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Abstract: The main aim of this paper is localization of the chain recurrent set in shape theoretical frame-
work.Namely, using the intrinsic approach to shape from [1] we present a result which claims that under
certain conditions the chain recurrent set preserves local shape properties. We proved this result in [2] using
the notion of a proper covering. Here we give a new proof using the Lebesque number for a covering and ver-
ify this result by investigating the symbolical image of a couple of systems of differential equations following
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Several authors have pointed out the connections between shape theory and topological dynamics based on
the approach to shape developed by Borsuk. When dealing with spaces with complicated local behaviour,
which often occurs in dynamical framework, shape theory turns out to be an appropriate tool.The use of
shape theory in the study of dynamical systems was initiated by Hastings in [4].0Other authors have shown
how to apply shape theory to obtain global properties of attractors in the papers [5], [6], [7], [8]. Recently,
using the intrinsic shape (the approach to shape without use of external spaces) [1], [9], several results are
obtained showing the advantages of intrinsic approach to shape in some situations. Applying intrinsic shape
in dynamical systems seems very natural. The most natural application of intrinsic shape is for investigation
of objects that appear in dynamical systems, like attractors, limit sets or various types of recurrent sets.The
papers [2] and [10] are good examples of that.

In the paper [11] a weak form of recurrence called chain recurrence is introduced by Conley. When we
make computer simulation, calculating orbit of a point in each step we have rounding errors, so each time we
obtain pseudo-orbit(e -chain) instead of true orbit of observed point. So we will rather detect chain recurrent
points than periodic orbits in computer experiments.

Chain recurrent set of continuous dynamical systems on compact metric spaces has many interesting
properties. It is closed, flow invariant and restriction of the flow to chain recurrent set does not change chain
recurrent points.It is also well known that flow restricted to limit set of any point in X is chain recurrent.

In this paper we give a theorem which shows that under certain conditions the shape of the chain recur-
rent set is locally invariant. An investigation of the symbolic image gives an opportunity to get a neighborhood
of the chain recurrent set and using the algorithm for localizing neighborhoods provided by Osipenko in [3]
we obtained a programming code which was successfully tested on a couple of systems of differential equa-
tions. In what follows we assume that the phase space X in which all dynamics take place is always a compact
metric space.
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1 Intrinsic Shape

The first paper about intrinsic shape is [12] where a shape morphism between compact metric spaces has
been defined for the first time using the notion of V-continuity.

We will give a brief construction of the shape category using the intrinsic approach from [1]. The approach
follows the main steps of construction of homotopy theory.

Instead of f, g : X — Y continuous functions we take (f,), (gn) : X — Y proximate sequences of functions
and define a relation of homotopy (fn) ~ (gn).

Like in homotopy theory where X and Y have the same homotopy type if there exist a continuous function
f :+ X — Y with a homotopy inverse, X and Y have the same (intrinsic) shape if there exist a proximate
sequence (fn) : X — Y with a homotopy inverse.

Let’s start with some of the basic definitions: For collections U and 'V of subsets of X, U < V means that
U refines V, i.e., each U € U is contained in some V € V. By covering we understand a covering consisting of
open sets.

Definition 1.1. Let X, Y be compact metric spaces, andV be a finite covering of Y. The functionis V - continuous,
if for any x € X, there exists a neighborhood U of x, such that f(U) C V, for some member V € V.

(The family of all U, form a covering of X, and since X is compact there is a finite subcovering. Shortly, we say
that f : X — Y is V- continuous, if there exists a finite covering U such that f (U) < V).

Let V is a finite covering of Y and V € V. The open set st(V) (star of V) is the union of all W € V such that
W NV # (. We form a new covering of Y, st(V) = {st(V)|V € V}.

Definition 1.2. The functions f, g : X — Y are V- homotopic, if there exists a function F : X x I — Y such that:
i) F:XxI— Yisst(V)- continuous,

i) F:XxI — YisV-continuous at all points of X x o1

iii) F(x,0) = f(x), F(x, 1) = g(x).

. . . . . v
The relation of homotopy is an equivalence relation and is denoted by f ~ g
The main notion for intrinsic definition of shape for compact metric spaces is the notion of proximate
sequence.

Definition 1.3. The sequence (fy,) of functions fn, : X — Y is a proximate sequence from X to Y, if for some
sequence V1 = V, = ... cofinal in the set of finite coverings, for all indices m > n, fn and fm are homotopic as
"V - continuous functions (cofinal means that for any finite covering V there exists Vy such that Vy, < V). In this
case we say that (fn) is a proximate sequence over (Vy).

We mention that if (f,) and (fy,) are proximate sequences from X to Y, then there exists a sequence (Vn) of
finite coverings, such that (f;) and (f}) are proximate sequences over (Vy).

Two proximate sequences (f»), (fy) are homotopic if for some sequence V4 > V, > ... cofinal in the set of
finite coverings, (f») and (f;,) are proximate sequences over (Vy,), and for all integers n, f, and f;, are homotopic
as Vp - continuous functions.

This is an equivalence relation and we denote (fx) ~ (f;). The homotopy class is denoted by [(fn)].

