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baarogapHoct

Ha martor koH ycremniHa kapuepa, Ha CeKOj Hay4eH paOOTHUK My ce MOTpeOHU
MEHTOpH KOU K€ IO HacodaT BO BUCTMHCKHUOT npasen. Ha MojoT mar Toa Oea
npod. a-p Bepuna bakesa u npod.a-p Cmusie MapKoBCKH.

3aroa, 6 cakana Jja UCKa)kaM rojema OlarogapHOCT Ha MOjOT MEHTOP Mpod.
n-p Bepuia bakeBa 3a orpoMHara moJipIika v IOMOIIl BO TEKOT HA MOUTE UCTpPa-
KyBama M U3pabdoTKara Ha JOKTOpCKara Aucepranyja. Bo TekoT Ha menara Moja
paboTa He caMO Kako Hay4eH MCTPaKyBad, TYKy M KaKo aCUCTEHT HECEOMYHO TO
JIeTIee CO MEHE CETO HEj3MHO MCKYCTBO M 3HACHE U CEKOTalll Haoralie BpeMe aa
MU TIOMOTHE U J]Ja M€ HaCOYU BO BUCTHHCKAaTa HACOKa.

Hcro Taka, cakam ga My ce 3abimaromapaM W Ha MOjOT KOMeTop mpod. a-p
Cmune MapkoBCKH 3a HeroBara MoJpiika, 3a CUTe HETOBU 3a0€JIeIIKY U HOBU UJIEU
BO TEKOT HAa MOUTE HCTPAXKyBamba.

Ha cexoj Hayuen paboTHUK, OU My MOcakaiga MEHTOP U KOMEHTOP KaKBH IITO
MMaB jac U ce HaJieBaM JieKa MojaTra copaboTKa co HUB Ke MPOI0JIKHU U BO HIHUHA.

Boenno ce 3abmaromapyBam Ha mpod. 1-p Marganena I'eopruesa, koja me
MOBUKA J1a OMaaM HEj3MH aCHCTEHT Ha KypcoT 1o Teopwja Ha mHpOpMAIUU, CO
HITO M€ MHCTIMPHUpAIIe MOUTE HAyYHU UCTPaKyBama J1a ' HacouaM TOKMY BO OBaa
obnacr.

Bo n3paboTtkara Ha cexoja TOKTOpCKa AUCTEpTaI]a, 3a0€IEIIKUTE Ce CEKOTaIll
noOpenojnenu. 3aroa ce 3abmarogapyBaM Ha ao1l. 1-p Becna Jlumurposa, 3a cute
3a0eelIky 1 3a IieJIoCHaTa MOoApIIKa MPU U3paboTKaTa Ha OBaa aucepariuja. Mu
Oerre ocoOeHa YecT U 33/10BOJICTBO IITO BO JIET O MOMTE UCTpaKyBama copabo-
TYBaB CO Hea.

Hcto Taka, cakaMm J1a My ce 3abmarogapamM Ha akajaemuk 1-p Jbymuo Komapes
mro nmpudatu qa Ouzae e o KOMHCH]jaTa 3a OIleHKa Ha Mojara JIOKTOpKa JAucep-
Taluja.

Ho ocBen noaapiikara 1 HOMOLITA IITO ja J0O0UB 0]l MOUTE PO(PEeCUOHATHH
copaOOTHUIIM, O TOJIEMa ITOMOII MU Oellle MOJIPIIKATa O MOUTe HajOnucku. 3a-
TOA OrpOMHA OJIaroJapHOCT CakaM Jia HCKa)KaM Ha MOHMTE POTUTEIIH KO CEKOTalll
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Me MOJpKyBaa, HeCeOMYHO MM ToMaraa U BepyBaa Bo MeHe. IloceOHo ce 3a0na-
rojgapyBam Ha MojaTa Majka CnaBuIia, Koja BO IIEJTHOT EPHOJ J0eKa jac paboTeB
Ha UCTpa)KyBamara 1 u3paboTKaTra Ha OBOj JOKTOpaT Me 3aMeHyBallle BO MojaTa
HajBaXKHA yJI0Ta - MajYMHCTBOTO, HECEOUYHO Ce€ TPHKEIIe 3a MOjOT CHH U Ce TPY-
JIe1lie 1a My TO HaJJOMIOJIHM MOETO OTCYCTBO. HO, BO TEKOT Ha MOMTE UCTPaXKyBarbha
U 13paboTKa Ha OBOj TPYI, MU HEAOCTHUTAIIe IPUCYCTBOTO U MOJPIIKATa HA MOjOT
TaTKo bpaHko, unja moaIpiika ja ©MaB Ha MOYETOLIMTE HA MOjaTa Kapuepa, 1 3HaM
JIeKa cera Toj ke Oerre MHOTY TOpJl M Ha 0BOj Moj ycriex. Ce 3abnaromapyBaM Ha
MOjOT conpyTr BajeHTuHo 3a JbyOOBTa U MOAPIIKATA KOja MU ja JaJe BO LETHOT
0BOj MEPHOI, K0ja MU Oellie 0] OrPOMHO 3HAYEH-E 3a J]a MPOI0KaM U HCTpaaM BO
paborara. Mcro Taka uMm O6iarogapaM U Ha MOJOT OpaT M CUTE MOU POIHUHH KOH
BEpyBaa BO MEHE U CEKOrall Kora Mu Tpedale nomMour HeceOMYHO MU ja J1aBaa.
Hajronema OmnarogapHOCT, a BO€IHO W M3BHHYBAalm€ CakaM Jla My HCKakaMm Ha
Mojot cuH Jlyka. HeroBure nperparku u Hem3mepHa Jby00B O6ea Mojara HajroemMa
MOAPIIIKA U U3BOP HA EHEPIHja BO TEKOT Ha Mojara paborta. Ox apyra cTpaHa, 3HaM
JieKa mopaau Mojara 3adareHocT co u3paboTKaTa Ha JOKTOpPCKAara AMCEpTalyja
MOHEKOTalll My HEJOCTHUTaIlle MOETO BHUMAHWE W HAIINUTE 3a€IHUYKH JPYKOH.
ToxMy 3aToa oBa AurcepTaiMja ja MOCBETyBaM Ha MoeTo coHIle Jlyka.

Boeano cakam f1a uM ce 3abnarogapaM Ha CUTE MOU IIPUjaTeNIN U KOJIETUTE O]
®UHKMU 3a noapikara npu u3paboTkara Ha 0BOj TPy, TOCEOHO HAa MOjOT Apyrap
AJrexcaHaap 3a HeroBaTa TEXHHWYKa IOMOIII U Ha Koienikara JlaHuerna 3a Hamata
3aeJHMYKa coOpabOTKa KOja ce HaJIeBaM JieKa Ke MPOAOJIKU U [IOHATaMy.

Aunekcanapa [TonoBcka-MuTtpoBuk



Pe3nme

Bo oBaa moktopcka amcepTalyja ce HCTpaKyBaHU HEKOU MPUMEHU Ha KBa3UTPy-
IUTE BO TEOpHjaTa Ha KOAMpame U Kpuntorpadujara. Pasmienanu ce cirydajHure
ko10BU O0a3upanu Ha kBasurpynu (Random Codes Based on Quasigroups - RCBQ),
npemioxenn on Januno I'muropocku, Cmuiie Mapkoscku u Jbynmuo Komapes.
OBue KoJI0BM ce KoMOMHaIMja Ha KpUNTorpadCcKu alNropuTMH M KOJOBH 3a MOTpa-
Bal-€ Ha TPEIIKU U 3aBHCAT O]l HEKOJIKY mapameTpu. McnuraHo e BIMjaHHETo Ha
napaMeTpHUTe Ha KOJIOT U JIOJDKUHATA Ha MOPaKHUTEe BP3 epopMaHCUTe Ha KOAOT.
On eKCIepUMEHTHUTE € 3aKITyYeHO JIeKa Op3MHaTa Ha IMPOIECOT Ha JACKOIHPAE €
€/ICH O/ HajroJIEMUTE TTPOOJIEMH 32 OBHE KOJOBH.

Co nen na ce nonodpu Op3uHATA HA JeKOAUpame AeUHUPAH € HOB aITOPUTaM
3a KOAMpame/IeKoIupame, HapeueH alropuTaM-3a-iaeKoanpame-co-npecek (Cut-
Decoding anroputam). Monudunupanuor npouec Ha Aekofupame € 4.5 matu
no0Op3 o1 OpUTHHAITHUOT 32 Koy (72, 288), 3a kBazurpymu ox pex 16. Mcro Taka, ce
MIPEUIOKESHN HEKOJIKY METO/TM 32 HaMalyBamke Ha HEYCIEITHUTE JAeKoanpama. Ha
OBOj HauMH ce JOOMEeHH 0100pH pe3yNITaTH 3a BEPOjaTHOCTUTE 3a MAKET-IPEIIKa U
out-rpemika. Bo oBaa aucepariyja ce UCIUTaHU NepPOPMAHCUTE HA CITyUajHUTE
KOZIOBH 0a3MpaHu Ha KBA3UTPYTH KOTra BO MPOLIECUTE Ha KOAUPAE U JTEKOANPAHE
Ce€ KOpHUCTAT KBAa3UTpyInu ol pen 4 u pen 256. Pasrnenana e u npuMeHara Ha OBHE
KOJIOBH 32 JICKOAMPAmE HA CIIMKU KO Ce NMpeHecyBaaT Hu3 OMHApeH CUMETPUYCH
KaHaJ ¥ CIIOPEACHU Ce Pe3yNTaTUuTe JOOMEHH CO KOPUCTEHhE Ha CTaHIapIHUOT aJl-
ropuTaM, alropuTaMoT-3a-eKoAupame-co-npecek u Pua-ConoMoH KOIOBUTE.

3a noOuBame Ha yIITe oOp3 MpoLec Ha ASKOAUpame 1e(hUHUPaH € YIITE eeH
QITOPUTAM 32 KOJHpar-e/IeKOINpambe, HapeUeH alIrOopUTaM-3a-IeKOIUpPaAEe-Co-
4npecenu (4-Sets-Cut-Decoding anropuram). Mcto Taka, 3a mogoOpyBame Ha Be-
POjaTHOCTHTE 3a MaKeT-TPeIIka U OUT-Tpelika, AeUHUPAHU C€ HEKOIKY METOIU
3a TeHepHpamke Ha peAyLMpaHUTe MHOXKECTBA CO KaHIUATH 3a IEKOANpaHara mo-
paka. AHanu3upaHu ce nepPopMaHCUTE HA PANUYHUTE AJITOPUTMH 32 JEKOIU-
pame Ha RCBQ (cTaHmapAHUOT, ajaropuTam-3a-IeKoANpabe-Co-MPECceK U alro-
pUTMHTE-32-AEKOIMparbe-co-4mpecern) 3a Kox co para R = 1/8 u pasrienana
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e MpUMEHaTa Ha METOIUTE 32 HaMaJTyBambe Ha OpOjOT Ha HEYNEIIHH IEKOANPamba
BO IIpeIJIOKEHUTE HOBH anroputMu. Mcniuranu ce nepdopmancure Ha RCBQ co
TpeTara Bep3uja Ha aJIrOpUTMOT-3a-1€KOUpambe-co-4mpecel 3a KoIupame/ 1eKo-
JTUpame Ha CIIMKHU KOU ce MTpeHecyBaaT Hu3 OMHAapeH CUMETPUYEH KaHall U Hampa-
BeHa e criopenba co Pun-CoiaomMoH KooBHTE.

M3BeneHa e Teopucka ropHa TpaHUIA 32 BEPOjaTHOCTA 3a MAKET-TPeIIKa J10-
OveHa co KOPUCTEHE Ha HOBHTE AJTOPUTMH W TPUOMIKHE (HOpMYIH 3a Kapau-
HAJTHUOT Opoj Ha pelylHpaHUTEe MHOXKECTBA CO KaHIUAATH 3a Jnekoaupame. Co
u3BeeHUTE GOPMYIIH € TOKAKAHO JIEKa CO HOBUTE allTOPUTMU MOJ0OPEHHU ce Tep-
dbopMaHCHUTE HA OBHE KOJIOBH.

[Touernara uzeja 3a KBa3UrpyHa CTPUHT TpaHcpopmMalija 6a3upana Ha mapa-
ctpodure e nanena on Anexcangap Kpamex. Bo oBaa Te3a, mpenmoxeHa € MOau-
¢ukamuja Ha oBaa TpaHcdopMalja, HapeueHa napactpodna kpasurpynsa (PFE)
TpaHchopmalja u pasrieaaHu ce Hej3uHUTe Kpuntorpadcku cBojctBa. Co Ko-
pHUCTEHE Ha OBaa TpaHc(opmalivja HarpaBeHa e Kiacu(uKalrja Ha KBa3UTrpyImnuTe
on pen4 Bo Tpu kiacu: 1) mapactpodHo-¢ppaxrannu; 2) ppakranHu napactpopHo-
He(pakTanHy; U 3) HeppakTaaHu KBazurpynu. Mcnurtanu ce anredapckure cBoj-
CTBa Ha MapacTpopHO-PpaKTATHUTE KBA3UTPYIH OJ ped 4 U CO KOPHUCTCHE Ha
HEKOU MHJICHTUTETH JaJIeH € MaTeMaTU4yKu Mojel Ha mapactpodHara ¢ppaxra-
HocT. McTo Taka, 3a cekoja KBa3urpymna oji peq 4 mpecMeTaH e OpojoT Ha pa3IuyHH
napacTpo(u 1 MHOKECTBOTO OJ1 CUTE KBa3UTPYIIH OJ1 pell 4 € MoJIeNIeHO Ha YeTUPH
kinacu. Co KOpUCTeHmEe Ha OBaa TpaHc(hopmaliyja 3rojeMeH € OpojoT Ha KBa3u-
Ipynu of pell 4 KoM ce IMOTro/IHU 3a KOHCTPYKIIHMja Ha KpUNTOrpad)CKU MPUMUTHUBH.
JlokaxxaHo € BaykHO Kpunitorpadcko cBojctBo Ha P E/-tpancdopmarujara. iMeHo,
ako P E-tpancdopmaiidjata ce KOPUCTU Kako (YHKIIMja 32 KPUIITUPAEKE TOTAIIl
rocie n Hej3MHM MPUMEHH Ha IMPOM3BOJIHA NIOpakKa, pachpeendara Ha [-TOPKUTE
(I =1,2,...,n) e pamHomepna. OBa cBOjCTBO 00e30e1yBa OTIIOPHOCT Ha CTaTHC-
THUYKH HaITa Ii.

KJIYYHU 30POBM: xBa3urpyna, KBa3urpyrsa TpaHchopmaiinja, KOJoBU
KOHU TOTPaBaar rpeuiky, cydajHu KOAOBU, KPUIITOKOAUPAHE, BEPOjaTHOCT 3a Ma-
KeT-IpellIKa, BEPOjaTHOCT 3a OMT-Tpelka, Op3uHa Ha JAEKOJHpame, Kpunrorpad-
CKH CBOjCTBa, pPAMHOMEPHOCT, CTAaTHCTUYKH HaraJ.



Abstract

In this thesis we research some applications of quasigroups in the coding theory
and the cryptography. We consider Random Codes Based on Quasigroups (RCBQ)
proposed by Danilo Gligoroski, Smile Markovski 1 Ljupco Kocarev. These codes
are a combination of cryptographic algorithms and error-correcting codes and they
have several parameters. We investigate the influence of the code parameters and
the length of the messages on the code performance. From the experiments we
conclude that the speed of the decoding process is one of the biggest problem for
these codes.

In order to improve the decoding speed, we define a new coding/decoding al-
gorithm called Cut-Decoding algorithm. The modified decoding process is 4.5
times faster than the original one for code (72, 288), for quasigroups of order 16.
Also, we propose several methods for reducing the unsuccessful decodings. In
such a way we obtain better values for packet-error and bit-error probabilities. In
this thesis we investigate the performances of the random codes based on quasi-
groups when quasigroups of order 4 and order 256 are used in the coding/decoding
processes. We consider an application of these codes for decoding images trans-
mitted through a binary symmetric channel and compare the results obtained using
the standard algorithm, Cut-Decoding algorithm and Reed-Solomon codes.

