N with elements:

Zmn =
Δ�m
4π

⎛
⎝jωμ0

∫
�′n

GAd�
′
n − 1

σ−
i

∂

∂�m

∫
�′n

∂

∂�′n
GΦd�

′
n

⎞
⎠

(2)
where m and n are numerals of grounding electrode segments
and σi = σi + jωεi is complex conductivity of the i-th layer
where the observation point is located. Segments are subject
to thin-wire approximation, which allows for approximating
filamentary current along n-th segment axis �′n and evaluation of
the voltage along a line �m at the m-th segment surface parallel
to its axis.

The grounding system can be energized in different ways, for
example, by injection of current, which is illustrated in Fig. 1.
The interested reader can find details for this and other types
of energization in [29]. A solution of (1) determines the In,

Fig. 2. Components of the magnetic vector potential �A for the horizontal
(HED) and vertical electric dipole (VED) in the “formulation C.”

which allows for evaluation of all required grounding system
characteristics [4].

The key step is to determine GA and GΦ in (2), which are
dyadic Green’s function for the magnetic vector potential and
Green’s function for the electric scalar potential, respectively.

III. GREEN’S FUNCTIONS

Green’s functions (GF) in layered media are usually expressed
in terms of components of a horizontal electric dipole (HED)
(pointed to x-direction) and vertical electric dipole (VED)
(pointed to z-direction) in a local coordinate system, as shown
in Fig. 2. The choice of potentials according to “formulation C”
implies the following elements of the dyadic GF of the magnetic
vector potential:

GA = (�′x�x + �′y�y)Gxx
A + �′x�zGzx

A + �′y�zG
zy
A +

�′z�xKxz
A + �′z�yK

yz
A + �′z�zKzz

A

(3)

where �′x,y,z and �x,y,z are direction cosines of �′n and �m. The
meaning of the first superscript of the GF in (3) is the orientation
of the magnetic vector potential at the point of observation, and
the second superscript is the orientation of the source.

Once the choice of GA is made, GF for the electric scalar
potential GΦ follows from the Lorentz gauge [26]. The compo-
nents of the GF are given in the Appendix.

IV. EVALUATION OF SOMMERFELD INTEGRALS BY

ADAPTIVE INTERPOLATION

Evaluation of integrals in (2) requires repeated computations
of GF for the source and observation points in a volume deter-
mined by the geometry of the analyzed grounding system. GF
depends on three geometric variables defined in the local coor-
dinate system shown in Fig. 2, i.e., the radial distance between
the source and observation points ρ, and the z-coordinates of
the source and observation points z′ and z. Therefore, it is pos-
sible to determine the corresponding Sommerfeld integrals by
three-dimensional interpolation between pre-computed values
in a suitable grid of points defined by these three variables [23],
[24].

Here, we use a three-dimensional cubic interpolation, which
requires pre-computed Sommerfeld integrals at 64 grid points
surrounding the point where the result is required. The interpo-
lation grid points are arranged around the observation point in
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Fig. 3. Grid points arranged around the observation point in groups of 16 points
at 4 equally spaced parallel z–z′ planes perpendicular to a line that parallels the
ρ-coordinate axis (adapted from [24]).

Fig. 4. Modulus of pre-computed values of the integral part of GΦ (11) in z –
z′ planes for 0 > z, z′ > –2, for a depth of layer d1 = 1 m, in interpolation grids
in four regions. Planes are for 10 values of ρ in the range 0.1 m < ρ < 3 m. f =
1 MHz, σ1 = 0.01 S/m, σ2 = 0.19 S/m, εr1 = εr2 = 10, μ1 = μ2 = μ0.

groups of 16 points at 4 equally spaced parallel z − z′ planes
perpendicular to a line that parallels the ρ-coordinate axis, as il-
lustrated in Fig. 3. First, values at the intersecting points between
the perpendicular line in the ρ-direction and the four z − z′

planes are computed by two-dimensional cubic interpolation
[22]. Then the required value is computed by one-dimensional
cubic interpolation from these four values (see Fig. 3). The five
Green’s functions (given in Appendix) are evaluated simultane-
ously on the same interpolation grid. The interpolation grids are
adapted to the analyzed case by choosing only those nodes that
will be used for interpolation.