Let (f1) : X — Y be proximate sequence over (Vy), and let (gn) : Y — Z be a proximate sequence over
(Wy).For a covering Wy, of Z, there exist a covering V,,of ¥ such that g(V), ) < Wn. Then the composition of
these two proximate sequences is the proximate sequence (hn) = (gnfy,) : X — Z. This proximate sequence
is unique up to homotopy.

Compact metric spaces and homotopy classes of proximate sequences form the category whose isomor-
phisms induce classification which coincide with the standard shape classification, i.e., isomorphic spaces
in this category have the same shape.
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2 Basic notions and theorems about dynamical systems

One approach to dynamical systems introduced by Poincare and followed by Morse and Conley can be de-
scribed as follows: First of all a finite family of invariant sets {M;}1; is located such that the flow in the
complement set X\ U;’;l M; is fairly simple. Then some kind of local analysis is performed around those sets(
local means that only the flow in arbitrary small neighborhoods is involved). Finally this local information is
put together in some way involving the global topology of the phase space. Trivial examples of such sets are
finitely many critical points p4, p», ..., pn Which contain all limit sets on a compact manifold. This approach
leads to introduction of a Morse decomposition.

Before introducing the concept of these sets we shall give a brief review of the basic notions from dynam-
ical system theory.

A flow in a metric space (X, d) is a continuous map ¢ : X xR — X satisfying the following two condition:
) @kx,0)=xforallx e X
i) o(p(x,t),s) =@, t+s)forallx e Xandt,s e R
If we replace the set R with R* we get the corresponding notion of semi-dynamical system. The map ¢ is
called a phase map, and the corresponding space X a phase space.

One of the important problems in dynamical systems concerns the asymptotic behavior of trajectories as
time goes to plus or minus infinity. Limit sets are fundamental tools for this problem.

Positive limit set for arbitrary subset N C X is the set:

w(N) = {x € X|3xn € N, tn — oo, (Xn, tn) — x}
Analogously, negative limit set for arbitrary subset N C X is the set:
a(N) = {x € X|3xn € N, ty — —oo, p(xn, tn) — x}

A set M is invariant if p(M,t) C M, for all t € R. If we replace the set R with R* or R™, we get the
corresponding notion of positive and negative invariance. If p(x, t) = x, for all t € R, the point x is called rest
point.

A set M is stable if every neighborhood U of M admits a positively invariant neighborhood V of M such
that V C U.

A compact invariant set Y C X is called an attractor if it admits a neighborhood U such that w(U) = Y.

Analogously, a compact invariant set Y C X is called an repellor if it admits a neighborhood U such that
a(U) =Y.

It is known that every attractor is a stable set (for example [13]).

Definition 2.1. Let K = {K; | j € J} be a family of disjoint compact invariant subsets of the phase space X. A
Lyapunov function for K is a continuous function T : X — R such that:

i) T(pk, ) <1(x),Vt>0,Vx ¢ Uie] K;

i) 1(Kj) = c;,Vj €], (cj # ci fori #j).

Definition 2.2. Let ¢ be a continuous flow on a metric space X. Anisolated invariant set is a subset S C X which
is the maximal invariant set in a compact neighborhood of itself. Such a neighborhood is called an isolating
neighborhood.

Definition 2.3. Morse decomposition for S is a collection {M;}.,, where each M; is an isolated invariant subset
of Sand for all x € S\ U}‘;l M;, there existi,j € {1, 2, ..., n} such that i > j, a(x) C M; and w(x) C M;.
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Example 2.1.
Consider the following differential equation on the compact interval X = [0, 3]:
x = x(x-1)(x - 2)*(x - 3)

This system has the following Morse decompositions:

{{0}, 1, 3]}, {{0}, {1}, [2, 3]}, {{0}, {3}, [1, 2]} and others. Obviously it is not unique. But there is a unique
finest Morse decomposition {{0}, {1}, {2}, {3}}.

By decomposing Morse sets into attractor-repellor pairs, Morse decompositions can be refined. While many
systems have a finest Morse decomposition, there are systems which have (countably) infinitely many
attractor-repellor pairs and hence no finest Morse decomposition. The process of extracting all attractor-
repellor pairs leads to the chain recurrent set CR(¢) introduced by Conley [14].

Definition 2.4. Let (x,y) € X xXande > 0,t > 0. (&, ¢, p)-chain from x to y is a collection {x =
X1, X2, eoes Xny Xpi1 = Vi t1, bo, oy tn} Such that foralli € {1, 2, ..., n}, t; > tand d (@(x;, t,-),xl-ﬂ) <E.

P(p) = {(x,y)|Ve, t > O, there exists (g, t, ¢)-chain from x to y}.
Now CR(¢p) = {x|(x, x) € P(p)}.
Example 2.2.

Consider the complete metric space S!, the 1- dimensional sphere, which we identify here with R ~27. On
S the differential equation x = sin?(x) defines a dynamical system. In this case we have CR(¢) = S* which
is easily proved.

The following lemma is proved in [2]

Lemma 2.1. Arbitrary Morse decomposition {M}., } for a compact metric space (X, d) with a flow @, admits a
Lyapunov function.

From [15] are the following two results: 1) Every two element Morse decomposition {M1, M,} is in fact an
attractor-repellor pair 2) For arbitrary Morse decomposition M = {M;, M, M3, ..... , Mn} the first member
M is an attractor and the last one M is a repellor.