For obtaining a faster decoding process we define another coding/decoding al-
gorithm, called 4-Sets-Cut-Decoding algorithm. Also, for improving the packet-
error and bit-error probabilities we define several methods for generating reduced
decoding candidate sets. We analyze the performances of different decoding al-
gorithms of RCBQ (the standard, Cut-Decoding and 4-Sets-Cut-Decoding algo-
rithms) for a code with rate R = 1/8 and we consider the application of the
methods for reducing the number of unsuccessful decodings in the new proposed
algorithms. We investigate performances of RCBQ with 4-Sets-Cut-Decoding
algorithm#3 for coding/decoding images transmitted through a binary symmetric
channel and we compare these results with suitable results obtained with Reed-
Solomon codes.
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We derive a theoretical upper bound for the packet-error probability obtained
by the new algorithms and approximate formulas for cardinality of the reduced
decoding candidate sets. With the derived formulas we prove that with the new
algorithms we have improved the performances of these codes.

The first idea for quasigroup string transformation based on parastrophes is
given by Aleksandar Krapez. In this thesis, we propose a modification of this
transformation, called parastrophic quasigroup (P E) transformation and consider
its cryptographic properties. Using this transformation we classify the quasigroups
of order 4 into three classes: 1) parastrophic-fractal; 2) fractal parastrophic-non-
fractal; and 3) non-fractal quasigroups. We investigate the algebraic properties
of parastrophic fractal quasigroups of order 4 and give a mathematical model of
parastrophic fractality using some identities. Also, we find a number of different
parastrophes of each quasigroup of order 4 and divide the set of all quasigroups
of order 4 in four classes. Using this transformation we increase the number of
quasigroups of order 4 which are suitable to design cryptographic primitives. We
prove an important cryptographic property of P E-transformation. Namely, if P E-
transformation is used as encryption function then after n applications of it on
arbitrary message the distribution of [-tuples (I = 1,2,...,n) is uniform. This
property implies the resistance to statistical kind of attack.

KEY WORDS: quasigroup, quasigroup transformations, error-correcting co-
des, random codes, cryptcoding, packet-error probability, bit-error probability, de-
coding speed, cryptographic properties, uniformity, statistical attack.
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BoBen

bp3uoT pa3Boj Ha KOMyHHUKalMCKaTa TEXHOJOTHja U MOTpedara oJl CUTYpeH
MPEHOC Ha MOAATOIM Oapa MOCTOjaHO MOA0OpPYBakE HA MOCTOCUKUTE METOAH H
ANITOPUTMH U pa3BHBalk-E€ HA HOBU KOM K€ OBO3MOXKAT TOUYeH U 0e30e1eH mpeHoc
Ha noparouute. OBa 10Be/e 10 MHTEH3WBEH Pa3BOj Ha TEOpHUjaTa Ha KOJUPAHE U
Kpunrorpadujara Kako Hay4HU 0OJIAaCTH KOU Ce 3aHMMaBaar co OBHE IMPOOJIEMH.
3apaau notpebdara ga ce qo0ue BO UCTO BpeMe U eduKaceH u 6e30e/1eH TPEeHoC
Ha TIO/IATOLIUTE, CE MOBEKEe Ce pa3BHBA M KOHIENTOT HA KPUIITOKOIUPAHE BO KOj
IPOIECUTE Ha KOJUPaE U KPUIITUPAE Ce CIojyBaar Bo efeH npoiec. [loctojar
MHory nu3ajuu [27, 30,32, 56,77, 84, 85] Bo KoU IITO Ce UCTIPETIIETYBaaT OBHE JIBE
Hay4yHH 00JacTu: mudpyBayd BO KOU C€ KOPUCTAT KOJOBHU CO LIEJN Ja CE 3roJeMHU
HUBHaTa 0€30€HOCT ¥ 0OpaTHO KOJIOBH BO YH]j TU3ajH CC UMIUIEMEHTHUPAHHU QJIrO-
PUTMH 32 CHKPHIIIIH]a.

Bo noHoBo Bpeme BO rojiem el o1 UCTpaKyBamara 01 OBUE J1B€ 001acTH MpH-
MeHa Haoraat kBasurpynute. HajHoBuTe nucTpaxkyBama MOKa)KyBaar jJeka KBa3u-
rpynuTe HaolraaT MpHMEHa BO M3pabdOTKaTa Ha OCHOBHHU allaTKH KOU CE€ KOPHC-
TaT BO KOAUpPameTo W Kpuntorpadujata. Kpazurpymnure Kako MHOTY MOTOTHU
anre0apcKy CTPYKTYpU UMaaT IIUpOKa MPUMEHA 3apaii HUBHATA CTPYKTYpa, CBOj-
CTBa M HUBHUOT ToJieM Opoj ¥ 3a HUB IOCTOM 00eMHa HayuHa JuTeparypa. [locnen-
HUBE HEKOJIKY F'O/IMHU 3HaYaeH MPUJIOHEC 3a IPUMEHaTa Ha KBa3UTrpymuTe BO TE€O-
pujara Ha KoaMpame U KpunTorpadujata UMaaT U UCTPpaKyBamara IITO TH BpIIaT
HEKOJIKY UCTpaKyBauu o DakynTeToT 3a HHPOPMATUIKU HAYKU M KOMITjYTEPCKO
uHxeHepcTBo Bo Ckorje. [71aBHUTE HCTpaXKyBama ce BO HACOKa Ha Je(pUHUPAbEe
Ha HOBH aJITOPUTMHU 32 KOIOBU KOM OTKPHBAaT U MONPaBaaT I'PeIIKy, CIIy4ajHU KO-
JOBH, TIPOTOUHU U pyBauu, 610K mupyBauu, NCEBI0 TeHEPATOPH HA CITy4YajHU
HU3U, Xall QyHKIUH, UTH.

Co noMmoIi Ha KBa3UTpymnuTe ce AeUHUpaHH U POydyBaHH rojem Opoj KBa-
3urpynuu Tpancdopmarmu [40, 46, 47, 51, 52, 53, 54]. UctpaxyBamaTa Ha CBOj-
CTBaTa Ha HU3UTE JOOMEHH CO KBa3UTPYHMHHUTE TpaHC(HOpMAIMU IMOKakaa JeKa
OBHME TpaHC(OpMalMy MOXeE J1a HajaaT OrpOMHa NPUMEHa BO TeopujaTa Ha KO-
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Jpame 3a AM3ajH Ha KOJOBU KOW OTKPUBAAT M MOIPaBaaT TPEUIKH U BO KPUIITO-
rpadujaTta 3a KOHCTPYKIHMja Ha KpUNITOrpadCcKu NpUMHUTHUBU. [oOuenute pesyi-
TaTH JOBEIyBaaT O HU3a OTBOPEHH Mpalllama, Yhe MITO pellaBamke Ou Jano ro-
JieM TIpHUJIOHEC BO TeopHjaTra Ha KoAupame U kpunrorpadujara. Ksazurpymnuure
TpaHcopMaliK ce IPecIuKyBama O] KOHEYHU HU3M HaJl KOHeuHa a30yka u 1o-
Ka)kKyBaaT CBOjCTBA Ha JMCKPETHHU TUHAMHUYKU CUCTEMH. 3aToa, KaKo PeJaTUBHO
HOBa 00JIaCT MPETCTaByBaaT MPEIU3BUK 32 HUBHO TIOHATAMOIITHO HCTPAKYBakE H
HUBHA IPUMEHa BO OBHE OOJIACTH.

Bo Mojot marucrepcku Tpya ([89]) Oerie HanmpaBeHO €KCIIEPUMEHTATHO HC-
NUTYBamkbe Ha CBOjCTBAaTa Ha CIy4YajHUTE KOJOBU KOM IOIpaBaaT TPelIku Oas3u-
paHu Ha KBa3urpynu, npepioxenu oa Januno ['muroposcku, Cmuie MapkoBcku
u Jbymuo Komapes [30]. Ox eKCiepuMEeHTHTE HAPABEHU CO MPETIOKESHUTE CITy-
YajHU KOJOBU Oa3upaH Ha KBAa3UTPYIIH, TPOU3JIETOA HEKOJKY HJEH 3a MOAU(H-
Kalliy Ha OBHE KOJOBH CO 1IeJ J1a ce A00ue noedukaceH mporec Ha IeKOIUpame.
JloOueHnte pe3ynraru mokaxaa geka neppomMaHcuTe Ha OBHE KOJOBU MHOTY 3a-
BHCAT o1 M300pOT Ha KBa3UTpylaTa u JPyruTe MapaMeTpy BO HUBHUOT JU3ajH.
Opn excriepuMeHTaIHaTa criopeoa Ha neppopmMaHCUTE Ha OBHE KOJJOBU CO KOJIOBU
MO3HATH T10 CBOjaTa MPaKTHYHA NMPUMEHA 32 CKIaIUpPahe M MPEHOC Ha TTOIaTOIH
(xako mTo ce konoBuTe Ha Pun-Munep u Pua-Conomon), mpousiese 3akiyqdoKoT
JIeKa ¥ KOJIOBUTE 0a3MpaHM HA KBa3UTPYIH MOXKAT Ja HajIaT MHUPOKa MPaKTUIHA
npumena. OcBeH go6pute nepdopmaHcu, oBUe KOZOBU UMaaT U KpUNTOTpadcku
CBOjcTBa KoM 00e30emyBaar u 6e30e1eH npeHoc Ha noxarouu. Ho, orBopeHo oc-
TaHa MpamameTo 3a 3a0p3yBamke Ha MPOIECOT Ha JICKOANPakhe Ha OBUE CITyJajHH
KOJIOBH, IIITO C€ MOKa)ka Kako rojxeMa caabocT MpH U3BEAyBakETO Ha EKCIIEPUMEH-
THUTE.

BooOnyaeHnoT HauMH 1a ce n1o0ue Koj KOj ToIpaBa rpeliku U Koj ke Oume
OTIIOPEH Ha Hama ¥ OJf TPETH JIMIA C€ COCTOM BO NMPHUMEHA Ha HEKOj MO3HAT MU ]-
pyBaud Ha KOJHHTE 300pOBH KOIMPAHU CO TIO3HAT KO 3a MOTPaBamkbe Ha TPEIIKH,
mpe THe 1a OuaaT MpeHeCeHn HU3 HecuTrypeH kaHai co npedk ([84, 85]). Bo Toj
ClIy4aj ce KOPUCTAT JBa aJTOPUTMHU, €JIH 3a KOIUPame (CO anropuTam Ha Ko Koj
MOTIpaBa TPEIKH HACTAHATU MIPH MIPEHOCOT) U IPYT allTOpUTaM 3a KPUIITHPAILE.

Bo [58], aBropor ja kopuctu ciocodHocTa Ha GOppa KOAOBHUTE 32 KOPEKIIHja
Ha TPENIKY 3a JAa 006e30enu CUTypHOCT Ha mojaronuTe. Herosara uyieja e BoBe-
JyBamk€ Ha CIly4yaeH BEKTOp Ha IPEIKU Ha CeKoja KoJUpaHa OpUTHHAJIHA MTOpaKa
Ipeq MPeHOCOT. AKO TeXHHATa Ha BEKTOPOT CO TPEIIKH € Maja, OBOj CUCTEM
CTaHyBa INOMaJIKy 6e30e/1eH, HO aKo ce 3eMe IOorojieMa TeKHUHa TOTalll ce HaMallyBa
CHOCOOHOCTA 32 KOPEKITHja Ha TPEIIKUTE. 3aT0a BO OBOj CUCTEM Tpeda Ja ce Hajle
COJBETEH Oayianc rnomery 6e30e1HOCTa U CUTYPHOCTA Ha TOJaTOIUTE.
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Bo [84], aBTOopuTe npeasiaraat HoBa IIEMa BO KOja c€ KOMOMHHpa KPUIITHPAHE
W KOJMpame Ha rmojaronnute. Bo Hea ce 3a/piKyBa 1mesara CiocOOHOCT Ha KOpH-
CTEHHMOT KOJI 32 KOpEKI[fja Ha TpelIKUTe BO KaHajioT. Bo oBaa miema Bo mporlie-
COT Ha EHKpHIIIMja Ha TIopakKara ce MpUMEHYyBa MPBO MHBEp3UOUIHA (PyHKIIH]a,
[I0TOA Taa MOpaka ce Koaupa (Co KOPUCTEHE Ha HEJMHEeapeH KOoja) M Ha KpajoT
ce KOPUCTH U ClIydajHa MaTpula 3a nepmytanuja. Mcro Taka, BO HCTHOT TpyX
aBTOPHUTE MpEJIaraT v Jpyra Bakpa IemMa koja € 6a3upaHa Ha TEXHHKATa HA BEPH-
JKHO TIOBp3yBame Ha O1okoBH (block chaining) u ucnuryBaaT HEKOJIKY KPHIITOA-
HAIUTUYKY HAMaau Ha MPeIOKEHUTE IIEMHU.

Jlpyra mema Bo Koja ce KOMOMHMPaHHU aJrOPUTMU 32 KOJUPAE U KPUIITHPAHE
e mpeiokeHa Bo [85]. Bo 0Boj asroputam, HajIIpBo MopakaTa ce IeJH Ha JiBa Jiejia
M CEKOj JIeJ O TIopaKaTa ce MpOIIMpyBa CO peAyHIaHTHA KpunTorpadcka Bpea-
HOCT 3a IMPOBEpPKa (CO TOJDKKUHA N) CO KOPUCTEH-E Ha Kpunrtorpadcka GpyHkimja 3a
npoBepka RCF (renepupame Ha nurutaneH nornuc, MAC/H-MAC). Tlotoa, ce
IpaBU MEIIak-e Ha JIBETE peyHIaHTHHU TOTIOPAKH BO €HA [TOpaka Koja ce Koaupa
CO KOPHCTEHE Ha KOHBOJIYIIUCKU MU TYpOO KOJI.

Co uen na nobujar noeukaceH 1u3ajH, BO TpyROT [56] aBropute nepuHupaat
€/IeH aJropuTam BO KOj ce KOMOMHHMpaHU 010K mudpyBad M KOJ 3a MONpaBamke
Ha rpemiky, HapedeH High Diffusion (HD) mmdpysau. Ooj 6ok mudpysay e
COCTaBEH O]l HEKOJIKYy MTepaluy Ha TpaHcdopmallvja Ha pyH/a U Olepalnuja 3a
Melame Ha KIIydoT. TpaHcdopmaligjara Ha pyHIa ce COCTOHM Off TPU HUBOA: JIU-
HeapHa 3ameHa (linear substitution), Tpancno3unuja Ha cum601H (symbol trans-
position) u High Diffusion HuBo Ha konupame. CrnocoOHOCTa 3a KOpeKIfja Ha
rpemiku Ha HD mmdpyBauor ce nomku Ha ynoTpebara Ha eHa HOBa Kilaca Ha
komoBu, HapeueHu High Diffusion kogoBu (mpemyiokeHu off HICTUTE aBTOPH) BO
T(y3UCKOTO HUBO Ha mHppyBauoT. [T1aBHaTa npuMeHa Ha HUBHUOT JM3ajH € 32
KpHUnTorpadCKu eju, HaKo TOj MOXe J1a Oujie KOPHCTEH U KaKo KOJ| 32 KOPEKIHja
Ha TPEIIKH.