The interpolation grids are divided into regions corresponding
to a combination of layers where source and field points are
located. The number of such regions is equal to m2, where m is
the number of layers. Fig. 4 illustrates a case of two-layer soil
with four such regions. The density of the grid points depends
on the frequency and soil characteristics. We have used a step
for points in the z − z′ plane of min(λi/10, di/10) and for ρ-
coordinate of λi/10 up to λi and λi/4 above λi, where λi is
the wavelength in the i-th layer where the observation point is
located.

Fig. 5. a) Adaptive choice of grid points with pre-computed values of Som-
merfeld integrals (SI) depending on the position of points where SI are needed.
b) The ratio between times required for direct numerical integration of SI and
proposed interpolation procedure of 50 m by 100 m grid in soil with three values
of resistivity. c) RMS error for computation of currents.

The general form of SI is preconditioned for interpolation by
extracting the singularities, which can be expressed in closed
form (see Appendix). The resulting form of the SI is well-
behaved for numerical evaluation and interpolation, which is
illustrated in the example in Fig. 4.

V. EFFICIENCY AND ACCURACY OF THE PROPOSED

INTERPOLATION TECHNIQUE

The proposed procedure increases computational efficiency
by minimizing the number of numerically integrated SI. The
number of computations of SI depends on several factors, such as
dimensions and geometry of the problem, number of segments,
number and characteristics of layers, the number and range
of frequencies required for time-domain transformation, and
the number and type of computed quantities. As an example,
Fig. 5(a) illustrates the reduction of the number of interpolation
grid points by choosing only those that are used in a case of 100 m
by 50 m grid with 200 meshes in uniform soil. Fig. 5(b) shows
efficacy improvement and Fig. 5(c) accuracy in the analyzed
case. Fig. 5(b) shows the ratio of the time required for direct
numerical integration of SI during completing the MoM matrix
equation (1) tdir and time required when using the proposed in-
terpolation technique tint. The interpolation technique typically
shortens the computation time by a factor of several tens to a
few hundred. For convenience, we show results for the uniform
soil model in Fig. 5, but shown improvement of efficacy and
accuracy is typical also for multilayer soil.

We computed the RMS error εRMS for the longitudinal current
along the grid conductors as follows [30]:

εRMS =

[∑N
n=1

∣∣IIntn − IDir
n

∣∣2∑N
n=1 |IDir

n |2
]1/ 2

· 100 (%) (4)

Here, IDir
n is the phasor of the segments’ currents computed

by direct numerical integration of SI and IIntn is the phasor of
the currents got using the interpolation technique. N is the total
number of segments in the grid. Fig. 5(c) shows a typical result
for the error, which is smaller than 0.1 percent. We have tested
the accuracy of this approach for the earth’s resistivity from
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Fig. 6. Comparison with published data by Dawalibi et al. [18].

Fig. 7. Comparison with published data by Burke et al. [22], Fig. 3.

10 Ωm to 3000 Ωm and the frequency in a range from 0 Hz to
10 MHz.

The choice of the interpolation technique and the density of
the interpolation grids were made to maintain such accuracy.
Further improvement of the efficiency is planned by more ef-
ficient methods for interpolation and application of accurate
approximations.

VI. COMPARISON WITH PUBLISHED SIMULATION AND

EXPERIMENTAL DATA

In Fig. 6 we compare our computations with published results
by Dawalibi et al. [18], for the current dissipated in the soil
through a rectangular loop buried at various depths in a six-layer
soil model.

Next, in Fig. 7 we compare our computations with the test
case of a vertical wire that penetrates uniform earth published
by Burke et al. [22].