The next result is proved in [8].

Theorem 2.1. Every global attractor A of a semi-dynamical system defined on a compact metric space X has
the same shape as the phase space, i.e. Sh(A) = Sh(X).

Using the results previously stated we proved in [2] also the following theorem:

Theorem 2.2. Every two element Morse decomposition {M;, M, } has corresponding compact neighborhoods
U1, Uz such that Sh(Ul) = Sh(M,) , i= 1,2.

In the next section we shall prove a more general form of this theorem using the following result also known
as Keesling’s reformulation of Beck’s theorem, [16].
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Theorem 2.3. Let X be a metric space and let ¢ : X x R — X be a flow on X with S as set of fixed points.Then
for any closed set s containing S one can construct a new flow (pl : XxR — Xwith S as set of fixed points.
Moreover, for any x € X\S/ with trajectory o(x) under @, the trajectory of x under (p/ is just the set of points
which can be joined to x by an arc in o(x)\S'.

3 Shape of the Chain Recurrent Set

In the paper [2] we introduced the notion of a proper covering V and defined a retraction r+ adjoint to V.
Also we invoked previous results from theory of retracts and Non-continuous Topology in order to answer the
question that is naturally imposed by theorem 2.2 about the shape of members of a Morse decomposition with
more than two elements. Here we give a new proof only using the notion of a Lebesque number for a covering
which enables us to state the claim about the local shape properties of the chain recurrent set CR(¢). We use
the following notation: T(x, €)-open ball centered at x and radius &, S(x, €) sphere centered at x and radius
E.

Theorem 3.1. Let (X, d) be a compact metric space with a flow ¢. For arbitrary Morse decomposition for X,
which admits Lyapunov function 7 : X — R such that 17(c;) = M;, there exist compact neighborhoods U; of
M;,such that Sh(U;) = Sh(M;).

Proof. First let us note that we can suppose that the flow on the set U?:l M; is stationary. Namely, if this is
not the case then using Theorem 2.3 with the choice S "= (UiL; M; we will get a new flow in which this is the
case. Also let us emphasize that M = {M;, M,, M3, ..., Mn} is also a Morse decomposition for the new flow. It
is enough to consider sets M; such that 2 < i < (n - 1), since the result about attractor and repelor is already
proved. So let us pick arbitrary set M;, 2 < i < (n—1). We denote 7(M;) = c;, and form the sets U = 771[c;, ¢;+¢]
and U™ = 77 Y[c; - €, ¢;], where € > 0 is sufficiently small such that the following holds:

(My UMy U ...Mi_y UM U... UM (JUTUT) =0

Now let’s consider the semi-dynamical systems (U™, (p‘U+) and (U, gowf). This is possible because the sets
U" =17 Yc;, c;+ €]l and U™ = 71[c; - ¢, ¢;] are positively and negatively invariant, respectively. We will show
this assumption.

Namely, if x € Ut = t7[c;, ¢; + €] then 7(x) € [c;, ¢; + €], so for arbitrary t > O using the property of
Lyapunov function, we have 7(¢(x, t)) < 7(x) < ¢; + €. Of course the possibility x € M; is trivial so we assume
that x ¢ M;. Let us assume that 7(¢(x, t)) < c¢;. Then using continuity of ¢ and 7 from 7(¢(x, t)) < ¢; < T(x)
we get that a real number t* > 0 exists such that 7(p(x, t")) = c; which means that ¢(x, t") € M;. Now
using the fact that M; is invariant, we get x € M;, which is a contradiction. So 7(¢(x, t)) = c;, from where
we get that ¢(x,t) € U*. Similarly, U~ is negatively invariant. Now we shell prove that for the first semi-
dynamical system (U™, (p‘U+) M; is an attractor, i.e. w(U*) = M;, and for the second one (U™, (p‘Uf) a repelor,
i.e. a(U”) = M;. Namely, for the first one it is clear that w(U*) D M;. If we assume that z € w(U") then from
the invariance of the limit set w(U*) as well as from w(U*) C U*, we have that ¢(z, R) C U* which means
that a(z) C U*, w(z) C U*, but from the fact that all limit sets of points are contained in | JI_, M;, we get that
a(z) Uw(z) C M; from where we have that z € M;. The proof for the second semi-dynamical system is similar.

Now it easily follows from definitions of limit sets that for arbitrary € > 0, 3ty € R* such that Vvt > tg,
vu € U™, pu,t) € T(M;, €). Similarly, we have that for every € > 0, 3t € R~ such that vt < to, Vu €
U, ou,t) e TM;, ).

We are ready to define amap a : (U* U U™) x R* — M; in the following way: For points (x, t) € U™ x R,
we go with the flow until the point ¢(x, t), then we measure the distance d(¢(x, t), M;) which by compact-
ness of the set M; is achieved in some point mt € M;, that is d(p(x, t), M;) = d(@(x,t), m}). Of course
this point may not be unique but never the less we can pick any such point. So we define a(x, t) = m&, for
(x,t) € U" xR*. For points (x,t) € U~ x R*: we go with the flow until the point ¢(x, —t), then we measure
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the distance d(¢(x, —t), M;) which by compactness of the set M; is achieved in some point m} € M;, that is
d(p(x, -t), M;) = d(p(x, —t), m%). Of course this point may not be unique but never the less we can pick any
such point. So we define a(x, t) = m}, for (x, t) € U™ x R*.