Crnyuajaute KogoBu 60azupanu Ha kBazurpymnu (Random Codes Based on Quasi-
groups - RCBQ) kou ru pasrienyBamM BO MOUTE UCTPaXKyBambe, 3a MPBMAT ce Jie-
¢uaupanu Bo [30]. OBue cirydajHU KOJOBU KOU IONPaBaaT IPEIKU ce JeUHH-
paHM CO KOPUCTEHE Ha KPUNTOTPpaCKU aIroOpuTMH 32 BpeMe Ha CaMUOT TPOIIEC
Ha KOJHpame U JEKOANpame. 3aroa, THe OBO3MOXKYBaaT HE caMO KOPEKIHja Ha
oJipelieH Opoj Ha TPeIKH BO MTPaTEHUTE MOJATOIH, TYKY UCTO TaKa OBO3MOXKYBaaT
U 0e30eIHOCT Ha MOAATOLUTE, U CETO TOA € BrPajieHo BO €eH ajiroputamM. AKO
uH(pOpMaIjaTa € KoJupaHa cO KOPUCTEHE HAa OBUE KOIOBH, TOTAIl MPUMATENIOT
MOXeE J1a ja ICKOIpa U Ja ja Jo0ue opurnHaaHara vHopmMalija caMo ako Toj/Taa
3Hae TOYHO KO IapamMeTpH Ouie KOPUCTEHU BO MPOILECOT Ha KOAMPAme, TypH H
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aKO0 KOMYHHMKAIIMCKHOT KaHall € 0e3 mpeuku. Bo oBaa goKTOpCcKa auceprainmja ke
ounar pasmienyBanu neppopmanckure Ha RCBQ, kako K0of0BHU 32 MONpaBamke Ha
IPElIKY U 3aT0a TyKa HeMa Jja OuiaT aHaIM3upaHu HUBHUTE KpUNTOrpadCKU CBOj-
CTBa.

Bo nu3ajnor Ha RCBQ ce xopucTar alropuTMHTE 32 KpUNITHPakhe/ IEKPUIITH-
pame ol UMIUIEMEHTAallljaTa Ha TOTAJIHO aCHHXPOHHU3HPAH NPOTOYEH MUppyBad
(Totally Asynchronous Stream Cipher - TASC) co xopucTeme Ha KBa3UTPyITHU
cTpuHT Tpancdopmaiuu [27]. OBue kpunrorpadcku aIroOpuTMH KOPUCTAT a30yKa
() ¥ KBa3UrpyIHa Orepaiuja * Haj () 3aeIHo co Hej3uHaTa mapactpoda \. Hue ke
' OIUIIIEME OBHE KOIOBH CO KOPUCTEH-E Ha KBa3UTPYIIH, HO OJ] Ie(HHHUIIMjaTa Ha
JITOPUTMHTE € jJaCHO JIeKa BO HUBHHUOT JIM3ajH MOXeE J1a OMIaT KOPUCTEHHU U IPYyTH
QJIITOPUTMH 32 KPUIITUPAE U IEKpUINITUpame. ABTOopuTe BO Au3ajHOT Ha RCBQ
ja xopucrar azOykara on Huomm Q = {0,1,...,9,a,b,¢,d, e, f}, HO Tyka anro-
PUTMHTE 32 KOTUPAKkE U AeKonupame ke Ougar neuHupany BO MOOMIIT CIy4aj
CO KOPUCTEHE Ha CUMOOIIN 0] @ OWTa, HAMECTO HUOIH.

Bo Mojara maructepcku padota ([89]) u Tpynot ([68]) Tro ucnuraBme BIIvjaHU-
eTo Ha M30paHuTe MmapaMeTpu Ha ep(OPMAHCUTE HA OBHE KOJIOBU U TIOKA)KaBMeE
JIeKa CEKoj ImapaMeTrap BO KOHCTPYKIIMjaTa Ha OBHE KOJOBH MMa TOJIEMO BIIHja-
HUE Ha nepdopMaHCUTE Ha KOJOT, T.€., TapaMeTpHUTe ce B3eMHO 3aBUCHU. lcTo
Taka, MPeI0KUBME METOJI 32 HaMaTyBame Ha OPOjOT Ha HEYCIIEIITHH IEKOTUParba
CO KOj Ce TIOCTUTHYBa MOJ00pyBamke Ha BEPOjaTHOCTA 3a TOUHO JIEKOAUpame 0e3
3HAUUTEITHO HaMalyBame Ha Op3uHATa Ha JeKoAupame. Ha modeTokor ox oBaa
Te3a HaKpaTKo Ke JajieMe e Ol THE pe3yiITaTH JOOMEHH NP UCTPaKyBambara 3a
MojaTa Maructepcka teza. Ilotoa, ke ro ucnuTame u BIUjaHUETO HAa JOJHKMHATA
Ha MOpaKuTe Ha neppOopMaHCUTE HA KOJOT.

On nanpaBenute excriepuMenTH co RCBQ 3akimyunBMme exa Op3uHaTa Ha Je-
KOJMPAs-E € €JICH O] HajTOJIEMUTE MPOOJIEMH Kaj OBHE KOJOBU. 3aBUCHO Of U30pa-
HUOT TIaTEPH 32 JI0J]aBafbe Ha PEAYHIaHTHUTE HYJITH CUMOOITH, TIPOLIECOT Ha JIEKO-
Jipame € 0aBeH BO HEKOU UTEpAIiH, OMICjKU OPOjOT Ha EJIEMEHTUTE BO MHOYKECT-
BaTa co KaHAMJATH 3a JEKOAUPAHE € MHOTY TolieM. AKO peAyHIaHTHUTE HYIIU Ce
pacriopeziaT MopaMHOMEPHO, TOTaIll OpOjOT Ha €JIEMEHTH BO OBHE MHOXECTBATa
Hema Ja OuJie MHOTY ToJIeM, HO Ke Ce TI0jaBaT MHOT'Y HEYCIICIIHU JIEKOAUPamba CO
MoBeKe KaHJHMIATH 3a JIEKOANpaHaTa Topaka. 3aToa BO MaTepHUTE Tpeba 1a mMa
MOBEKE HYJITH CUMOOJIHM Ha KpajoT. BCymHOCT, MHOTY € TEIIKO J1a ce Hajie Jio-
Opa paMHOTEKa 3a MMOCTaByBamke Ha PEAYHIAHTHUTE HYJIH, HO €KCIIEPUMEHTAIIHO
UMaMe HajJleHO HEeKOJIKY 3a/I0BOJINTENTHH MaTePHH.

Co men 1a ja mogoOpuMe Op3uHATA Ha JEKOANPAhE, BO OBaa Te3a ke AehuHU-
paMe HOB aJrOpUTaM 3a KOAHPame/JeKOIUpPakhe HApeUeH ajlropuTaM-3a-IeKoIu-
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pame-co-nipecek (Cut-Decoding anropuram). buzaejku nexonupamero Ha RCBQ
€ BCYIIHOCT Jekoaupame co jucta (list decoding), Op3uHaTa Ha TEKOAUPAHETO
BEpOjaTHOCTA 32 TOYHO JIEKOAUPA-€ 3aBUCH OJ1 TOJIEMHHATA HA IUCTUTE CO MOXKHU
KaHHMIaTH 3a IeKoJpaHaTa nopaka. 3aroa, BO HOBUOT aJropuTaM-3a-I1eKoaupa-
me-co-npecenu (uau A/II1 anroputam) Koj ro mpeajgarame, HalpPaBEeHU CE€ MOJIH-
(dbuKaIuu co 1eN Ja ce HaMaau OpojoT Ha KaHIUIATH 33 JIEKOIUPAkhE BO CUTE UTe-
parmu o1 MpoIEecoT Ha ieKonupame. Bo 0BOj anropuram, ce KOpUCTAT JIBE TPaHC-
dopmanyu Ha peayHIaHTHATa Opaka Co KOPUCTEHE Ha Pa3IMuHU MapaMeTpH, a
KaHJMIaTUTE 3a JeKOAUpaHa rmopaka ce J00uBaar co Oapame MpeceKk Ha COO/IBET-
HHUTE MHOKECTBA CO KaHIUAATH JOOMEHU BO JIBaTa MapajelHy MPOLECH Ha JAEKO-
mupame. Ha 0BOj HaYMH MPOIECOT Ha JeKoaupame 3a koxa (72,288) e 4.5 maru
noOp3 o1 OpUrHHATHHUOT anroputaM. McTo Taka, ke Ouaar pasrieiand U HEKOJIKY
MeToau (MoAN(UKAIIMKA Ha AJITOPUTMOT 3a JEKOIUPahE) 32 HaMallyBamke Ha HEYC-
MENIHUTE IEKOUPAbe CO IBaTa TUIA Ha TPELIKU KOU Ce TI0jaByBaar BO MPOLIECOT
Ha aexoaupame. Co mpenokeHUTe METOAU Ce TIOCTUTHYBAa HaMallyBame Ha Be-
pOjaTHOCTA 3a MaKeT-IpeIliKka U BEPOjaTHOCTA 3a OMT-TPEIIKa 332 CUTE BPEIHOCTH
Ha BepOjaTHOCTA 3a OUT-Tpellika BO OMHApPEH CUMETPUYEH KaHall.

Bo nu3ajHot u noceramnute uctpaxysama co RCBQ kopucrena e camo as-
Oykara of HUONMU 1 kBa3urpymnu ox pex 16. Tyka ke dungar ucnuranu nepdopman-
CHTE Ha OBME KOJIOBU KOT'a BO MPOIIECUTE HAa KOIUPAE U JIEKOAUPAE CE€ KOPHC-
TaT ¥ KBa3UTpynu of pen 4 uiu pen 256. Toram mopakute U KOAHUTE 300pOBHU ce
CTPUHTOBU O] 2-OUTHU CUMOOIH Wi 8-OuTHU cuMOOH (0ajTH), COOABETHO. 3a
Taa IeJ IPe3eHTHUPAHH CE PE3YNITAaTHTE Of HEKOJKY EKCIIEPUMEHTH CO CTaHAap/I-
HUOT METOJ1 Ha KoAupame/aexonupame u co A/ anropuramoT koj ro npeanarame.
Opn pe3ynaTarure MOXKe Ja ce 3aKIIy4H JeKa 1 BO OBOj CIIy4aj MOA00OpH pe3ynTaTu ce
nobusaat co HoBuoT A/l anropuTtam, Kako 3a BEpOjaTHOCTUTE 3a IPELIKa, TaKa 1
3a Op3MHATa Ha JCKOAUPAE.

Hcro Taka, ucnutanu ce neppopMaHCUTE Ha CIyYajHUTE KOJAOBU Oa3MpaHd
Ha KBa3uIpyIu 3a MPEHECYBame Ha CIMKH HU3 OMHApeH CUMETpUYeH KaHal. 3a
Taa 1€ HalpaBeHU C€ HEKOIKY MOJU(UKAIMU CO AJITOPUTMOT 32 JEKOAHPAHE
3a pa3pellyBambe Ha CIyyauTe Ha JACITYMHO U HEEAWHCTBEHO JEKOAMPAmE KOH Ce
jaByBaar MpH JBaTa BHJAa HA HEYCIIEIIHO AeKoaupame. HampaBeHu ce ekcnepu-
MEHTH CO HEKOJIKY pa3JIn4yHHU (BO 60ja 1 LIpHO-0€JIN) CIIMKH CO KOPUCTEHE Ha CTaH-
JApIHUOT aJITOpUTaM 3a Koaupame/nekonupame u AJIIl anropurtamot. 3a crio-
penda HampaBeHU ce ekcriepuMeHTH U co Pun-Conomon kogosute. O go6neHure
pe3ynTaTu 3aKiyyyBaMe Jieka co Kopucteme Ha HoBuoT AJII1 anropuram ce 1o0u-
BAar M0jaCHH ACKOJUPAHH CIIMKH OTKOJKY CO JIPYTHTE pa3iieyBaHH aJrOPUTMHU.

[Topanu 3HaYUTETHOTO TTOJOOPYBamke Ha Op3uMHATa HA JEKOJUPAmHE TOOMEHO
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co AJITT anroputaMoT npou3iiese ujeja 3a KOPUCTEHE Ha IPECEIN O] TOBEKE MHO-
JKECTBa CO KaHIUJATH 3a JeKOUpame, Co L€ /1a ce 3a0p3a MpouecoT Ha JeKOAU-
pame yire nopeke. Bo BTOpHOT ajropuram Koj € IpeUIoKeH BO OBaa Te3a Ha-
npaBenu ce mogudukanuu Ha A/l anroputaMoT mpu MITO ce KOPUCTAT YETHUPU
TpaHchopMau Ha penyHAaHTHara mopaka. Co HOBHOT alropuram, HapeueH
anropuram-3a-aexoaupame-co-4npecenu (4-Sets-Cut -Decoding nmu AJI411 an-
ropuTam) ce J100MBa MorojieMo 3a0p3yBame Ha JAekoaupame. Co el aa rv mojo-
OpuMe M BEpOjaTHOCTHUTE 3a MaKEeT-TPEIIKa U OUT-rpemka AehuHupamMe HEKOJIKY
pa3IryuHU BEp3UH Ha MpoIlelypaTa 3a TeHepUpambe Ha MHOXKECTBA CO KaHIUAATH
3a nekomupame (T.e., AHN4II#1, AJl411#2, AJJ41T#3 u A411#4 anroputmn).
Ananusupanu ce nepopMaHCUTE Ha Pa3IMYHU AITOPUTMH 32 JCKOTUpAEe Ha
RCBQ (cranmapauuor, AJIT u AJI4IT anroputmuTe) 3a Ko co para R = 1/8.
Opn pesyaTaTuTe MOXKe Ja Ce 3aKJIy4H Jieka 3a Koj (72,576) co HOBUTE aJTOPUTMH,
AJIIT u AJT411 anroputmu ce 100MBa rojieMo Mo00pyBame Ha Op3uHaTa Ha JACKO-
JTUpamkbe ¥ MHOTY TIOA00pH pe3ylITaTH 3a BEpOjaTHOCTUTE 3a MaKeT-TpeliKa u OuT-
rpemka. Mimeno, 3a oBoj kox, AJIIT anroputamot e 5.2 nmatu moOp3 o cTaHIapA-
HUOT, 32 OJPEJICH! BPEAHOCTU Ha BEpOjaTHOCTA p 3a OUT-TpelIKa BO OMHApEH CU-
MeTpudeH kaHai. On apyra crpana, co A/[411 anroputmure nexogupamero € 6.3
MaTH MOOP30 OTKOJIKY CO CTAaHAAPAHUOT aJITOPUTAM, a 332 HEKOU BPEIHOCTH Ha p ce
no0uBaar v 24 matu moMaiu BpeIHOCTH 32 Bep0jaTHOCTA 3a makeT-rpemka. Mcto
Taka, pasrie/iaHa € IpUMeHaTa Ha METOJUTE 32 HaMallyBame Ha HEYCIICIITHHUTE JIe-
KOJIMpama BO HOBUTE MpeaokeHu anroputmu. Co Toa ce 100MBaat ymTe nojo-
Opu pe3ysITaTH 3a BEpOjaTHOCTA 3a TOUHO JIEKOJUpPae, 0e3 3HAUUTEITHO HaMally-
Bam¢ Ha Op3WHATa Ha Jekoaupame. Mcnuranu ce u nepdopmancute Ha RCBQ co
TpeTara Bep3uja Ha aJIrOpUTMOT-3a-1eKOIUpPambe-co-4mpecelu 3a KoIupame/ 1eKo-
JUpame Ha CIIMKHU KOU ce MTPeHecyBaar Hu3 OMHApeH CUMETPUUYEH KaHall ¥ Hampa-
BeHa e ciopenda co Pun-Conomon kogoBute. Of criopendara 3akiiyqrBMe JAeKa 3a
CHUTE pa3Ivie/laHu BEPOjaTHOCTH p 3a OUT-Tpellika BO OMHApeH CUMETPUYEH KaHaj
RCBQ co HOBHOT anropuTaM JaBa MojacHU CIUKH OTKOJIKY Pua-CosoMoH kojo-
BUTE.