In Fig. 8 we compare simulation results for the illustrated
wire structure in a two-layer soil with the computed results by
the commercial full-wave electromagnetic software FEKO. The

Fig. 8. Comparison with commercial full-wave electromagnetic software
FEKO [31].

Fig. 9. Comparison with published data by Karami et al. [41].

20-m long horizontal wire is buried at 0.5 m depth with 1-m long
vertical rods at every 4 m. The upper soil layer has a thickness of
1 m and a conductivity of 0.01 S/m. Three different alternative
values of the conductivity of the lower layer are 0.19 S/m (K =
–0.9), 0.01 S/m (K = 0), and 0.000526 S/m (K = 0.9), where:

K = (σ1 − σ2) / (σ1 + σ2) . (5)

Both layers have a relative permittivity 10 and permeability
of vacuum. The energization is by serially connected voltage
generator with an RMS value of 1 V at a frequency of 10 MHz.

The results of simulations in all cases in Figs. 6–8 are in good
agreement with the published reference results.

In Fig. 9 we compare our simulation results of harmonic
grounding impedance of a horizontal electrode energized by
current injection in a three-layer soil with results in the recent
publication by Karami et al. [41]. There are different methods to
compute harmonic impedance; we have used the method intro-
duced in 1997 in [8] and [42], where a quotient between phasors
of the maximal value of the ground potential rise at the point of

Authorized licensed use limited to: Leonid Grcev. Downloaded on March 27,2021 at 19:18:59 UTC from IEEE Xplore.  Restrictions apply. 



602 IEEE TRANSACTIONS ON POWER DELIVERY, VOL. 36, NO. 2, APRIL 2021

Fig. 10. Measured and simulated transient voltages to the remote ground and
the injected current pulse at the feed point of the double-loop grounding system.

Fig. 11. Test electrode and the experimental setup (adapted from [29]).

current injection and the injected harmonic current defines the
harmonic impedance. The comparison with the results based on
the method proposed in [41] shows good agreement.

Finally, in Fig. 10 we compare our simulation with an ex-
periment conducted by Electricite de France (EdF) in Les Re-
nardieres, France, in 1978 [32], [33]. The case of the double-loop
copper wire with a 6 mm radius, illustrated in Fig. 10, is used
for the validation of the proposed simulation technique. The
experimental setup used by EdF is illustrated in Fig. 11 (more
details on the setup can be found elsewhere [16]). Fig. 10
shows the measured injected pulse current and transient voltage
([34, Fig. 3–19b]). Analysis in [16] has shown that simulated
voltage has to be corrected for an added inductance of 1.2 μH
of the connecting cables and a delay of 0.05 μs caused by the
resistive divider. Interested readers can find a detailed analysis
of the influence of the measurement circuit on the measured
values in [16]. The apparent resistivity 70 Ωm of the soil is not
measured separately but is estimated from the low-frequency
values of the grounding harmonic impedance determined from
the measured current and voltage pulses by application of the
Fourier transform technique [32]. The relative permittivity of
the soil of 15 is adopted by EdF as a typical value and is
not measured separately [32], [33]. Fig. 10 shows that the
simulated voltage between the feed point at the earth’s surface
and the voltage reference point is consistent with the measured
results.

Fig. 12. The 500-kV grounding grid and path � of a DC power supply cable
between points A and B (adapted from [34]).

Fig. 13. Modulus of GPR frequency response at the current injection point for
a harmonic injected current of 1 A for three cases of soil models computed by
rigorous and image models.