Let us note that this map is well defined on M; x R* because the following holds: a(x, t) = ¢(x, t) = x =
ox, -t),¥(x, t) € M; x R*, of course having in mind that the flow on M; is stationary.

Let (V,) be a cofinal sequence of coverings for M;. We shall define a sequence of real numbers t, € R*,
such that the maps fr : U —M; defined by fn(x) = a(x, tn) are Vy-continuous.

Construction of the sequence (t,): We choose € = %" where A, < 1 is the Lebesque number of the

covering Vn. There exist strictly monotonically increasing sequences ty, t, — oo such that the following
conditions are satisfied:

ou,ty)eT <M,~, %") ,vueU’; ou,-ty) e T (M,-, %") , Yue U

.Letan = min {7(x)|x € S (M;, An/8) NU*}, Bn = max {T(x)|x € S (M;, An/8) NU” }. We will choose the time

sequences in such a way to satisfy the following inequality, namely ¢;, = ((;:_7: -t;,. Finally we make the choice
_ n = Ci
fortn = . tn (tn = t;;, t, for sufficiently large n).
i~ Pn

Lemma 3.1. The maps fn, fm : W — M;, for m = n are V, -homotopic.

Proof. We define the following map Hy, : U x I — M; by:
Hp(x, t) = alx, (1 - )ty + ttm).

Let us note that the connecting relations are obvious. We shall prove that Hy is V,-continuous homotopy.

Let xo € intM;, ty € I. The flow is stationary on M; so we get Hn(xo, to) = Xo. There exists neighborhood
W, of xo such that Wy C M; and W° of t, such that Hy(x, t) = x, for all x € Wy, t € W°. But this means that
Hj is continuous in (xg, tg), so is V, as well.

Now, let xo € OM;, to € I. Let us note that hp,m(t) = (1 - t)tn + ttn > tn. For the points x € U'\M;, t € I
is valid: d (a(x, hn,m(t), P(x, hn,m(t)) < %" Let € < 32” . There exists neighborhood W; of xo € dM; and W'

of to € I such that d (@(x, hn,m(t)), P(xo, hnm(to))) < €, forall x € Wy, t € W'. Now, for x € Wy N (U"\M;),
t e Wt

d (a(x, hn,m(t)), ¢(xo, hn,m(to))) <d (a(x, hn,m(6), ¢(x, hn,m(t)))

+d (906, hnm(0), 90, hnm(to)) < 2.

Now Hyn (Wi nU\M;, W') C T(Hu(Xo, to), An/2), which means that there exists V4 € Vn such that
Hp (W1 NU\M;, Wl) C Vy. Analogously, there exists neighborhoods W, of xo and W? of t, such that
Hy (W, nU™\M;, W?) C T(Hn(xo, to), An/2), so for the same Vi, € Vy is valid Hn (W, N UT\M;, W?) C Vp.
Moreover, let us note that there exists neighborhoods W3 of xo and W? of t, such that the following inclusion
is valid: Hn (W3 N M;j, W3) C Vy. Finally we choose neighborhood Wy n W, n W3 for xo and neighborhood
W' n w?n W for to. Hence

Hn (WlﬂWZHW3,WlﬂW20W3) C Vp.

Now, we shall discuss the points xo € U*\M;, to € I. First let us note that Hn(xo, to) = a(xo, (1 - to)tn +
totn). Now, for arbitrary € > 0 there exists neighborhood W, of xo and W° of t, such that d ((p(x, hn,m(1)), p(xo, hn,m(to))) <
g, forall x € Wy, t € W°, where hnm(t) = (1 - t)tn + ttn. Again, having in mind that hn,m(f) = tn, we obtain
the following estimates:

d (a(X, hn,m()), a(xo, hn,m(to))) <d (a(X, hn,m(6)), @(x, hn,m(t)))

An

+d ((P(X, hn,m(t)), QD(XO, hn,m(to))) +d ((P(XO, hn,m(to)), a(xo, hn,m(to))) < %{ +E+ 3’
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forallx € Wy, t € W°. Now, making the choice for & < A,/4, we obtain that Hx(Wo, W°) C T (Hn(xo, to), An/2).
Hence, there exists Vy, € V, such that Hn(Vo, V°) C Vp.
The case for the point xo € U™\ M;, to € I, is analogous to the previous discussion. O

According to the previous lemma, we can confirm that there exists a shape morphism [(fn)] : U — M;.

Proposition 3.1. The shape morphism [(fn)] is a shape deformation retract. Consequently Sh(M;) = Sh(U;),
i=1,2,...,n.

Proof. Namely, let us note that it is enough to prove that the following composition is valid [(in)] o [(fn)] =
[(170], where [(in)] is the shape morphism induced by the i = i, : M; — U. Let (V) be a cofinal sequence of
coverings of U such that (f;,) is proximate sequence over (V, N M;) with Lebesque number A}, < A,,. (A is the
Lebesque number of Vy).