OcBeH eKCIEepUMEHTATHUTE PE3YJITaTh 3a HOBHUTE aJTOPUTMHU KOW C€ Tpe-
JIOKEHU BO OBaa Te3a, JaJ€HU CE U HEKOU TEOPUCKH pEe3yATaTh cO KOW Ce Io-
TBpAyBa MoJo0pyBameTo Ha nepopMaHCUTE Ha CIy4yajHUTE KOJOBH Oa3upaHu
Ha KBasurpynu. l3Benena e opmysna 3a ropHaTa rpaHMiia 3a BepojaTHOCTaA 3a
MakeT-Tpelka Kaj HOBUTE alroputMu. [IpuToa, moka)kaHo € Jeka oBaa ropHa
rpaHuIla € eJHaKBa HA TEOPHCKAaTa BEPOjaTHOCT 3a MaKeT-Tpellka 3a CTaHAap/-
HUOT anropuraM. OBaa TEOPUCKH U3BEJIEHA TOPHA IPAHULIA € U EKCIIEPUMEHTAIHO
notBpaeHa. Mcto Taka, onpesenenu ce NpuoamKHU GopMyITH 3a KapAUHAIHUOT
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0poj Ha MHOXKECTBATa CO KaHIUAATH 3a JEKOAUPALE IT0CIIE HUBHOTO PEyLIMPAHE
MpeIoKEeHO BO HOBUTE alnropuTMu. Co Toa € MoKa)kaHo JieKa Co OBaa penyKiuja
ce 100MBa 3HAYUTEITHO HaMallyBame Ha OpOjOT Ha €JIeMEHTH BO MHOXKECTBATa, O]
ITO HaJMHOTY 3aBHCH Op3uHaTa Ha Aekonupame. OBUE TEOPUCKH Pe3yATaTh MOKE
Jla ce UCKOPHCTAT U KaKO MaTeMaTHYKU METOJl 3a 300p Ha 100pU mapaMeTpu BO
JTN3aJHOT Ha KOJIOBUTE.

Kako 1ITo € mpeTxoiHo COMHATo, KBa3UIPyIMHUTE TpaHCPOPMALIUU Ce MOKa-
’Kaa KaKo MOTOJTHYU 32 KOHCTPYKITHja U Ha Kpunitorpadcku npuMuTHBU. Bo [46] ne-
buHupanu ce kBazurpynuure tpanchopmanuu £ u D. Ilotoa, Bo [47] aBTOpHTE
NOKaXyBaar Jieka F-TpaHcdopMmaljata MOXKe Ja ce IPUMEHHU 3a JeUHUPambe
Ha (yHKIHMja 32 KPUNTUpPamke, Koja ke Ouje OTHOpHa Ha Hamaau co rpyba cuina,
Mopajy rojleMuoT Opoj Ha KBa3urpynu. VcTo Taka, JOKaXyBaaT AeKa CO MPH-
MEHa Ha 1 KBa3UIpynHU F-TpaHcpopmanuu Haja MPOU3BOIHA HU3A, M-TOPKUTE
BO IpoliecupaHaTa HU3a C€ paMHOMEPHO pacipeneieHu 3a m < n. Toa 3Hauu
JieKa TpH JIOBOJIHO TojieMo 7. ce 00e30e1yBa OTIIOPHOCT OJ] CTATUCTUYKH BHIOBH
Ha Hanaau. VcToBpeMeHo, BaKBUTE TPaHC(HOPMALIMH 1aBaaT MOXKHOCT 32 KIIACH-
¢uipame Ha KBa3UIPyNUTE CIIOPE]] TOTOAHOCTA 3a KOPUCTEHE BO KpUIITOrpadu-
jaTta u Teopujara Ha Koaupame. Bo tpynosure [4, 17, 45, 88] nanenu ce noseke
TakBM Ki1acuukanuu Ha kBazurpymnute of pen 4. Kopucrejku ru napactpodure
Ha kBazurpynute, Kpanex ([35]) naBa ueja 3a HOBa KBa3UTrpyIHa CTPUHT TPaHC-
dopmarija koja UCTO Taka MOXKe J1a Ouje MpuMeHeTa BO Kpunrorpaduja.

Bo oBaa nokTopcka Te3a AeduHUpaHa € HOBa KBa3urpyIHa TpaHchopmMaimja,
HapedeHa napacTtpodHa KBazurpymnHa Tpancopmanja win P E-tpancdopmariu-
ja. Co oBaa TpaHcdopmalija ce moaoopyBaar CBOjcTBaTa Ha KBa3UTPYITHO MPOIIe-
CUpPaHUTE HHU3M U C€ 3rojeMyBa OpOjoT Ha KBA3UTPYIHU MOTOAHH 32 KOHCTPYKIIHja
Ha KpunTorpadcku NpUMUTUBU. Bo oBaa Te3a naieHu ce JBe HOBU Ki1acu(pUKaIuu
Ha KBa3WUrpynure o pea 4: xracudukamnmja copen OpojoT Ha pa3iIvMdHU Tapa-
ctpodu u knacudukaiuja ciopen mapacrpodua ppakrannoct. Co onpenenyBame
Ha Op0jOT Ha Pa3IMYHU MapacTpodu 3a cexoja KBa3urpymna oj pea 4, MHO)KECTBOTO
O]l CUTe KBa3UTPYIH Of pen 4 ro mojenuBMe Bo 4yeTnpu kinacu. [lokaxkaHo e gexa
napactpodure Ha (hppaKTaTHUTE KBA3UTPYIH O pel 4 ce UCTO Taka (ppaKTamHu U
CHUTe He(paKTaIHU KBa3UTPyIH ofl pex 4 nmaar HeppakTaaTHu nmapacTpodu.

Bo tpynot [17], co kopucTeme Ha rpaHUuKo MPETCTaByBamhe Ha KBA3UTPYITHO
IpOLECUPAHNUTE HU3H, J]aBaar mojenda Ha KBasUTrpyIuTe of pel 4 Ha Be KIacH:
dpakranuu u HepakranHu kBazurpynu. Ce mokaxkysa jJeka (pakTalIHUTE KBa-
3UIPYIHU C€ HEMOTO/IHYU 3a KOHCTPYKIKja Ha Kpunrorpadceku npumutubu. Co Ko-
pucTeme Ha HOBara mapactpodna P FE-kBasurpynHa TpaHcopmaiuja, Kiacara
Ha (paKkTaTHU KBa3WUTPYIHU € TOoJeJeHa Ha JBE MOJKIAcu: mnapacTtpodHo dpak-
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TaJHU W napacTpodHo HepakTaIHu KBa3urpynu. VIMeHo, HallpaBeHU ce eKcIie-
PUMEHTHU CO TpaUyuKO MMPETCTaByBamkhe Ha MPOLIECUPAHU HU3U CO cuTe 576 KBa-
3urpynu of pea 4 u noOueHa e HoBa Kiacu(UKalMja HA KBa3UTPYIIUTE O pel
4 Bo Tpu knacu: 1) kimaca Ha mapacTpodHO (ppakTamHu KBazurpymnu (88 xBazu-
rpymm); 2) knaca Ha (pakTagHu napactpopHo-HedpakTanuu kBazurpynu (104
KBazurpymnu) u 3) kiaca Ha HepakTanHu kBazurpynu (384 keasurpymnu). Co
oBaa KJacudukaiyja 3rojieMeH € OpojoT Ha KBa3UTPYIH MOTOIHU 32 IPUMEHA BO
kpuntorpaduja. IMeno, 3a kpunrorpadcku 1eiau MOXKe Ja ce KOpUCTaT HE caMo
KBa3UTPYIUTE Ol Kiacara 3, TyKy U KBa3urpynute of kmacara 2. Ilonartamy,
BO 3aBHCHOCT 0] Op0jOT Ha pa3inyuHu napactpodu, onpeaeneH e 6pojoT Ha ene-
MEHTHU BO TMOTKJIACUTE O] mapacTpodHo-ppakTasHu u GppakTainu napacrpodHo-
He(ppaKTaITHA KBa3UTPYIIH.

Bo [45], aBTOpuTE naBaar MaTreMaTUYKH MOjEN Ha (pakTaTHOCTa HA KBA3H-
IpynuTe CO KOPUCTEHE Ha MIECHTUTETH. Bo oBaa MOKTOpCKa Te3a OmpeesieH €
CIIMYEH MOJIEJI, HO cera 3a napacTpodHara (ppakTaqsHOCT Ha KBa3UTpynuTe. 3a Taa
1IeJI TH UCTIMTaBMe anrebapcKuTe CBOjCTBA Ha MapacTpoHO (GpaKkTaTHUTE KBA3H-
rpynu ox pen 4. 3a aa HajaeMe COOJBETHHM MIEHTUTETH CO KOU Ke ce U3BOjaT
napacTpoHo-(ppaKTaTHUTE KBa3UTPYIIH, Pa3IielaBMe MHOTY UICHTUTETH, a I10-
cebHo cumerpuuHuTe. Co KOPHUCTEHE Ha ONPEIeIEHHOT MaTeMaTHIKH MOJIEIN 3a
napacTpodHaTa (paKkTagIHOCT U Oe3 KOpUCTEHE Ha IPaUUKO MPETCTABYBABE MO-
e Jla ce TIPOBEPH Jallu J1aJieHa KBa3urpyna e napacrpodno-dpaxranua.

Bo oBaa te3a e nmokaxano aeka ako P E-tpancdopmariijara ce KOpUCTH 3a
IpoLEeCUupambe Ha HU3M, TOTAll MOCJe 7 MMOCIEI0BATEIHU IPUMEHH HaJl IPOU3-
BOJIHA HM3a, UCTO KaKo U Kaj [/-TpaHcdomarnyjara, pacipenendaTa Ha m-TOPKUTE
Bdam = 1,2,...,n) e pamHomMepHa. Kako 1mITo Beke HaIOMEHABME OBa € MHOT'Y
BO)XHO KPUNTOrpad)cKO CBOJCTBO 32 €AHA TpaHC(hopMalrja Koe UMILTUIMpA OT-
MOPHOCT Off CTaTHCTUYKH Hamajau. 3a WIyCcTpaluja Ha TEOPUCKUTE Pe3yiTaTH,
MIPE3EHTUPAHU CE€ U HEKOJIKY €KCIIEPUMEHTAIHO JOOMEHH Pe3yiTaTH.

Bo [2], aBTopHTe mOKaxKyBaar Jeka BepojaTHOCTHTe Ha (n + 1)-TOpKuTe BO
HU3aTa 100KMeHa co n MpUMEHHU Ha [-TpaHcdopmalnjata ce IoAeNeH! BO KIIacH.
Kopucrejku ru oBue pe3yiTaTH, aBTOpUTE MpEAiaraar u ajJropuraM 3a KpunToa-
Hanmu3a. Tyka, eKCIepUMEHTAIHO Ke Ou/ie MOKa)XXaHo JIeKa JOKOJIKY HaMecTo [
ce kopuctu P E-tpancdopmarijaTa Toramr He MOXar Jia C€ OBOjaT BaKBU KJIaCH
Ha BepojaTHocTuTe. OBa 3HAYM JeKa AITOPUTMOT 3a KPUNITOAHAIN3A TPEAJIOKEH
BO [2] HEe MOXKe Jla ce MPUMEHHU Kora Bje3HaTa Mopaka € KpUINTHpaHa cO KOpHc-
Tewe Ha P FE-tpanchopmannjata. OTTyka, MOXe Ja 3aKJIydnMe JieKa IopakaTa
Kpunrtupana co P E-tpancdopmaiiija € moOTIIOpHA HA CTAaTHCTUYKH HAITa Iy,

On cuTe M3HECEHU Pe3yNTaTH 3a NpeUIoKeHaTa rnapacTpopHa KBa3UrpyImHa
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TpaHcdopmaljara MOXe Jla ce 3aKIy4H JIeka oBaa HOBa TpaHchopmaluja € 1mo-
nobpa QyHKIHja 3a KpUTITUPAkE O MPETXOAHO AepuHUpaHaTa KBa3urpymnHa F-
TpaHchopmarujara.

PesynTarute on ucTpaxkyBamara AaJieHH BO OBaa JOKTOPCKa AucCepTalrja ce
NPEe3CHTHPAHU Ha HEKOJIKY JIOMAITHU U MeT'yHApOTHU KOH(PEPEHITNN U CEMUHAPH.
Jlen o TpynoBUTE ce Beke 00jaBeHU MM IPAaTeHU 32 00jaByBambe BO MEI'YHAPOTHH
Y JIOMAIITHA YaCcOMUCH U 300pHUIM o1 KoH(pepeHnnnu. Bo nmpomomkenue e naaeH
CIMCOKOT Ha OBUE TPYJIOBH:

1. Popovska-Mitrovikj A., Markovski S., Bakeva V.: Performances of error-
correcting codes based on quasigroups, D.Davcev, J.M.Gomez (Eds.): ICT-
Innovations 2009, Springer (2009), pp. 377-389 [68]

2. Popovska-Mitrovikj A., Bakeva V., Markovski S.: On random error cor-
recting codes based on quasigroups, Quasigroups and Related Systems Vol.
19, (2011), pp. 301-316 [67]

3. Bakeva V., Dimitrova V., Popovska-Mitrovikj A.: Parastrophic quasigroup
string processing, Proc. of the 8" Conference on Informatics and Infor-
mation Technology with International Participants, Macedonia (2011) pp.
19-21 [3]

4. Dimitrova V., Bakeva V., Popovska-Mitrovikj A., Krapez A.: Cryptographic
properties of Parastrophic Quasigroup Transformation, Markovski S., Gu-
sev M. (eds.) ICT-Innovations 2012, Springer (2012), pp. 221-230 [14]

5. Popovska-Mitrovikj A., Markovski S., Bakeva V.: Increasing the decod-
ing speed of random codes based on quasigroups, S. Markovski, M. Gusev
(Eds.): ICT Innovations 2012, Web proceedings, ISSN 1857-7288, pp. 93-
102 [69]

6. Popovska-Mitrovikj A., Markovski S., Bakeva V.: On improving the decod-
ing of random codes based on quasigroups, Proceedings of the 9th Confer-
ence on Informatics and Information Technology with International Partic-
ipants, Faculty of Computer Science and Engineering, University ”’Ss.Cyril
and Methodius” (Macedonia), Bitola, Macedonia, April 2012, pp. 214-217
[70]
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7. Popovska-Mitrovikj A., Markovski S., Bakeva V.: Some new results for
random codes based on quasigroups, Proceedings of the 10th Conference
on Informatics and Information Technology with International Participants,
Faculty of Computer Science and Engineering, University ~Ss.Cyril and
Methodius” (Macedonia), Bitola, Macedonia, April 2013, pp. 178-181[71]

8. Popovska-Mitrovikj A., Markovski S., Bakeva V.. Error-correcting
codes with cryptographic algorithms, Proceedings of 21st Telecommu-
nications Forum (TELFOR), 2013, Belgrade, Serbia, pp. 327-330,
http : / Jieeexplore.ieee.org/xpl/article Details.jsp?ttp = &
arnumber = 6716236&queryText%3D Popovska — Mitrovikj [72]

9. Popovska-Mitrovikj A., Mechkaroska D., Bakeva V.: Applying error-co-
rrecting codes based on quasigroups for image coding, Proceedings of the
11th International Conference on Informatics and Information Technology,
Faculty of Computer Science and Engineering, University ”’Ss.Cyril and
Methodius” (Macedonia), Bitola, Macedonia, April 2014, (in print) [74]

10. Bakeva V., Popovska-Mitrovikj A., Dimitrova V.: Resistance to statistical
attacks of Parastrophic Quasigroup Transformation, submitted to Serdica
Journal of Computing [5]

11. Popovska-Mitrovikj A., Markovski S., Bakeva V.: 4-Sets-Cut-Decoding al-
gorithms for random codes based on quasigroups, submitted to Advances
in Mathematics of Communications (AMC) [73]

HcTpaxkyBamara BO HaCOKa Ha IMpHUMEHA Ha KBAa3HIPYIHMTE KaKo BO obOjacta
Ha KOAMPAmETO, Taka U BO oOiacta Ha Kpunrorpadujara, BeryBaar mHory. Ce
OquYBa pe?;y.HTaTI/ITC 0o OBHC I/ICTpa)KYBaI{;a Ja uMaart rojicemMma HpI/IMeHa HpI/I CKJ1a-
)mpaH)e 158 KOpeKTCH HpeHOC Ha 1104aTouu U BOOIIIIITO BO 3FOJICMYBaI-I>eTO Ha HUBOTO
Ha 3aIlITUTa HA TIOJATOIM U Oe30e1Ha KOMYHHUKAIH]ja.