VII. NUMERICAL EXAMPLES: TRANSIENT VOLTAGES IN

LARGE GROUNDING GRID IN CASE OF LIGHTNING

As an example, we analyze a large grounding grid, similar
to the one analyzed in [34] (see Fig. 12). The buried depth of
the grid is 0.6 m, and the conductors are made of copper with
0.007 m radius. The soil has two layers. The upper layer with a
thickness of 1 m has a resistivity of 100 Ωm. We analyze three
cases, when the lower layer has a resistivity of 5.26 Ωm (K =
–0.9), 100 Ωm (K = 0), or 1900 Ωm (K = 0.9). Both layers have
a relative permittivity 10 and permeability of vacuum. Fig. 12
shows a path � between points A and B along which a DC power
cable is laid. The path is laid at 0.3 m depth and terminates at
points A and B at the grid conductors.

In this section, we compare the results of the proposed interpo-
lation technique with an approximate model based on the image
theory (the interested reader can find details of this approximate
model in [35] and [36]). Since the accuracy of the interpolation
technique is similar to the accuracy of the rigorous model, we
refer to this approach in Fig. 13 and the following text as a
“rigorous model”. Also, we refer to the approximate approach
as an “image model”.
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Fig. 14. Lightning current pulses and transient GPR (normalized to the current
pulse peak value Im) in three different two-layer soil models computed by
rigorous and approximate models. a) First stroke: T1/T2 = 8 μs/80 μs. b)
Subsequent stroke: T1/T2 = 0.8 μs/50 μs.

A. Ground Potential Rise at Current Injection Point

Fig. 13 shows the modulus of computed ground potential
rise (GPR) V (jω)at the current injection point, for a harmonic
injected current of 1 A and three cases of soil models. It is worth
noting that for the injected harmonic current of I(jω) = 1A,
such as in the example in Fig. 13, the values are equivalent
to the harmonic grounding impedance Z(jω) in ohms, since
Z(jω) = V (jω)/I(jω).

The approximate model is consistent with the rigorous for
the very conductive lower layer but underestimates GPR for the
very resistive lower layer.

Figs. 14 shows transient GPR for lightning current wave-
forms typical of first and subsequent strokes. The two lightning
current waveforms were chosen by Rachidi et al. [37] to fit ex-
perimental data corresponding to the typical first and subsequent
return strokes, based on observations of Berger et al. [38]. The
first stroke current pulse is characterized by a zero-to-peak time
T1 of about 8 μs and time-to-half-value T2 of about 80 μs,
whereas the subsequent stroke current has T1/T2 = 0.8 μs/50
μs. Fig. 14(a) shows current i(t) of the first stroke and transient
GPR v(t) (both normalized to the current pulse peak value Im)
computed by the rigorous and image model. Fig. 14(b) shows
results for subsequent stroke current. The approximate model
largely underestimates voltages for the very resistive lower
layer.

Execution time for computation of the transient GPR for each
soil model by the interpolation technique was about one hour on
a PC with Intel Core i7-4702MQ processor at 2.2GHz and 8 GB
RAM. We expect that the planned optimization of the computer
program will further reduce the execution time.

Fig. 15. Modulus of voltage along path � between points A and B for three
cases of two-layer soil computed by the rigorous model.

B. Voltage Along a Path Between Two Points at the
Grid Conductors

The total voltage VAB between points A and B along a path �
(see Fig. 12) may be expressed as a sum of two terms [39], [40]:

VAB = (ΦA − ΦB) +

∫
�

	A · d	� = ΔΦ+ V� (6)

where ΔΦ = ΦA − ΦB is the difference between GPR at points
A and B, andV� is the induced voltage along the path �, computed
as a line integral of the magnetic vector potential 	A. The first
term ΔΦ is defined uniquely, but the second term V� is path-
dependent.

In the example in Fig. 15, ΔΦ is larger than the total voltage
VAB because ΔΦ and V� are with opposite signs and cancels
each other [39], [40]. It can be seen that different resistivity
of the lower soil layer has a large influence on the frequency
response of the voltages.