There exists a sequence v, < 1 such that Uy = 7 1[¢c; = yn, ¢; + ] € T(M;, A/8). In the contrary a se-
quence zm € Um = T [c; - 1/m, ¢; + 1/m] would exists, such that 7(zm) — ¢; and zm ¢ T(M;, An/8). The
space is compact so we can suppose that the sequence is convergenti.e. z;m; — z, butfrom 7(zpm) — 7(2) = ¢;
we obtain that z € M; which is a contradiction with z,, ¢ T(M;, An/8), Vm.

According to the previous definition of composition of shape morphism we have that [(in)] o [(fn)] =
[(in o fx,)] where for the subsequence k, we will impose additional condition, namely to satisfy the following
inequality:

ty,yn = max{ty, t}.
Now we are ready to define a map
Hp:(UWuU)=xI — U LU,
which will be a homotopy candidate between (i o f} ) and (1) by:

1
2!
<t

i(a(x,|2tty, (T(x) = c))| + t,(1-21))), 0 <t <

@ (x, ty, (T0) - )2 - 20)) , %

HH(X) t) =
1.

IN

The connection relation is obvious. Let us check how close this map is to continuous:
For points (xg, tg), xo € U, to > 1/2 the map is continuous because the phase map and the Lyapunov function
are actually such.
Let xo € intM;, to < 1/2. There exists a neighborhood Wy of xo and W° of t, such that Hu(x,t) =
Q (x, b, (1 - 2t)), vx € Wy, vt € W°, so the continuity follows.
Let us discuss the points (xg, tg), xo € intM;, to = 1/2. We shall define the following map h, : I — R by

t,(1-2t),0<t<1/2,

hn(0) = 0, 1/2<t<1
WO of to such that Hu(x, t) = ¢ (x, hn(t)) =x,Vx € Wy,Vt e WP, so we obtain continuity in this case as well.
Consider the points (xo, to), Xo € 0M;, 0 < to < 1/2. Hn(xo, to) = @ (Xo, ty, (1 - 2to)). We choose arbitrary
neighborhood Q of this point (Hn(xo, to)). There exist neighborhoods W, of xo and W° C [0, 1/2) of t, such
that Hn(Wo N M;, W°) C Q. There exists € > 0 such that T(Hn(xo, to), €/2) C T(Hn(xo, to), €) C Q. Let us
consider the following map hn(x, t) = |2ttkn(r(x) - c,-)} + t, (1 - 2t) which is continuous. There exist neigh-
borhoods W; of xo and W of t such that Vx € (U*\M;) N Wy, Vt € W1:

which is continuous. There exist neighborhoods Wy C M; of x¢ and

d ((P(X, hn(X, t)), a(X’ hn(X, t))) < g; (P (X’ hn(X, t)) S T(HTI(XO’ tO)’ 8/2)-
Analogously, there exist neighborhoods W, of xo and W? of t such that vx € (U"\M;) N W2, Vt € W?:
d ((P(X; _hi‘l(xa t))’ a(Xa hYl(X’ t))) < ga (p (X’ _hl’l(X’ t)) S T(HH(XO’ tO)’ 8/2)-

We choose Wy N Wy N W, = W« as a neighborhood of xo and W° n W' n W? = W" as a neighborhood of t,.
Hence H,(Wx, W*) C Q, so the continuity is confirmed in this case as well.
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Let’s consider the case for the points (x, to) such that xo € OM;, to = 1/2.
Hn(x0, 1/2) = a(xo, ty,(1-2-1/2)) = xo.

We choose arbitrary neighborhood Q of Hn(xg, 1/2). There exist neighborhoods Wy of xo and WOofty=1/2
such that Hn(Wg, W° N (1/2,1]) C Q. From the previous case there exist neighborhoods W; of x, and W*!
of to = 1/2 such that H,(W;, W n[0,1/2]) C Q. We choose W+ = Wy N W, as a neighborhood for x
and W = W° n W' as a neighborhood for to = 1/2. From the previous discussion we obtain the following
inclusion H,(Wx, W") C Q and the continuity in these points follows.

Let us consider the points (xq, to), to < 1/2 and such that |7(xo) — ¢j| > vn. We suppose that xo € U*. We
consider the function hy : X xR — R defined by hn(x, t) = }Zttkn (t(x) - c,-)| +ty, (1 -2t). Note that hn(x, t) 2
max{ty, t,}. Namely, hn(x, t) > 2tt) v + t;, (1 - 2t) (in a neighborhood of the point x¢) and the right side of
the inequality if we treat it as a linear map on the segment [0, 1/2] it obtains its minimum at ¢t = 1/2 so:

ha(x, t) > ty, yn = max{ty, t}.
There exist neighborhoods W, of xo and W° of ¢, such that

d (90, hax, ), alx, ha(x, 0)) < A vx € Wo, vt € WP

an
8
Specially d ((p(x, ha(x, t)), a(xq, hn(xo, to))) < An/8. Now, from the continuity of the phase map ¢ and a
choice for € < A,/4 there exist neighborhoods W of xo and W of ¢, such that

d (@(x, hn(x, 1)), (X0, hn(xo, to))) < &, Vx € Wy, ¥t € W',

Let W« = WonW; and W* = WONW! are the neighborhoods for x and t, correspondingly. Note the following
inequality:
d (a(x, hn(x, 1), a(xo, hn(xo, t0))) < d (a(x, hn(x, t), p(x, hn(x, t)))
+d (@(x, hn(x, 1)), 9(Xo, hn(xo, to))) + d (@(xo, hn(Xo, to)), alxo, hn(xo, to)))

A An An Mg .
3 4+§_7, Vx € W«,Vt € W .