IIpernen Ha coap:KuHATA

JlokTopckara Jucepralyja € moaeieHa Ha CeayM INIaBH, 3aKITy40K U IPHII03H.

Bo mpBara raBa ajsieHu ce OCHOBHUTE JIe()MHHIINH U CBOjCTBA HAa KBAa3UTPY-
IUTE U KBa3UI'PYTHUTE TpaHC(HopMaIMK Ha KOU Ce TeMeJIaT HallIuTEe UCTPaKyBamba
3a MpUMEHa Ha KBa3UTPYIIUTE BO TEOpHjaTa Ha KOAUpame U Kpuntorpadujara. Pe-
3yATaTUTE TOOWMEHH O] HAIINTE MCTPAKyBarha M HOBHUTE PE3YNTATH 3a TPUMEHA
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Ha KBa3UTPYNHTE M KBa3UTPYITHUTE TpaHC(HOpMaIy BO OBHE HAyYHH 00IaCTH ce
MIPETCTABEHU BO CIICIHUTE TJIABH.

Bropara riaBa ce ofjHecyBa Ha CllyyajHUTE KOJIOBHM Oa3vpaHH Ha KBa3UTPYIIH,
npennoxenu ox Jlanuno [muropocku, Cmune Mapkoscku u Jbynuo Komapes. I1p-
BO € Je(UHUpaH TOTAIHO aCMHXPOHMU3MPAHUOT MPOTOYEH HIM(pyBay, HapedeH
EdonZ, ynu anropuTmu 3a KpUNITHPAHhe/ IEKPUIITUPALE C€ KOPUCTAT BO AU3ajHOT
Ha oBHe Ko/10BU. [loToa onuimanu ce crangapaIHUTE (OPUTHHAIHUTE) aJTOPUTMHU
3a KOAAUPambe/JeKOIUPamke, HO BO OOMIUTa (hopMa off IpeuIoKeHaTa KaJie ce Ko-
puctar cumOoaM off a 6uTa, HamecTo HUONMU. [lajeHu ce pe3ynTaTute of rojem
Opoj eKCIIepUMEHTH 3a pa3IMyHU IapaMeTpH Ha OBHE KOJOBH 3a para 1/4 u 3a pas-
JMYHH BEPOjaTHOCTH 3a OUT rpelika Mpyu MPeHOC HU3 OMHAPEH CUMETPHUYCH KaHaJ.
Opn pe3ynTaTuTe U3BEACHH C€ 3aKIIYYOLU 32 BIMjaHUETO Ha CEKOj O TapaMeTPHUTE
Ha KOJIOBUTE Bp3 HUBHUTE neppopmancH. Mcro Taka, najeHa e uzaeja 3a METoA 3a
HaMajyBame Ha OpOjOT Ha HEYCIEIIHHU JEKOUpama Co KOj ce 00HuBa 1momoopy-
Bamkh€¢ Ha BEPOJaTHOCTHUTE 32 TOYHO JCKOJUpame 0e3 3HAYUTEIHO YCIOpyBamhe Ha
nexomupameto. Ha kpajoT o7 oBaa riiaBa HCIIUTAHO € BIMjaHUETO Ha JOJDKUHATA
Ha MOpaKuTe Bp3 nepGopMaHCUTE U TJICHU C€ PE3YNITATH 32 KOJIOBU CO PA3INIHA
JIOJDKUHH Ha TTOPAKUTE MIPH UCTA paTa Ha KOIOT.

HoBu pesynratu Bo oBaa IylaBa ce: JETaJHO UCIUTYBame Ha CBOjCTBAaTa U
nephopMaHCUTEe Ha OBHE KOJOBM M HAYMHOT Ha KOj CEKOj OJ IapaMeTpuTe BO
JIM3aJHOT Ha KOJOBUTE BJIMjae HAJ TEKOT Ha MPOLECOT Ha JIEKOAUpame U OpojoT
Ha YCIICITHO 3aBPIICHHU JIEKOANPaba; N3HECCHH CEe UICH U 3aKIIyYOIH 33 H300pOT
Ha OBHE MapaMeTpu M HAaYMHU Kako Jla ce nopobpar nepdopmaHcure; AePUHU-
paH € HOB METOJI 3a HaMaJlyBambe Ha HEYCIELIHUTE IeKOANPakha KOU 3aBpIllyBaaT
npeaBpeme.

Bo tperara raBa neuHHpaH € HOB AITOPUTaM 3a KOTUPAHE/IeKOANpame Ha
CJy4ajHUTE KOJOBU 0a3MpaHu Ha KBa3UTPYIH, HAPEUEH alrOpUTaM-3a-1eKOANpa-
we-co-npecek (Cut-Decoding wnmm AJIIT anroputam). OBOj HOB aJIrOpUTaM € Jie-
(GuHMpaH co 1el Ja ce 3a0p3a NpoLecoT Ha JIeKOAUpame, Ouejku eKCIIepUMEH-
TUTE TMOKakaa Jieka Op3uHaTa Ha JAEKOAMpame € HajroJIeMUoT MpodieM Kaj OBUE
kozoBH. IIpeseHTHpanu ce romem Opoj Ha €KCIIEPUMEHTAIHHU Pe3ylITaTu J00H-
€HH CO MPEJIOKEHUOT aJTOPUTaM CO KOPHCTEH-E Ha pa3iuyHu napamerpu. On
criopendara Ha OBUE PE3YJITATH CO PEe3YyNTAaTUTE TOOMEHH CO CTaHIAPIHHOT aJl-
ropuTaMm, MOKaXKaHo € JIeKa CO HOBHOT aJrOpUTaM MPOLECOT Ha JIEKOAUPAE Ce
3a0p3yBa 3a 4.5 natu 3a xox co para 1/4. Ilpuroa, 3a morosemMu BpeHOCTH Ha
BepojaTHOCTA 3a OUT Tpelka Bo OMHApeH CUMETPUYeH KaHaj ce 100uBaar u Io-
J00pHM BpEIHOCTH Ha BEPOjaTHOCTHUTE 3a MaKeT-TPeIIka U OUT-TPeIIKa OTKOJIKY CO
CTaHJApAHUOT anropuraM. JleuHUpaH € HOB METO/I 32 HAMAITyBambe Ha HEYCIIeI-
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HUTE JIEKOJMpama KOU 3aBpIIyBaaT cO MOBEKE KaHJIUAATH 3a JAEKOAMpaHara Io-
paka. VcTo Taka, mpeiokena € 1 koMOMHaIM]ja Ha JiBaTa Ne(pUHUpPaHU METOIH 3a
HaMaJlyBam€ Ha HEYCIEIIHUTE JIeKOUparma, Co Koja ce 100KuBaaT moaoopu Bpe-
HOCTH 32 BEp0jaTHOCTA 3a YCIEIIHO JIeKOUpPame, TOBTOPHO CO CaMO MaJio HaMa-
TyBame Ha Op3uWHATa HA JIEKOANpameTo. McnuTaHo e BiIMjaHHeTo Ha JTOJKUHATA
Ha MMOpaKuTe Ha ep(HOpPMaHCUTE HA CITyIajHUTE KOJIOBU Oa3upaHU HA KBa3UTPYITH
co HoBuoT AJIIT anropuram. Ha kpajoT o oBaa rmaBa UcruTaHu ce nepdopmaH-
CUTE Ha OBHE KOJIOBU KOTa BO MPOLECOT Ha KOAUPAH-E/IeKOAUPamhe Ce KOpUCTaT
KBa3urpymnu of pea 4 uiaum pea 256, HamecTo KBa3urpynu o pea 16 (kou ce ko-
pHUCTaT BO NPETXOAHUTE eKcriepuMeHTH). [IpruToa HampaBeHu ce MoBeKe eKcrepu-
MeHTH co ctanaapaauoT U AJIIT anropuramot 3a KBa3Urpymu oj1 pen 4 o pa3iu-
YHU KJIaCH Ha PPAKTATHOCT U JTUHEAPHOCT.

HoBu pesynratu Bo 0B0Oj €7 0] TPYAOT C€: HOB ajJropuTaM 3a Koaupame/ne-
KOJMpame Ha CIy4ajHUTE KOJOBU Oa3upaHU Ha KBA3UTPYIH CO KOj MPOLECOT Ha
JIEKOANpamke 3a KOJIOBU co paTta 1/4 ce 3abp3ysa 3a 4.5 maTu; HOB METOJ] 3a Ha-
MaJyBam€ Ha HEYCHEIIHUTE JIEKOMparmha KOU 3aBpIyBaar co MOBEKe KaHIUIaTu;
KOMOUMHaIMja Ha 1BaTa Je()MHUPAHU METOIU 32 HaMaJlyBamb€ Ha HEYCIICIIHUTE Jie-
KOJIMpama, Co Koja ce 100MBaaT mo00py BpeTHOCTH 32 BEPOjaTHOCTA 32 YCIICITHO
JEeKoANpamke, Kako U UCIUTYyBamke Ha nep(opMaHCUTe Ha OBHE KOJOBH KOTa BO
MIPOIECOT Ha KOAUPake/IeKOUPAhe Ce KOPUCTAT KBa3UTPYIH Of pell 4 WiiH pel
256, HamecTo KBa3Urpymnu ox pen 16.

[Tepdopmancute Ha cay4yajHUTE KOJOBU Oa3upaH Ha KBA3UTPYIIH MTPU HUBHA
IIPUMEHA BO KOJUPame/JeKOANpamke Ha CIIMKHU KOU ce€ MpeHecyBaaT HU3 OMHApeH
CUMETpUYEH KaHaJ ce UCIMTAaHU BO YETBpTaTa INlaBa. 3a Taa 1iejl, HalpaBeHH ce
HEKOU MOM(UKALINY BO aJITOPUTMOT 3a ICKOIUPAE 32 pa3pellyBame Ha mpoodiie-
MOT CO HEYCIICITHUTE ACKOIMpama (ClIydaj Ha IETYMHO U HEeTHO3HAYHO JEKOIU-
pana nopaka). IIpe3eHTHpaHu ce eKCIIEPUMEHTAIHO JOOMEHNUTE BEPOjaTHOCTH 3a
MakeT-rpelka U OUT-rpemika J00MeHH CO KOPUCTEHE Ha CTaHIapIHUOT aJropu-
tam, A/[IT anropuramot u Pun-Comnomon konosure. JlaeHu ce U CIMKUATE J00U-
€HH 110 JIEKOAUPAHETO CO COOJBETHHOT AJITOPUTAM M 3aKITYUYEHO € JIeKa IpeIoKe-
Huot AJIIT anroputam Bo KOMOMHAIIM]ja CO METOMIOT 32 HAMAITyBaHkh-¢ Ha HEYCIeIlI-
HUTE (IpeABpEME 3aBPIICHN) JEKOANPama JaBa MoJo0py pe3yiaTaTd U IMOjacHH
CJIMKH OJ] IPYTUTE aJITOPUTMH.

Bo derBprara miaBa HOBH pe3yiTaru ce: MOAW(UKALKUU BO aJTOPUTMHUTE 3a
JEKOAMpabEe Ha CIy4YajHUTE KOIOBH O0a3upaH HAa KBA3UTPYIH 32 HUBHA IPUMEHA
BO KOJHMpame/IeKOIUpame Ha CIUKH U UCTIUTYBAmkEe HA MEepPOpPMAHCUTE HA OBUE
KOJIOBH TIPH KOJMPA-€/IeKOIUPahe Ha CIIMKHA IPEHECCHNU HIU3 OMHAPEH CUMETPHU-
YeH KaHaJ.
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Co nen a ce 106ue moroyieMo 3a0p3yBame Ha MPOLIECOT HA JIEKOIUPAE, BO
MeTTara IiaBa MpeyIoKeH € YIITe €[eH alfOPUTaM 3a KOAHpame/IeKoIupame 3a
KOZIOBUTE OazMpaHH Ha KBAa3UTPYIM, HapeyeH ajropuTam-3a-IeKoAHpam-e-co-
4npecenn (4-Sets-Cut-Decoding unu AJI411 anroputam). 3a na ce momoOpar u
BEPOjaTHOCTHUTE 32 MAKET-TPeIIKa U OUT-rperika, 1epUHUPaHU Ce HEKOJIKY pa3iiH-
YHM BEP3MM Ha MpOIeaypara 3a TeHepHpame Ha MHOXKECTBATa CO KaHIWAATH 3a
nexoaupame (T.e., AI4T1#1, AJ411#2, AJ411#3 u AJ1411#4 anroputmu). Ananu-
3UpaHu ce MNepPopMaHCUTE Ha Pa3IUYHUTE AITOPUTMH 3a JEKOAHpame Ha
RCBQ (cranmgapanuot, AJIIT u AJJ4I1 anropurmute) 3a Koi co para R = 1/8.
Hcto Taka, pasmienaHa € mpuMeHaTa Ha METOIUTE 32 HaMallyBambe Ha HEyCIell-
HHUTE JEKOJMparha BO HOBUTE MPEAJIOKEHU allTOPUTMHU CO IITO ce 100uBaar yuire
no00py pe3ysITaTH 3a BEPOjaTHOCTA 32 TOYHO JIEKOIUpamke, 0e3 3HAaUUTETHO Ha-
MaJlyBam€ Ha Op3MHAaTa Ha JAeKonupamero. Ha kpajoT o1 oBaa riiaBa UCIIMTaHU Ce
u nepdopmancute Ha RCBQ co Tperara Bep3uja Ha alropuUTMOT-3a-I1EKOAHpa-
Hbe-co-4mpeceny 3a KOAUpame/AeKopambe Ha CIMKH KOM Ce IpeHecyBaaT HU3
OuHapeH cuMeTpuYeH KaHaj. JloOueHuTe pe3yaTaTH ce CIIOpeieH! CO COOIBETHU
pesyararu nqobuenu co Pun-Conomon komosure. Op crnopendara 3aKiydeHO €
JIeKa 3a CUTE pasyieJaHd BEPOjaTHOCTH p 3a OUT-Trpenika Bo OMHApeH CUMETPHUYCH
kaHai1 RCBQ co HOBHOT anroputam J1aBa 0jacHU CIMKHU OTKOJIKY Pun-Comomon
KOJIOBUTE.

Hosu pesynraTtu Bo eTTara 1yiaBa ce: HOB aJlTOpPUTaM 3a KOAUPambe/aeKoI1pa-
€ 32 KOJJOBUTE Oa3MpaHH HA KBA3UTPYIH, HAPEUCH aJITOpUTaM-3a-IECKOIHpParhe-
co-4npecenn (4-Sets-Cut-Decoding ninu AJI411 anropuram co 4yeTHpu pa3inyHu
METO/IM 33 TeHEepUpabe Ha MHOXKECTBATa CO KaHAUJATH 3a JEKOIUPame) CO KOj 3a
Ko7 co para 1/8 nexomupameTo e 6.3 matiu moOp30 OTKOJIKY CO CTaHAAPAHHUOT all-
ropuTam, a 3a HEKOM BPEIHOCTH Ha p ce A00MBaar 24 maTv MoMaiu BPEAHOCTH
3a BEpOjaTHOCTA 32 MaKeT-TPeIIKa U JETATHO UCTIUTYBAmke Ha MepOpMaHCHTE HA
pa3IMYHUTE ANTOPUTMH 3a JAekoaupame (ctangapaanot, AJIIT u AJI4I1 anroput-
MHTE) 3a KOf co para R = 1/8; ucnuryBame Ha neppopMaHCHTE Ha OBHE KO-
JIOBH CO HOBUOT aJITOPUTaM 32 JIEKOJUPahe MPH KOJUParhe/IeKOAUpahe Ha CIUKU
NpEeHEeCeHN HU3 OMHApeH CUMEeTpUYeH KaHall U criopenda co Pun-ConomoH kozo-
BUTE.