Fig. 16 shows results for the same cases as in Fig. 15, com-
puted by the image model ([35], [36]). The differences between
the rigorous and approximate model is large in all cases, espe-
cially in the higher range of frequencies, where the approximate
model largely underestimates the voltage. The reason for much
higher values of VAB computed by the rigorous model in the
high-frequency range are differences in computed ΦA and ΦB .
With the approximate model ΦA ≈ ΦB , while with the rigorous
ΦA > ΦB , which results in larger values of ΔΦ.

Figs. 17 and 18 show transient voltage along the path � for
first and subsequent lightning strokes, respectively. Large differ-
ences are visible between the rigorous and approximate model,
especially for the response to the subsequent lightning stroke
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Fig. 16. Modulus of voltage along path � between points A and B for three
cases of two-layer soil computed by the image model.

Fig. 17. Transient voltage between points A and B for the first lightning stroke
(T1/T2 = 8 μs/80 μs) computed by the rigorous and image model.

(Fig. 18), where the approximate model largely underestimates
the peak value of the transient voltage.

Note that VAB is voltage along the path of the cable when
the cable is not present. However, it has been concluded that the
influence of the cable might be small [34], [39], and computed
VAB indicates the voltage that might be coupled to the cable. An

Fig. 18. Transient voltage between points A and B for the subsequent lightning
stroke (T1/T2 = 0.8 μs/50 μs) computed by the rigorous and image model.

analysis that includes the effect of the cable and other parameters
(such as the geometry of the grid, locations of the excitation
points and the path, excitation waveforms, characteristics of the
soil) that influence the voltages will be considered in later work.

VIII. CONCLUSION

A large amount of computer time required for direct numerical
integration of Sommerfeld integrals (SI), which are a key part
of the rigorous electromagnetic model for transient analysis of
grounding systems in multilayered soil, limits the dimensions of
the system for which the method could be practically applied.

This paper presents an adaptive interpolation technique for
computation of SI, which typically reduces the computation time
by a factor of several tens to hundreds, maintaining a similar
accuracy as the rigorous model with error limited to less than 0.1
percent. This enables the application of the rigorous method for
transient analysis of very large and complex grounding systems
in multilayer soil.

Presented numerical examples show an application of the de-
veloped model for computation of transient voltages that might
be coupled to secondary cables in large substations. Presented
results show that there are cases when approximate models based
on image theory might underestimate possibly dangerous and
harmful transient voltages in the case of lightning.

APPENDIX

COMPONENTS OF THE GREEN’S FUNCTIONS

For convenience, only the components of the Green’s func-
tions when the source and observation points are both in the
i-th layer are given. Details about other cases can be found
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elsewhere [26], [43]. As a result of the singularity extraction
procedure, Green’s functions for potentials in the spatial domain
are formulated in two terms, the first term expressed in closed
form and the second in integral form:

Gxx
A = Gxx

A(CF ) +

∫ ∞

0

G̃xx
A J0 (kρρ) kρdkρ (7)

Gzx
A

cosϕ
=

Gzy
A

sinϕ
= G

zx/zy
A (CF ) +

∫ ∞

0

G̃
zx/zy
A J1 (kρρ) dkρ (8)

Kxz
A

cosϕ
=

Kyz
A

sinϕ
= K

xz/yz
A(CF ) −

∫ ∞

0

K̃
xz/yz
A J1 (kρρ) dkρ (9)

Kzz
A = Kzz

A(CF ) +

∫ ∞

0

K̃zz
A J0 (kρρ) kρdkρ (10)

GΦ = GΦ(CF ) +

∫ ∞

0

G̃Φ J0 (kρρ) kρdkρ (11)

Spectral domain representations of the Green’s functions are:

G̃xx
A = ATE ejki,z(z−z′)

jki,z
+ CTE e−jki,z(z−z′)

jki,z
(12)

G̃
zx/zy
A = (ATE +BTM )ejki,z(z−z′)

+ (DTM − CTE)e−jki,z(z−z′)

+Ri,i−1e
−jki,zhdn −Ri,i+1e

−jki,zhup (13)