Now, for arbitrary x;, x, € W«and t1, t; € W, we obtain that:

d (a(xly hn(xly tl))’ a(XZ; hn(XZ; tZ))) < An,

which is exactly Vy-continuity in the point (xo, o). Similarly for the points (xo, to), to < 1/2, |T(x0) — ¢;| >
and xg € U™.

vii) Now let us consider the points (xo, to), to < 1/2, |(X0) = ¢i| < vn, Xo € UT\M;. Note that U, = 71(c; - yn -

8, ci +yn + 8) C T(M;, An/8), for sufficiently small § > 0. Let hn(x, t) = |2ttkn (t(x) - cl-)| + t, (1 - 2t). From
the assumption xo € Un. We shall prove that the set 771(c;, ¢; + yn + 6) is positively invariant. Namely, if
p € 7 Ycj, ¢; + yn + 6) then for arbitrary ¢ > 0 we have

ci <7 (@, ) <1(p) < Ci+m +86.
We shell explain only the first inequality ¢; < 7 (¢(p, t)). In the contrary ¢; > 7 (¢(p, t)) then p € M; which
is a contradiction. Now, from xo € 71(c;, ¢; + vn + 6) there exists a neighborhood Wy of xo such that W, C
77 Y(c;, ¢; + n + 6). Let W is a neighborhood of ¢, such that W° C [0, 1/2). Then
d (p(x, hn(x, 1)), a(x, hn(x, 1)) < %", vx € Wo, vt € WO.

Specially, for x = x¢ and t = t; we have that

d (¢(xo, hn(xo, to)), alxo, hn(xo, to))) < %
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Now, from the continuity of the phase map for a choice of € < A,/4 there exist neighborhoods W of xo and
W1 of t, such that

d (‘P(X, hrl(xa t))’ (p(XO’ hn(XO, tO))) <E, VX € Wl’Vt S Wl-

Again, for a choice Wx = Wy N W; as a neighborhood of x, and W* = W° n W' as a neighborhood of t, we
obtain
d (a(X’ hn(X, t))’ a(XO’ hn(XO, tO))) < d (a(X, hn(X, t))’ (p(xy hn(X, t)))

+d ((P(X; hn(x, t))’ (P(XO, hn(XO, tO))) +d (QD(XO, hn(XO’ tO))’ a(XO’ hn(XO, tO)))

<%”+/Z‘+%"=A7", Vx € WiVt e W',

which means that we have V,-continuous in this point as well. The discussion about the points (xq, to), to <
1/2, |t(x0) - ¢i| € Yn, X0 € U™\ M; is similar.

viii)The points (xg, 1/2), xo € U\M; are remained for discussion. First let us suppose that x, € U*. We shell make
another assumption, namely 7(xo) < an. We shell prove that 7(x) < an, x € U* implies x € T(M;, An/8). In
the contrary there exists t = 0 such that ¢(x, t) € S(M;, An/8), because the trajectory segments are compact
connected sets, which means that 7(x) = T ((p(x, t)) > an. This is a contradiction. There exists a neighborhood
Wo C UT\M; of xo such that 7(x) < an for all x € Wy. Note that Hn(xo, 1/2) = alxo, t, (t(xo) - c;)). Let
€ = An/4. There exist neighborhoods W; of xo and W of 1/2 such that:

d (p(x, 2tty, (T00) = ¢;) + i, (1 = 21)), (X0, i, (T(x0) - ¢y))) < AZ", vx € Wy, Vt € W,

Let W« = Wo N Wy and W* = W', Also, let hn(x, t) = 2tt;, (T(x) - ¢;) + t;, (1 - 2¢t). Note that, ¥x € W« and
te W'n[o,1/2], wehave that ay > T(x) = T (¢(x, hn(x, t))) which means that ¢ (x, ha(x, t)) € T(M;, An/8).
Now, for arbitrary x € W« and t € W* N [0, 1/2] we have the following estimate:

d (a(x, hn(x, 1)), a(xo, hn(xo, 1/2))) < d (a(x, hn(x, t)), p(x, hn(x, t)))

+d (@(x, hn(x, 1)), 9(x0, hn(x0, 1/2))) + d (¢ (x0, hn(x0, 1/2)), a(xo, hn(xo, 1/2)))
A An | An An
<3 tLTs o3

There exists an element V;, of V, such that Hn(Wx, W* N[0, 1/2]) C Vy is valid. For gn(x, t) = tr, (T(xX)—c)(2-
2t)and € = 31,/ 16 there exist neighborhoods W5 of x, and W? of 1/2 such that d ((p(x, gn(x, 1), p(x, gnlx, 1/2))) <
3An/16. Analogously there exists neighborhood W3 of xo such that: d (¢(x, gn(x, 1/2)), ¢(xo, gn(x0, 1/2))) <