Bo mrecrara 1iiaBa W3BEICHU C€ HEKOW TEOPUCKH PE3YATaTH 32 HOBUTE alro-
PUTMH TIPEUIOKEHU BO MpeTXoAHUTE MaBu. [IpBo e u3BeneHa gopmyna 3a Teo-
pHUCKa TOpHA rpaHUIIa 32 BEPOjaTHOCTA 3a MaKeT-Ipelika J00OMeHa CO HOBUTE all-
roputMi. [1oToa, eKCiepMMEHTaIHO € MOTBP/IeHa TOYHOCTA Ha U3BE/IeHaTa rOpHa
rpanuna. Ha kpajoT ce u3BeneHu 1 NpuOIKHE (GOPMYIH 33 KapAHHATHUOT OpOj
Ha MHO)KECTBAaTa CO KaHIHIATH 32 JEKOIUPAE MOCe penyKInjaTa Ha HUBHUTE
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eJIEMEHTH TIPEIIOKEHA BO HOBUTE aJITOPUTMH.

Hogsu pesynratu Bo 0BOj Aen ox1 Te3ara ce: Teopema 6.1 3a Teopuckara Bepojar-
HOCT 3a MaKeT-rpelka Jo00MeHa CO HOBUTE aJrOPUTMU 3a KOJUPame/IeKOANpamhe
Jne(UHUPaHU BO MPETXOAHUTE INIaBU U NPUOIIKHUTE (HOPMYIIH 32 KapJUHATHUOT
Opoj Ha MHOXKECTBATa CO KaHAMUJATH 32 JEKOAUPamE MOCe peAyKIUjaTa Ha HUB-
HUTE €JIEMEHTH TPEITI0KeHa BO HOBUTE AJITOPUTMH.

Bo cenmara miaBa e pasmiefaHa IpUMEHa Ha KBa3HTPYIHTE BO KPUIITOTpa-
¢uja. IlorouyHo, pasmienyBaHU ce KBa3UIPyNHHU TpaHchopMmanuu O6a3upaHHu Ha
napactpodu Ha kBazurpynu. IIpBara ujeja 3a BakBa TpaHcopMmaluja € AajeHa
on Anexkcannap Kpanexx. Bo oBoj men ox Tesara, mpeioxkeHa e Monupukamja
Ha KBa3UTrpyIHaTa TpaHchopMallija 3a Mpolecupame Ha HU3K 0a3upaHa Ha mapa-
cTpodu, HapeueHa napacTpodHa KBazurpymnHa tpaicpopmanuja (unu PE-tpanc-
(dhopmManmja) ¥ UCTIUTAHU CE€ HEJ3MHUTE KpunTorpadcku cBojcTBa. Jlamenu ce nse
HOBH KJIaCU(PUKALMHU Ha KBA3UTPYIIUTE O]l pel] 4 KOPUCHU BO Kpunrorpaguja: Kia-
cudukanyja cnopes 6pojoT Ha Pa3InYHU MapacTpodu U Ki1acupuKalmja cropesn
napactpodna ppakranHoct. [lokaxaHo e r1eka co HoBaTa TpaHc(hopmalyja e 3ro-
nemMeH OpojoT Ha KBa3WUIPYyNH IOTOJIHYU 3a IpUMEHa Bo Kpuntorpadujara. lanex
€ ¥ MaTeMaTU4KH MOJIEN 3a mapacTpodHara (paKkTaaIHOCT Ha KBasurpymnute. Ha
KpajoT U3BE/IeH € TEOPUCKHU JJOKAa3 33 OTHOPHOCT O] CTATUCTUYKH HAIlaJX Ha [opa-
KaTa KpUITHPaHa CO KOPUCTEH-E Ha MapacTpoQHaTa KBa3urpynHa Tpanchomariyja.
3a wrycTpupame Ha TEOPUCKUTE PEe3yATaTH MPUKAXKaHU Ce U JIeJT 011 eKCIIepUMEH-
TaJHO TOOMEHUTE PE3YNTaTH.

Bo mocnennata riaBa HOBH pe3yATaTH ce: HOBa KBa3WUTpyITHa TpaHchopma-
nuja (P E-tpancdopmaiiyja); 1Be HOBU KIaCH(PUKAIIMKA HA KBa3UTPYITUTE Ol pell
4 xopuCHHU BO KpUnTorpaduja; MareMaTHuku MoJiel 3a napactpopHara ¢ppaxrai-
HOCT Ha kBasurpynure; Teopema 7.1 u Teopema 7.2.

Bo npusior naseHa e u aHIIMCKa BEp3Hja Ha JUcepTalnyjara.

Ha xpajoT om oBaa MOKTOpCKa AMCEpTalja MaJeHN Ce HEKOM 3aKITy4OIH H
HACOKH 3a [IOHATaMOLIHU UCTPa)KyBamka BO OBHE OOJIACTH.



I'nasal

KBazurpynm u KBa3urpynHu CTPUHI
TpaHchopManuu

KBaszurpynure v KBa3UrpymHuTe TpaHc(popMariy ce€ MHOTY ITOTOHHU 332 KOHCTPYK-
II1ja Ha KPUOTOTPa(CKH MPUMHUTHBH, KOIOBH 32 OTKPHBAKE HA TPEIIKHA U KOJJOBH
KOM ToripaBaat rpemku. [IpudauHn 3a Toa ce: CTpyKTypara Ha KBa3UTPyIUTE, HAB-
HHOT rosieM Opoj, CBOjCTBaTa Ha KBa3UIPYIHUTE TpaHCHOPMALIUH U APYTo. 3aroa,
BO OBaa IlaBa, ke Ouar JajieHu 1e(pUHUIMUTE U CBOjCTBAaTa HA KBA3UTPYIUTE U
KBa3UTPYITHUTE CTPUHT TpaHC(opMaIny Kou K€ T KOPHCTUME BO CIICAHUTE IIaBH.
[ToBeke 3a kBa3UrpyInu U HUBHUTE CBOJCTBAa MOXKE Jla ce BUAHU BO [6, 11, 36, 81].

1.1 Ksasurpymnu

Keasurpyna (Q,*) e rpynoun, T.e., MHOXeCTBO () co OwWHapHa omepanuja
* 1 Q% — (Q, 3a KOja BaXKH CIEIHUOT 3aKOH:

Vu,v e Q)(Az,y € Q) (rxu=v&u*xy="0) (1.1)

Beymroct, (1.1) 3Ha4n aeka exes rpynons ((), ) € KBa3urpyma ako U camo
aKo PaBEHKHTE T * U = ¥ ¥ U * § = U UMaaT eAUHCTBCHHU PEUICHU]a X U Y 32 CEKOU
u,v € Q.

[Tonaramy ke mpernocTaBuMe Jieka MHOXecTBOTO Q e koHeuHo. Kaprmunai-
HHUOT Opoj |()| Ha OBa MHOXECTBO Ce HapeKyBa pel Ha KBasurpymara. [naBHara
tabena Ha KenmeBara mema Ha KBa3WTpymara € JIATHHCKU KBaJpaT HAa MHOXKECT-
BoTO Q.

3a nanena kBasurpymna (), *) of omepanujara * MOXe J1a Ce U3BEIe HOBa OIle-
pammja \, koja ce AeuHUpa Ha CICIHUOT HAYKH:

15
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THxy=zy=1\z (1.2)
Toramr, anrebpara (), *, \) ' 330BOTyBa CIICIHUTE HACHTUTCTH:
\@xy)=y n zx(@@\y) =y, (1.3)

u (Q,\) e ucTo Taka KBa3Urpyra.
[Tonaramy, ke najemMe HEKOU CBOJCTBA HA KBa3UTPYITUTE.

Nepunuuuja 1.1. Keazuepynama (Q, *) e KomymamusHa axko 20 3a006011y6a cied-
HUOM UOeHmumem.
THY=1Y*T. (1.4)

Nepunuuuja 1.2. Keasuepynama (Q), *) e KOCO cumempuyna axko 20 3a006071y6d
CLeOHUOM UOEHMUMEN:

(x *y) * (y * ) = const. (1.5)

Nepununuja 1.3. Keasuepynama (Q, x) e 1e6a iyna ako nocmou i1e6a eOunuyd
e € () maxa wmo

VzeQ)(exz=ux) (1.6)

Nepunuuuja 1.4. Keasuepynama (Q),*) e decrha ayna ako nocmou 0echa eou-
Huya e € () maxka wmo

Vzre) (zv*xe=ux) (1.7)

Nepunuumja 1.5. Keasuzpynama (Q, ) e ryna ako nocmou edunuya e € () maxa
wmo
VreQ) (rxe=x=cx*x) (1.8)

Moxe 1a ce 3a0enexu aeka (@, ) e Jyma akko Taa € JieBa JIyIa U ICCHA JIyTa.

Nepunuuuja 1.6. Keasuepynama (Q, *) e 0ecHO-cumempuyHa Keazuepyna axko
20 3400807184 CLEOHUOM UOEHMUMEM

(x*xy)*xy =z (1.9)

Hepunuuuja 1.7. Keasuepynama (Q, *) e 1€60-cumempuina K8asuespyna axko 20
3A008071Y8a CIEOHUOM UOEHMUMEN.:

yx* (y*xx)=zx. (1.10)

Hedpunnumja 1.8. Keasuepynama (), *) e mOmaiHo cumempuuna ako e Komyma-
MUBHA U T1€80-CUMEMPUUHA K8A3USPYNA (UNU KOMYMAMUBHA U OeCHO-CUMEMPUUHA).
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1.2 KBa3urpynHu CTpUHI TPpaHcopManuu

KBa3zurpynuute cTpuHT TpanchopManuu ce AeGUuHupaHu Ha KOHEYHO MHOXKECTBO
Q@ (r.e., a30yka () co KBa3uUTpyIHa ONepalnja * U MPeTCTaByBaaT MPECIUKYBabHE
on Q" Bo QT, kage QT € MHOKECTBOTO OJ] CUTE HENPa3HU 300pOBH (CTPUHIOBH)
dopmupany o enemenTHTe Ha Q. Ke nedunupame e KBasurpyIHu TpaHchop-
marmu ([46]). Heka [ € () e naneH eneMeHT, HapedeH Jauaep. 3a cekou a;, b; € @,
Tpanchopmanuute F; u D; ce nepuHupanu Ha CICIHHOT HAYHH:

- b1 = { ay

El(alag .. .an) = (blbg . bn) ~ { b, - bz_l a, 29<i< (111)
- e = | *x u

Di(aray . ..a,) = (c1c2...¢,) & { 6 = ay % 4. 2<i<n (1.12)

Co kopucteme Ha uaentuteture (1.3) ce mokaxysa Jeka 3a TpaHchopMaiu-
ure £ u D TOYHO € CIIeTHOTO CBOjCTBO:

Teopema 1.1. 3a cexoj cmpune M € QT u 3a cexoj audep | € Q
mouno e D\ (E;.(M)) = M = E; .(Dy\(M)), oonocno E . u D\ ce merycebno
uneepznu nepmymayuu na Q.

AKO € JaleHa HU3a i, %o, ...,%, O] KBa3UTPyIHH Olepanud Hag () u
manepu Uy, lo, . .., [, € Q, MOXe 1a ce nepuHUpaar npeciukyBamwa Fy, Fo, . .., F,,
(kame E; e mpecIruKyBameTO Co onepanwja *; u auaep ;). Toram

E(n) = El(z)..-ll = En o En—l ©0-:--0 El?

KaJIe IITO O € KOMITO3UI[Mja Ha MPeCIuKyBama (n > 1).
AmHajorno, Moxe 1a ce feunupa u xomnosunuja D™ Ha KBazUTpyTHU TpaHC-
dopmarum Dy, Do, ..., D, co munepu ly, [, ..., [,, COONBETHO:

l1

Moy
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Ipumep 1.1. Heka Q = {0,1,2,3} u Heka kBaszurpynara ((),*) U Hej3uHATa
napactpoda (Q, \) ce namenu co (1.13).

[0 1 2 3 \[0 1 2 3
0/0 1 2 3 0[0 1 2 3
1|1 23 0 113 0 1 2 (1.13)
212 3 0 1 212 3 0 1
313 01 2 301 2 3 0

Hekaa=1021000000011111210220101 30 wumneka
e u3opan mmaepor 0. Bo TaGema 1.1 mpercraBeHn ce 4eTHPHU MOCIEIOBATCITHA
npuMeHu Ha E- Tpanchopmanmjara.

102100000001111121022010130=«
113000000001230130020011211_E0*( )
121111111112033033311123123=F *)( )
130123012302210032123021203=F ,Z(a)

Eg) (o)

«

(07

o o O O

100132231002011102310023110=FE;,/(«

TaGena 1.1: IlocnenoBarennu E-Tpanchopmanuu

Bo Tabena 1.2 nageHu ce CTpUHIOBUTE JOOMEHHU CO YETHPH MOCIIE0BATEIHU
npumend Ha D-tpancdopmanujara Dy Ha MocneaHHOT CTpuHr Bo TabGena 1.1

8= E§().

100132231002011102310023110=43
0[130123012302210032123021203= Dy:\(5)
0/121111111112033033311123123=Dy(8)
0113000000001230130020011211=Dg(5)
0102100000001111121022010130= D) (5)

Ta6ena 1.2: ITocnenoBarennu D-TpaHchopMariu

On Ta6ena 1.2 moxe na ce 3abesexu aeka o = D((f\) (B) = D((f‘\) (Eét) ().
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1.3 CBojcTBa HA KBa3UTPYNIHUTE CTPUHI TPaHchoOpManuu

Bo [47] aBTopuTe TBpAaT Aeka Tpanchopmanujata £ Moxe 1a ce KOPUCTH KaKo
(dyHKIIMja 32 SHKPUIIIHja U ja JOKa)XyBaaT ClIe/IHaTa TeopeMa.

Teopema 1.2. Heka o = aqas...ar, € QF e npoussonen cmpune u nexa [ =
E™(a). Axo k e dosonno zonemo, mozaws m-mopkume 00 6ykeu 6o [3 umaam
pamHomepHa pacnpedenda 3a m < n.

Teopema 1.2 TBpau Aeka mocie n MpuMeHH Ha F-TpaHcdopMaiinjaTra Ha po-
M3BOJIHA [TOpaKa, pacrpenaendarTa Ha MOACTPUHIOBUTE BO 100MEHATa IIOpaka € paM-
HoMepHa. OBa CBOjCTBO € MHOTY Ba)KHO 3a MPHMEHA Ha eqHa TpaHcopmMmallija
BO kpunrorpaduja. Mimeno, pamHomepHara pacmpezenda Ha MOJCTPUHTOBUTE BO
KPHUIITUPaHaTa mopaka rapaHTUpa OTIOPHOCT OJ] CTATUCTUYKK Hanaau. Bo uctuor
TPy, aBTOpUTE 3a0eJIeXyBaar 1eka 3a m > n pacrupeendara Ha TOACTPUHTOBUTE
CO JIOJDKMHA m He € paMHoMepHa. bunejku, pacmpenendara Ha OBHE MOJCTPUH-
TOBU HE € paMHOMEpPHA, TOa MOKe J1a OuJie NCKOPUCTEHO 3a Hama/1 Ha [opakara co
1en 1a Oujie OTKpUeHa OpUrMHaIHaTa IOpaKa.