K̃
xz/yz
A =

(
ATM +BTE

)
ejki,z(z−z′)

+
(
DTE − CTM

)
e−jki,z(z−z′)

+Ri,i−1e
−jki,zhdn −Ri,i+1e

−jki,zhup (14)

K̃zz
A =

(
2CTM −DTE +

k2i
k2ρ

(
DTE − CTM

)) e−jki,z(z−z′)

jki,z

+

(
2ATM +BTE − k2i

k2ρ

(
BTE +ATM

)) ejki,z(z−z′)

jki,z

+ 2

(
Ri,i−1

e−jki,zhdn

jki,z
+Ri,i+1

e−jki,zhup

jki,z

)
(15)

G̃Φ =
k2i,zB

TM + k2iA
TE

k2ρ

ejki,z(z−z′)

jki,z
−Ri,i−1

e−jki,zhdn

jki,z

+
k2iC

TE − k2i,zD
TM

k2ρ

e−jki,z(z−z′)

jki,z
−Ri,i+1

e−jki,zhup

jki,z
(16)

where:

ATE/TM = R̃
TE/TM
i,i−1 e−jki,z(di−(z′+hi))[

e−jki,z(di−(z′+hi)) + R̃
TE/TM
i,i+1 e−jki,z(di+(z′+hi))

]
M̃

TE/TM
i

(17)

BTE/TM = R̃
TE/TM
i,i−1 e−jki,z(di−(z′+hi))[

e−jki,z(di−(z′+hi)) − R̃
TE/TM
i,i+1 e−jki,z(di+(z′+hi))

]
M̃

TE/TM
i

(18)

CTE/TM = R̃
TE/TM
i,i+1 e−jki,z(z

′+hi)[
e−jki,z(z

′+hi) + R̃
TE/TM
i,i−1 e−jki,z(2di−(z′+hi))

]
M̃

TE/TM
i

(19)

DTE/TM = R̃
TE/TM
i,i+1 e−jki,z(z

′+hi)[
−e−jki,z(z

′+hi) + R̃
TE/TM
i,i−1 e−jki,z(2di−(z′+hi))

]
M̃

TE/TM
i

(20)

M̃
TE/TM
i = [1− R̃

TE/TM
i,i−1 R̃

TE/TM
i,i+1 e−jki,z2di ]−1 (21)

R̃
TE/TM
i,i±1 =

R
TE/TM
i,i±1 + R̃

TE/TM
i±1,i±2 e−jki±1,z2di±1

1 +R
TE/TM
i,i±1 R̃

TE/TM
i±1,i±2 e−jki±1,z2di±1

(22)

σi = σi + jωεi, ki =
√−jωμ0σi, ki,z =

√
k2i − k2ρ

The terms of Green’s functions expressed in closed form are:

Gxx
A(CF ) = gdir (23)

G
zx/zy
A(CF ) = −Ri,i−1ĝdn +Ri,i+1ĝup (24)

Kxz,yz
A(CF ) = Ri,i−1ĝdn −Ri,i+1ĝup (25)

Kzz
A(CF ) = gdir − 2Ri,i−1gdn − 2Ri,i+1gup (26)

GΦ(CF ) = gdir +Ri,i−1gdn +Ri,i+1gup (27)

Ri,i±1 =
σ−
i
− σ−

i±1

σ−
i
+ σ−

i±1

(28)

gdir/up/dn =
e−jkirdir/up/dn

rdir/up/dn
(29)

ĝdir/up/dn =
1

ρ

(
e−jkihdir/up/dn − e−jki rdir/up/dn

rdir/up/dn
hdir/up/dn

)
(30)

rdir/up/dn =
√

ρ2 + h2
dir/up/dn, hdir = |z − z′|

hup = |2hi + (z + z′)| , hdn = |−2hi−1 − (z + z′)|
Geometrical quantities ρ, z, z′, di and ϕ are illustrated in

Figs. 1 and 2.
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