31A€- Let Wix = Wo N W, N W3 is a neighborhood of xo and W« = W? a neighborhood of 1/2. We obtain the
following estimates:

d ((x, gn(x, ), a(xo, gn(xo, 1/2))) < d (p(x, gn(x, 1)), p(x, gn(x, 1/2)))

+d (@(x, gn(x, 1/2)), p(x0, gn(x0, 1/2))) + d (p(x0, gn(x0, 1/2)), alxo, gn(xo, 1/2)))
3An 3/\;1 An _ An
16 16 '8  2°
This means that there exists V;; € Vy, such that Hy(Ws, W™ 1 (1/2,1]) C V;. Also, let us note that the
following inclusion Hn (W, W™ N[1/2, 1]) C V. Namely, the neighborhood Wi+ can be chosen sufficiently
small such that:

A
d (90, b, (T01) =€), 92, i, (T02) = €)) < T VX1, X2 € W
Having this in mind for the points (xq, 1/2), (x2, 1/2), x1, x, € W+« we have that the following holds:

d (Hn(x1,1/2), Hn(x2,1/2)) < d (Hn(x1, 1/2), p(x1, gn(x1, 1/2))
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+d ((P(Xla gn(Xl, 1/2)’ ¢(X2’gH(X2’ 1/2)) + d ((P(XZ, gn(Xz, 1/2))3 Hn(XZ, 1/2))

<A—"+&+A§"<An.

Similarly, for the points (xq, 1/2), (x2, t2), X1, X2 € Was, t; > 1/2 we have :
d (Hn(x2, t2), Ha(x1, 1/2)) < d (Hn(x2, t2), @(x2, gn(x2, 1/2)))

+d (p(x2, gn(x2, 1/2), alxz, gn(x2, 1/2))) + d (alxa, gnlx2, 1/2)), alx1, gn(x1, 1/2)))

3An An 2An  An
< e +§+ 3 +1—6<An.
Hence, V, N Vy # 0. But this implies that we have st(V,,)-continuity in this points.
Now, we shall discuss the points 7(x) = an. From the inequality 7(xo) — ¢; > an — ¢; we obtain that

+
n

an — Cj

(t(x0) = i)ty 2 (t(x0) = ¢)tn 2 (1(x0) - ¢;) = ty,

but ¢(u, ty) € T(M;, An/8), Yu € U* we have ¢ (xo, ty, (1(xo) - ¢;)) € T(M;, An/8).
Now, from the inequality t, > t;, we obtain that:

hn(x, t) = 2tty, (T(x) = ¢;) + 5, (1 = 28) > 2tty (@an — ;) + t;, (1 - 28)

2 2ttn(an — ¢;) + tn(1 = 26) 2 2tt5 + (1 = 28) = £, Vt € [0, 1/2]

, which implies that ¢ (x, 2ty (100 — i) + £, (1 - 2t)) € T(M;, An/8). So we have st(Vy)-continuity in this
points as well.

Now we shall assume that xo € U™\ M;, which is the remaining case. We make additional assumption 7(xg) >
Bn. We shall prove that 7(x) > B, x € U~ implies that x € T(M;, An/8). On the contrary, there exists t > O
such that 7 (¢(x, -t)) € S(M;, An/8). But, this would imply that

Bn < 1(x) < T (@(x, ~1)) < B,

which is a contradiction. Now, from the inequality:

T (pxo, tr, (T(x0) = ¢1))) = T(x0) > Bn,

we have that ¢(xo, ty, (t(xo) - ¢;)) € T(M;, An/8). According to the previous discussion, similarly we obtain
st(Vn)-continuity in this points. It remains the case when 7(xg) < Bn. Note the inequality 7(xo) - ¢; < Bn — C;
in which all the values are negative. This implies that
th

Ci = Pn
Again, from @(xq, -t;) € T(M;, 1n/8) we have ¢ (xo, tr, (T(x0) - c,-)) € T(M;, An/8), which implies that we
have st(Vy)-continuity in this points as well.

The proof is complete. O

(t(x0) = cdty, < (Bn—ci)tn = (Bn —ci) -

= —ty.

O
Let us note that the condition imposed on the Lyapunov function is essential in theorem 3.1 as shown in the
following example:

Example 3.1.

Consider a dynamical system defined in the cylinder D x I, where D stands for the unit disk. The points in the
Hawaiian earring H = | J;; S((1/2n, 0, 1/2), 1/2n) are stationary points. All the points in D x {0, 1} are also
stationary. The trajectories of the rest of the points are vertical straight lines joining two stationary points.
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The Hawaiian earring is a Morse set which is not a shape retract of any of its neighborhoods. This shows that
theorem 3.1 does not hold for general Lyapunov functions.

Now, we are ready to consider the shape of chain recurrent set CR(¢).
We shall use the following theorem of Conley [14].

Theorem 3.2. Let (X, d) be a compact metric space with a flow . Then there exists a unique family M = {M;|j €
J} of disjoint, compact and invariant sets which admits Lyapunov function and is maximal with this property.
The set Ujc;M; is actually CR(¢), which is compact and M; are its connected components.