Bo [2] aBropure ja Haoraar pacmpeneibara Ha (n + 1)-Topkute ox OyKBU
nocye puMena Ha (™) - Tpancopmanumjata u ja JokaxyBaar cIeHaTa TeopeMa
U TIOCJIeANLIA.

Teopema 1.3. Hexa (p1,p2, .. .,Ds) € pacnpederbama Ha Gykeume 60 6l1e€3Hama
nopaxa o U HeKa Py, P, - . . , Ps C€ PANUYHU 6EPOJAMHOCIU, M.€., D; 7 P; 34 T 7
j§. Bepojamnocmume na (n + 1)-mopxume 60 usnesnama nopaka 3 = E™ ()

ce nooenenu 80 S KIAacu. C€K0jél Kjaca CO()pD/CI/l s" enemenmu Kou umaam ucma
1

gepojamnocm u eepojamnocma Ha cekoja (n—+ 1)-mopka 6o i-mama xkaaca e —Di,
s
fori=1,2,... s

Hocnenuna 1.1. Axo p;, = pi, = -+ = p;, 3a Hekoe 1 < 13 < -+ < 4, < 8
) 1 1 1
60 Teopema 1.3, moeaw xknacume co eepojammocmu S—npil, S—npiQ,..., S—npiy Ke

ouoam cnoenu 60 eoHa Kiaca co vs'"™ eremenmu.

Bo uctuor tpyx ([2]) aBTopHTe 1aBaaT A0Ka3 U 3a MOOIIIT 00JIHK Ha OBHE pe-
3yJATaTH, T.€., THE ja Haoraar pacmpenendara Ha m-TOPKUTE o OykBH (m > n)
nocne npumena Ha E™-tpancdopmarmjara. OBaa reHepannsanuja Ha IPeTXOJ-
HHUTE PEe3yNATaTH € J1a/ieHa BO CIICIHUTE TEOPEMHU.
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Teopema 1.4. Heka (p1,ps, - .., Ps) € pacnpederbama Ha OyKeume 60 6J1e3HaAmMa
nopaka o u Heka K e 6pojom na cume pasnuyHu npou3eoou p;, . .. p;, _, 3d 11,12,
ooy bmen € A. Tocaw éepojamnocmume na m-mopkume (m > n) 60 uzLe3HamMa
nopaxa 3 = E™(a) ce nodenenu 6o K knacu u npumoa m-mopxume 60 eoua
K1aca umaam ucma 8epojamHocm.

IMocnenuna 1.2. Heka r e 6pojom na paznuunu 6epojamHocmu py,pa, . . ., Ps Ha
oyxeume 6o azdyxama A. Ako cume npouzeoou p;, . ..p; . ce PaA3IudHU, moeau

. —m-—n —k .
opojom na knacume e C,. , kade wmo C'. e 6kynnuom Opoj Ha KomouHayuu co
noemopyeare 00 1 elemMeHmu 00 Kiaca k.

On noxazot Ha Teopema 1.4 (maneH Bo [2]) ciieayBa Jeka BEpojaTHOCTA Ha 1M1~
TOpKHTE 0O OyKBU € S—np’flpg2 ...pYT Kame mwro ny + Ng + -+ N, = m — n.
HcTo Taka, ToKakaHU ce U TEOPEMHU 3a OpOjOT Ha €JIEMEHTH BO cekoja kiaca. Ko-
pHCTEjKU T OBHE TEOPETCKH PE3YNITaTd, BO UCTUOT TPYJA aBTOPUTE IO JaBaar W

JIONTyHABEJICHHOT AJITOPUTAM 3a CTATHCTHYKM HaIaj Ha MOopaKa KPHUITHPaHA CO
E™_rpancopmarmija.

Hexka mopakara M e KpunTHpaHa cO KOPUCTEHE Ha aJlTOPUTMOT 33 KPHIITH-
pame 6asupaH Ha kBasurpynsara L(")- TpaHc(opManmja 3a 1afeHo n U Heka e
nparena nopaka C' = E™(M). Heka Hekoj Hamarad ja (aTé KpHITHPaHATA TIO-
paka C' ¥ Taa/Toj 3Hae JeKa 32 KPUIITUPAKE € KOPUCTEH aIrTOPUTMOT Oa3upaH Ha
kBasurpynHara E(™)- tpancopmarmja. AKo mpeTmocTaBuMe JeKa e I03HaTa pac-
npenenbara (py,po,. .., Ps) Ha OYKBUTE BO ja3MKOT KOPUCTEH BO OpPUTHMHATHATA
ropaka, TOorail HarmaradoT MOXe Jia HallpaBU CTaTHCTUYKH Haraj CO KOPUCTCHE
Ha aJIrOpuUTMOT AajieH Bo Tabena 1.3.

[IpBuTe nBE OyKBU O OpUTHHAIHATA TTopaka M Moke Ja He OuJaT OTKpUEHHU
Ha OBOj HA4YMH, HO THE MOXKE JIECHO Ja OMJaT HajJIeH! co IpedapyBame (aKo Toa €
BaXKHO 3a [I0paKaTa).

3a nmpuMeHa Ha 0BOj ajroputaM nopakara C' Mopa J1a Oujie JOBOJHO JI0JTa 3a
na nobueHnTe peaaTuBHU (pekBeHnun Ha (n + 1)-TopkuTe GHIAT MTO MOOIUCKH
JI0 HUBHUTE BEPOJaTHOCTH BO ja3WKOT. CTaTHCTHYKA aHAlM3a HE MOXKe Ja Ouje
HarpaBeHa JOKOIKy rmopakata C' e kparka. Bo Toj citydaj nekpuntupaHnara mopaka
M, HeMa na ce coBnara co opurnHaigHara nopaka M .
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AJITOpUTAM 32 CTATHCTHYKHU HANAa/
Buaes: Kpunrupana nopaka C' u pacnpeznendara (p1, pa, . . ., Ps)
Ha OyKBHUTE BO Ja3HUKOT.

M3ae3: Opurunnannara nopaxa M.

Yexop 1. Hajau ru penaruBHUTE HpEKBEHLNH (CTATUCTHYKU BEPOjaTHOCTH)
Ha OyKBHTE, TAPOBHUTE, TPOJKHUTE H.T.H.,
ce JofieKa He ce 100ue pacrpeaenda Koja He € paMHOMEpHa.
Hexka n e Hajmanuor 6poj T.ur. (n + 1)-TopkuTte He ce
pPaMHOMEPHO pacIpeesIeHH.

Yexop 2. [Iponecupaj ja nenara nopaka C' Ha CIICIHUOT HAYHH.
3emu ja npBara (n + 1)-Topka v Hajau ja Hej3uHATA
penaruBHa QpekBeHIMja f.

1 1
2.1. Hajom i to. | f — —p;| = min |f — —p;|.
s s"

1<j<s
2.2. lexkpuntupaj ja oBaa (n + 1)-Topka co Oyksara i.
2.3. 3emu ja cieqnara (n + 1)-Topka u Hajau ja
Hej3UHaTa pesiaTuBHA (peKkBeHIrja [ 1 oy Ha yekop 2.1.

Tabena 1.3: AnroputaM 3a CTaTUCTUYKA HaMa]

1.4 Kuacupuxkanuja Ha kBasurpymnu o pea 4 cnopen ¢ppaxradi-
HOCT M JIMHEAPHOCT

Co xopucTeme Ha rpadUIKy IpUKa3 Ha KBA3UTPYITHO MPOIIECUPAHUTE HU3HU JOOH-
€HH CO IPUMEHA Ha KBa3UTPYITHUTE CTPUHT TpaHcPopmanuu, JumutpoBa u Map-
KOBCKH BO [ 17] maBaar knacudukanmja Ha KBa3urpynuTe o1 pea 4 Ha ppaKkTaiHu |
HedpakTanau. OBaa Kiacu(uKalyja € HarpaBeHa Ha CIETHUOT HaulH. ABTOPUTE
MOYHYBAaaT co neproanyHa Huza 123412341... co nomxuna 100 u ja mpuMeHyBaar
100 maru E-tpancdopmanujara naaena Bo (1.11) co nanenu munepu. Tpaucdop-
MUpaHaTa HA3a ja IPUKaXKyBaaT BU3YEITHO KOPUCTEJKU pa3indHa 00ja 3a CEKOj O
cumbomnute 1, 2, 3, 4. Ha oBoj HauuH, noOuBaat rpadudky narepH (image pat-
tern) 3a cexoja KBa3urpyma M MoToa ja aHaJu3upaar CTpyKTypaTa Ha J0OHEHUTE
narepHu. AKO MaTepHOT UMa (hpakTaaHa CTPYKTypa, COOJBETHATA KBa3UTPYyIIa Ce
HapekyBa (pakranHa. Bo cripoTUBHO, KBa3UTpymara ce HapeKyBa HepaKTaiHa.
Bbpojot Ha ¢pakTamHu kBazurpymnu ox pea 4 e 192, a 6pojor Ha HeGpaKTaTHU KBa-
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surpynu ¢ 384. Ha Cnuka 1.1 nanen e mo eieH npumep Ha rpapuuky MpUKas3
nobueH 3a ¢pakTtanHa (a)) u HedpakTagHa (0)) KBa3Urpyra.

ATRTRT
quﬁgﬁg
%%W

Cnuxka 1.1: ®@pakranHa 1 HeQpakTaaHa KBa3Urpymna

Bo [21], aBTOpUTE naBaar penpe3eHTalrja Ha KBA3UTPYITUTE KAaKO BEKTOPCKO
BpenHocHu Bynou ¢yuknun. Keasurpyma (@), x) ox pen 2™ Moxe 1a Ouje mpet-
CTaBeHa cO BEKTOPCKO BpemHocHa bynosa gpynkumja f @ {0,1}*" — {0,1}" na
CIETHUOT HaYMH. Heka Mpou3BOJIEH €IeMEHT = OJ KBa3urpymnara € mpeTcTaBeH
Kako GHHApeH BeKTop = = (x1, Za, ..., x,) € {0, 1}". Toram, 3a cexou z,y € @

xxy = flry,.. ,x0,) = (fi(zr, .y @on)y ooy fu(T1, .o, T2n))

KaJie IITO

r = (be% B 7ITL)7 Yy = (xn—l—la'rn—l-Qa <o 7x2n)

2
C€ COOIBETHUTE KOMIIOHEHTH Ha f.
Co kopucreme Ha bynosara pernpe3eHTainuja, Bo [21], kBa3urpymure ce mo-

JIEJICHU BO JIBE KJIACH: JIMHEAPHU KBA3UTPYIH M HEIMHEAPHU KBA3UTPYITH CIIOPE
BynoBa penpesentaruja. Heka (), *) e kBa3urpymna ox pea 2" u Heka

f(ZEh e ,Ign) = (fl(l'l, N ,C(]Qn), ey fn(xh Ce ,Ign))

€ HEJ3MHOTO COOJIBETHO IMPETCTABYBAE KaKO BEKTOPCKO BpeaHoCcHA bynosa (yHK-
nyja. /IBara Tuna Ha KBa3urpynu Ae(pUHUPAHU CE€ HA CIETHUOT HAYMH.

HNedpunnumja 1.9. Keasuepynama e nuneapua, axo cume yuxkyuu f; 3a © = 1,
2,...n ce MUHeapHU NOTUHOMU.
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Hepunnumja 1.10. Kseazuepynama e nenuneapmna, ako nocmou ¢ynxyuja f; 3a
Hekoe i1 = 1,2, ...n Koja He e 1uHeapHa.

Crnopen oBaa kmacudukanuja 144 xBasurpynu on pen 4 ce JMHEApHHU, a
432 ce HenuHeapHu. HenmHeapHUTe KBa3UTpyny Ce€ MOJAEJIEHH BO JIBE IMOAKIACH:
JeyMHO (wiH c1a00) HEeTMHEapHHU M YUCTO HEeJTMHEapHU KBasurpymnu. JlemymHo
HEJIMHEapHH e OHME KBAa3UTPYIH KOM MMaar 0apeM eHa KOMIIOHEHTa Koja € JIH-
HeapHa bynoBa ¢yHkiMja n 6apem eHa KOMIIOHEHTa Koja € HellmHeapHa bynosa
¢ynkumja. KBasurpymnara e 4ncTo HeJIMHEapHa aKo CUTE HEJ3MHU KOMIIOHEHTH Ce
HenuHeapHu bynoBu QyHKIHH.






I'1asa 2

Cay4ajHu Ko10BHM 0a3MpaHHu Ha
KBa3UTPyNH

Bo oBaa maBa onuiaHu ce ciy4yajHUTE KOJOBM Oa3upaHu Ha kBazurpynu (Ran-
dom Codes Based on Quasigroups - RCBQ). Onumian e Ha4MHOT Ha KOj ¢ 10/1aBa
pelnyHIaHTHaTa MH(opMalnuja, aaropuTMUTE 3a Koaupame U fexoaupame. RCBQ
ce npeanoxenu o anwmio I'muropocku, Cmune Mapkoscku u Jbynuo Kouapes
BO [30]. OBHe KOTOBU MMaaT HEKOJIKY MapaMeTpPU U NMPEeTCTaByBaaT KOMOUHAIIM]ja
O KpUNTOTrpaCKH ANTOPUTMH U KOJOBH KOH MOINIPABAAT I'PEIIKH.

Hajuecro 3a n1a ce 1o0ue KoJ Koj MoIpaBa IPEeIIKy U KOj € OTIOPEH Ha Harau
NOOMEeHNTEe KOAHU 300pPOBU C€ KPHUIITUPAAT CO HEKOM O] MO3HATUTE MH(pyBadH
npeja Tie Aa Oujar MpaTeHd HU3 HECUTYpeH KaHaid. Bo Toj ciywaj ce Kopucrar
JIBa aJTOPUTMH, €/IeH 3a KOJIUPAmke CO KOJ KOj MopaBa I'pEIIKH U APYT alropu-
TaM 3a Kpuntupame. KOHILENTOT Ha KPUNTOKOIUpPAkEe I'M KOMOMHUpPA OBHE JBa
NpoIlecH Ha KOAMpame U KPUNTHPame BO efeH anroputam. RCBQ ce BeymHocT
KPHITO-KOOBHU. IMeHO, 0BHE KOIOBH ce Ie()MHIPAHH CO KOPUCTEHE Ha KPHUIITO-
rpad)CKu aJropuTaM BO CAMUOT TPOIIEC Ha KOMUPae/IeKONparhe U 3aT0a THE CO
€JIeH aJIrOpUTaM OBO3MOXKYBaaT HE caMo IONpaBambe Ha OApeAeH Opoj Ha IPEIKU
HAacTaHaTHU MPH IIPEHOCOT Ha MOPAKUTE HU3 KaHAJl CO MPEUYKH, TYKy UCTO TaKa THE
OBO3MOXYBaar 1 0e30eJHOCT Ha HHpOpMauuTe. AKO HHPOpMAaIjaTa e KogupaHa
CO KOPHCTEH-E Ha OBHE KOJOBH, TOTAII MPUMATEIIOT MOXKE J1a ja IEKOAUpa U Ja ja
nobue opurnHagHaTa MHpOpPMAIFja CaMo aKo TOj/Taa 3Hae TOYHO KOH IMapaMeTpu
Ouse KOPUCTEHU BO NIPOLECOT HA KOAUPame, TypH U aKO KOMyHHUKAIUCKUOT KaHaJl
e 6e3 npeuku. Bo oBaa Te3a Hue ru pasnienyBame RCBQ kako Ko10BM Kou nornpa-
Baar IPEUIKH U 3aT0a TyKa HeMa Ja Oujar aHalnu3upaHu HUBHUTE KpUNTOrpadCcKu
CBOjCTBA.