Corollary 3.1. Arbitrary chain recurrent set with finitely many connected components satisfying the condi-
tions of the previous theorem 3.1 admits compact neighborhood U with the same shape as CR(¢p), i.e. Sh(U) =
Sh(CR(¢)).

Proof. From the previous theorem of Conley, the connected components of CR(p), M = {CR;(p)lj € J},
form a Morse decomposition. According to the previously proven theorem, each of this components admits a
compact neighborhood U; with the same shape as CR;(¢), i.e. Sh(U;) = Sh (CR;(¢)) and such that is disjoint
from the others. Now, if we choose U = Ul U;, we get that

Sh(U) = Sh (UL11;) = Sh (UL, €Ri(9)) = Sh (CR(p)) .

O

In the section that follows we shall verify this result on a couple of systems of differential equations by in-
vestigating the symbolic image (an oriented graph) with respect to a given covering. We used the algorithm
suggested by Osipenko in [3] to get a sequence of embedded neighborhoods which converges to the chain
recurrent set by writing a programming code in Mathematica.

4 Symbolical analysis of the Chain Recurrent Set

The theoretical background of the symbolical images and the constructive methods which are applied on
them were described in detail by Osipenko in [17]. The main idea is construction of a directed graph which
represents the structure of the state space for the investigated dynamical system. This graph is called the
symbolical image of the focused system and can be seen as approximation of the system flow. Valuable in-
formation about the global structure of the system may come from the analysis of this symbolic image. From
the computation point of view the usage of such a graph has the advantage that once it is constructed, all
investigations are matters of graph analysis which provides an opportunity among other things in it’s pallet
an algorithmic way of thinking.

Hence basic operations on the symbolical image gives an opportunity to obtain a sequence of neighbor-
hoods which localize invariant sets, or in our case of interest, the chain recurrent set. Numerical computations
are performed for several dynamical systems in order to verify our theoretical result.

Let us consider a discrete dynamical system governed by a homeomorphism f defined on a compact
manifold M.

We use the following algorithm from [3] based on which a programming code in "Mathematica" is suc-
cessfully obtained and tested on couple of systems of differential equations:

Stepl. Starting with an initial covering C, the symbolical image G = (T, R) of the map f is found. The cells
of the initial covering may have arbitrarily large diameter dj, .

Step2. The recurrent vertices iy, of the graph G are recognized. Using the recurrent vertices, a closed neigh-
borhood P = Uik M(i;) of the chain recurrent set CR(f) is obtained.

Step3. The cells corresponding to the recurrent vertices i.e. {M(i;)| i is recurrent} are partitioned. For
example, the largest diameter of the cells may be divided with 2. Thus the new covering is defined.
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Step4. The symbolic image G = (T, R) is constructed for the new covering. It should be noted that the new
symbolic image may be constructed on the set P = (J; M (ix). In other words, the cells corresponding to non
recurrent vertices do not participate in the construction of the new covering and the new symbolic image.

Step5. Go back to step2.

Repeating this partitioning process we obtain a sequence of neighborhoods Py, P1, P, ... of the chain
recurrent set CR(f).

Before giving some examples of system of differential equations we shall discuss the transition from dis-
crete to continuous phase maps. Namely, the idea is quite simple, discretization of systems continuous in
time. Let a system of differential equations be given by x(£) = F(x(£)). What we need is some kind of mapping
which transforms an orbit continuous in time into one discrete in time. A shift operator along trajectories is
needed. Such a mapping has the form f(x) = ¢(x, t), with ¢(x, 0) = x. It can be calculated by solving the
equation. If we fix a value for t = t, we obtain the required discretization.

Example 4.1.

Consider the following system of differential equations:

X =-y+x(1-x*-y?)
y=x+y(1-x*-y?).

In polar coordinates we have:

F=r(1-r%)
6=1.

with initial values r(0) = rg and 6(0) = 6. The first equation can be solved either as a Bernoulli equation
or as a separable differential equation. The solution is given by:

r(t,ro) = (1+ (% - 1)e 207 and 6(t, 8o) = t + 6,
0
Now we easily obtain the required discretization by choosing a value for t = 10 for example. (The value of
t is important for practical purposes above all because it determines the speed with which the non recurrent
cells are being erased but only user experience and heuristic testing can lead to the most proper setting of t).
We input this map in the programming code and obtain the following neighborhoods of CR(f):

Figure 1: first iteration
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Figure 2: second iteration

Figure 3: third iteration fourth iteration

Figure 4: fifth iteration

Consider the following system of differential equations:

x=y
y = -x +ycos(x).
In this system we cannot obtain our discretization map like in the previous example by integrating the

system, but using the built in function NDSOLVE in the programming package "Mathematica" we obtain ap-
proximation of it.
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These are the results:

Figure 5: first iteration

Figure 6: second iteration third iteration

Figure 7: fourth iteration

Let us consider the following system of differential equations in a polar form:

# = r?sin(10)
6=1

Initially we isolate the point (0, 0) by a square box.
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Here are the results:

Figure 8: first iteration

Figure 9: second iteration third iteration

Figure 10: fourth iteration

A computer program realizing the algorithm described above has been made at St.Cyril and Methodius
University, Institute for Mathematics, by I. Jovceski and the author.
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