25
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Bo nu3ajuor Ha RCBQ ce xopucrar alroputMure 3a KpUITHpamke/ AEKPUTITH-
pame ol IMIUIEMEHTAalljaTa Ha TOTaJTHO aCHHXPOHHU3MPAH NPOTOYCH MHUPpyBaq
(Totally Asynchronous Stream Cipher - TASC) co kopucTeme Ha KBa3UTPYITHHA
ctpuHr Tpancdopmanuu [27]. OBue kpunTorpadcku arOpUTMU KOPUCTAT a30yKa
() v KBa3WrpyIHAa onepanuja * HaJ () 3aeIHO co Hej3uHara mapactpoda \. Hue ke
'l OITUIIIEME OBHE KOIOBH CO KOPHCTEHE Ha KBa3UTPYIIH, HO O] Ie(pHHHUIIMjaTa Ha
JITOPUTMHTE JaCHO € JIeKa BO HUBHHUOT JIN3ajH MOXeE J1a OMIaT KOPUCTSHH U IPYTH
AJITOPUTMH 32 KPUNTHPAKE U JEKPUTITHpamke. ABTOpUTE BO Au3ajHOT HAa RCBQ
ja xkopucrar a30ykara ox Hubmm Q = {0, 1,...,9,a,b,¢,d, e, f}. Ho, Tyka Hue ke
ru 1epUHUpaMe aNTOPUTMUTE 32 KOAUPAHE U ICKOTUPAE BO TOOMIIT CIIy4aj CO
KOPUCTEHE Ha CUMOOIIN 0] @ OMTa, HAMECTO HUOIH.

Bo mojara marucrepcka padota [89] u Tpyzmot [68] ro rciuTaBMe BIMjaHUETO
Ha M30paHUTe MapaMeTpu Ha Nep(OpPMAHCUTE HA OBUE KOJOBU M MPEIIOKHUBME
METOJ 32 HaMaJlyBamke Ha OpOjoT Ha HEYCHENIHU JeKoaupama. Bo oa morma-
Bje, MIPBO HAKpaTKO Ke Jajaeme e ox tue pesynratu. [loroa, ke ro mcrnurame
BJIMjaHHETO Ha JOJDKWHATA HA TIOPaKUTE BP3 Mep(HOpMaHCUTE HA KOIOT.

2.1 TASC u EdonZ

Konnenrror Ha TASC e nedunupan Bo [27]. OBoj kpuntorpadcku KOHIENT €
OCHOBATa Ha CTy4YajHUTE KOJOBH Oa3upaHy Ha KBA3UTPYIIH. 3aTOa BO OBA IMOTJIAB]e
HaKpaTKo ke ru 00jacHuMe oBHE MHU(pyBayH.

TASC e koHLIENT Ha MPOTOYEH MH(PYBay KOj C€ Pa3IMKyBa O KOHIIETITUTE Ha
CHHXPOHHM3UPAHU U CAMO-CHHXPOHHU3UPAHH MTPOTOUHH MK (PPYyBayH.

Nedununuja 2.1. Cunxponuzupan npomouen wugpysead e onoj 60 Koj HuU3ama
KJIY4eBU ce 2eHepupa He3d8UCHO 00 8l1e3HAMA NOPaKa U WUGpUpaHuom mexkcm.
Ilpoyecom na kpunmuparse co CUXPOHUUPAH NPOMOYEH WUPPYay modice da ce
onuute co cieOHume pageHKu:

Oi+1 = f(Uu k’)> Zp = 9(0i> k)» G = h(znmi),

Kaoe 0 e noyemHama cocmojoa u modice oa bude onpedenena 00 knywom k, f e
¢ynxyuja 3a cneonama cocmojoa, g e pyrkyujama co Koja ce onpeoenysa Hu3ama
Kayuesu z;, u h e usnesnama gyynkyuja co Koja 00 Kiyuesume u 81e3HUON MEKC
m; ce 000UBA WUDPUPAHUOM MEKCT C;.
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Hepunuumja 2.2. Camo-cCuHXpOHUUPAH UiU ACUHXPOHUSUPAH NPOMOYeH WUug-
Py6ay e OHOJ 60 KOj HU3AMA KIYYeBU ce 2eHepupa Kako QYHKyuja o0 Kiy4om u
Guxcen 6poj na npemxoono wugpupanu yugdpu. Dyukyujama 3a Kpunmuparbe
HA CaMO-CUHXPOHUZUPAH NPOMOYeH Wudpysay modxice 0a ce onuuie co CieOHume
PpaseHKu:

oi = (Cizty Cicig1, - Ci1), 2 = g0, k), ¢ = h(z,m;),

kaoe oy = (c_;,C_i11, ...,C_1) e novemunama cocmojoa, k e krywom, g e QhyHkyu-
jama co Koja ce ¢hopmupa Huzama xknyuesu z;, u h e uznesnama gynxyuja co koja
00 HU3amMa KIy4esu U 671e3HUON MeKCm M,; ce popmMupa wuppupanuom mexkcm c;.

Hepunuumja 2.3. Tomanno acunxponusupan npomoyer wu@pysad e oHoj 60 Koj
HU3AmMa Ky4esu ce 2eHepupa KaKo yHKYuja o0 mery-Kkiyiom u cume npemxoouu
OYK8U 60 6le3HAMAa NOPaKa.

Dynxyujama 3a Kpunmuparse Ha e0eH MOMAIHO ACUHXPOHUZUPAH NPOMOYEH
wugpysau modxice 0a 6ude ONUUAHA CO CIeOHUME PAGEHKU!

k(i+1) = f(k(Z)a mi>7 C; = h(k’(l)amz)

xaoe k) e nouemnuom maen knyu, k) ce mery-xnyuesume, f e pynxyujama 3a
onpeoenysarbe Ha cleOHuom Kay4 u h e uznesnama gyukyuja.

Dynxyujama 3a OeKpUNMUParLe Ha MOMAIHO ACUHXPOHUSUPAH NPOMOYEH UG-
Py6ay modice 0a ce onuuie co c1eOHUme paeeHKu.

k(iJrl) _ f/(/{?(i), Ci)’ m; = h/(k}(i)a Ci)'

On neduHMIIMjaTa jJaCHO € AeKa TOTATHO ACHHXPOHU3UPAHUOT IPOTOUYCH MU }-
pyBau gaBa mu@pupaH TEKCT ¢; KOj 3aBUCH O] CUTE MPETXOIHU OYKBH Mg, My, ...,
m; Ol BIIE3HHOT TEKCT. ABTOPUTE Ha CITy4ajHUTE KOJIOBU Oa3MpaHy Ha KBa3UTPYIIH
umaar aeduHupaHo eaHa MokHa mMIuieMeHTanuja Ha TASC co kopHucTeme Ha
KBa3UTPYIIHU CTPUHT TpaHchopMmalmu, koja e HapeueHa EdonZ. EdonZ pa6otu co
asoykara ) = {0,1,...,9,a,b,¢,d, e, f} on HuONM, 4nu enemMenTH ce 4-6UTHUTE
360poBu. DyHKIHKjaTa 32 KPUOTUPAE ja KOPUCTH KBasurpymara (@, ), a GyHK-
Hyjara 3a JIEKPUNTHPAhE ja KOPUCTH Hej3uHara mapactpoda (Q),\). Bo dyHk-
IIUUTE CE KOPUCTH U OTlepalijata HCKITyduTenHo ik -  (XOR) Ha 4-0uTHU mipo-
MeHauBH. DyHKIMMTE 32 KPUNTUpPamke U JeKkpuntupame Ha EdonZ ce nanenu
1001y IpeKy HuBHUTE anroputmu (Ciuka 2.2).
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Baxxno e ga ce 3abenmexu cinenHoto cBojctBo Ha EdonZ. Hexka
M = M M,...M; e npercraByBameTo Ha nopakara M Bo nmoabnokoBu M, kaze
My, = my..my,, My = m;,,...m;,, ..., n HeKa C' e mudPUPaHUOT TEKCT JOOHEH
on M. Toram C' = C1C5...CY, xane cexoj 6mok C; e mudpupaHuoT TEKCT JOOUEH
0] COOABETHHOT Biie3eH (0110k) Teket M;. OBa cBojcTBO 3Ha4M Aeka nako EdonZ e
MPOTOYCH mu(pyBad, BIC3HUOT TEKCT MOXKeE J1a ce 00paboTyBa BO TOMaJIH JACIOBU
(610K0BM) W TIpuTOa 0€3 pasznHKa Koe MpeTcTaByBame Ha N BO OJIOKOBH Ke ce
n3bepe, kpajHUOT mudpupan TekeT ke oune uct (OBa CBOJCTBO C€ KOPUCTH MIPH
BOBE/IyBambETO Ha pellyHIaHTHATa WH(POPMAIKja BO MPOIECOT HAa KOJUpaAmhE Ha
RCBQ).

I'maBHa kapakrepuctuka Ha TASC e Toa mITO MPEeHECYBAaKETO HA TPEIIKaTa €
HEOTPaHWYEHO ¥ Ce LIMPU Ce 0 KpajoT Ha Hu3ara. Ho, co monaBame Ha pelyH-
JJaHTHa MH(pOpMallMja BO HU3aTa, MOXE JIeNl Off TPEIIKUTE Ja OMIaT MOIpaBeHH.
Oga e BcymHoct raBHara uaeja Ha TASC Error Correction.

2.2 Onuc Ha KOAMPAKETO

[TpBo, HU3aTa o1 OUTOBH, TOOMEHA O] U3BOPOT Ha HH(OPMAIIHja, Ce AU BO TO-
paku (6110k0BH) 01 Nyoer OUTOBH. IT0TOA, Ccekoj o 2Vtleck GrroKOBHTE CE TpeCITH-
KyBa BO KofieH 300p co momkuHa o N > Ny, OUTOBH.

Heka M = mymsy...m; € enen 610k (mopaka) o Ny = la OUTOBH, Kane
m; € (Q u () e a30ykara off cute a-OuTHU cuMOoH (3Hauu () uma 2% cumoOoIn).
[TpBo, ce noxasa peayHAaHTHA WH(POPMALIKja O v a-OUTHU HYATH CUMOOIH U ce
nobuea 6mox L = LWLA L) = [, L,...L,, ox N 6urosn, kaze mro L") e
o0JI0K OJ1  cuMOOoJIH 0J1 a30ykara (), a L; € (). [la 3abenexume nexa N = ma,
m =1+ vum = rs. Co Opuliekhe Ha peAYHIAHTHUTE HYJITH CUMOOJIH BO CEKO]
non6nok L"), ox mopakara L ce no6usa opurunanHara nopaka M. Ha oBoj Haunn
ce 106uBa (Nyjock, N) ko co pata R = Nyjoer/N. Komauor 360p ce mobusa co
[IPUMEHA Ha aJrOpUTMOT 3a KpunTtupamwe (aaneH Ha Cnuka 2.2) Ha 6iokoT L. 3a
Taa eI, MPEeTX0IHOo Tpebda na ce u3depe knyd k = kiky ... k, € Q". JJoOuenuor
kogieH 30op 3a M e C' = C,C5...C,, xane C; € Q).

[Ipouiecot Ha KogUpame MEeMaTcKu € npercraBed Ha Ciuka 2.1.
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Nyjoei bits
M my | my | my m;
Message expansion with zero
symbols as redundancy
Li| Ly| wo| L|Liy|Lis| | L Lyei| Lyyrn L,
L(l\)f L(;)K - o ~

Y Y
i c® o

Cnuxka 2.1: Kogupame co cTaHIapAHUOT allTOPUTaM

2.3 Onuc Ha 1eKOANPaHETO

[Tocne npeHOCOT HU3 KaHaI CO MPEYKU (BO HAIIUTE EKCIIEPUMEHTH KOPUCTUME
OMHapeH CMMETpUYEeH KaHal), KoAHUOT 300p C' MOXe Ja ce TpaHC(HOpMHUpPa 1 HEKa
npuMeHaTa nopaka e D = DWDR DG = Dy D,...D,,, kane D\ ce mox6mo-
KOBH ol © cumbonu ox (), a D; € (). IlpormecoT Ha AEKOIUPamE CE& COCTOU O]
YETUPH YCKOPH:

(1) mporeaypa 3a reHepUpame Ha MHOXKECTBaTa co npenaehuHupano XaMuH-
TOHOBO pacTojaHue,

(74) MHBEp3eH alrOpUTaM Ha aJrOPUTMOT 3a KOJUpabe,
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(741) mpoueaypa 3a reHepHparbe Ha MHOXKECTBATA CO KaHANIATH 32 JICKOAUPAbE,

(1v) TpaBUIIO 3a IEKOAUpAIbE.

Kpunrupame Jdexpunrupame
Baes: Knya k = k1ks ...k, u || Bae3: ITapor
L:LlLQ...Lm (alag...as,klkg...kn)
H3ae3: koneH 360p H3zues: Ilapor
C:Cng...Cm (ClcQ...CS,KlKQ...Kn)

3aj=1tom Ba:=1nm0n

X Lj; K; + k‘i;
T < 0; 3a75=0m0s—1
3ai=1mon X, T <+ ajq1;
X ki x X; temp +— Ky;
T+ TohX, 3at=mnm02
ki +— X; X « temp\ X;
kyn < T T+ ToX;
Hzaes: Cj < X temp +— K;_1;
Ki 1+ X;
X « temp \ X;
K, +T;
i1 = X;
M3aes: (cic...c, K1Ky ... K},)

Crnuka 2.2: ANTOpUTMU 32 KPUIITUPAKE U ICKPUITHPAHE

T'enepuparwe Ha  muodcecmeéa co  npeddedpunupano  XamuHeOHOBO
pacmojanue — BepojarHocTa nexa Bo D) HajMHOrY ¢ GUTOBH Ke GHAAT HOTPEIIHO

IMPCHCCCHU €
i ra
Pl =Y ()t

k=0
KaJie p € Bep0jaTHOCTa 3a OUT-TpellKka BO OMHapeH cuMeTpuyeH kanain. Heka B,

e men 6poj taka mto 1 — P(p; Bae) < ¢p 32 gaaeHo ¢ (0 < gp < 1). Ce
(opMHpaar MHOKECTBATa

Hi - {ala € QT7 H(D(Z),Oz) < Bmaa:}v

3acekoei = 1,2,...,s, kage H(D®, o) e XaMHHIOHOBOTO pacTojaHue TIOMery
D u «. Toram co BepojaTHOCT HajManky 1 — ¢p, 6moxor CV) e enement Ha
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MHOXeCTBOTO H;,3a7 = 1,2,...,s. bpojoT Ha eeMEeHTH BO MHOXKecTBara H; €

ra ra ra
Bcecs:]- .
o= 1 (V) (5) 4 ()

Bpojot B pecks, BCYIIHOCT, ja OApeayBa KOMIUIEKCHOCTA Ha MPOLECOT Ha JEKOIHU-
pame: 3a 1a ce Hajzae enementor C') Bo MHO)ecTBOTO H, Tpeba 1a ce HampasaT
HAJMHOTY B pecks TPOBepKU. OTTyKa, jacHO € JeKa 3a e(pUKacHO JCKOAMpPaAmE
OpOojOT Ha MMPOBEPKHU B pecks TPEOA @ CE HAMAM KOJIKY IIITO € MOYKHO TTOBEKE.

Uneepsen ancopumam na aneopummom 3a koouparoe — IHBEp3HUOT aJIrOpU-
TaM Ha aJrOPUTMOT 3a KOJUPAHE € BCYITHOCT aJITOPUTMOT 32 JACKPUNTHPAE HA
TASC nmanen va Cimka 2.2.

T'enepupare na muodxcecmeama co kKanouoamu 3a 0ekoouparbe — MHOXKeCT-
BaTa Co KaHAWJATH 3a JAeKoaupame Sy, S1, Sa,. .., S5 ce NepuHUpaar uTepaTuBHO.
Heka Sy = (ki ...kn; A), kKame A e npaseH ctpunr. Heka S;_; e nedunupano 3a
i > 1. Toramr S; € MHOXECTBOTO O] CUTE MAPOBH (0, W1 Ws . . . Wyq;) JOOUESHH CO
KOPHCTEH€ Ha MHOXecTBara S;_1 M H; Ha cleTHHOT HayuH (w; ce 6utoBu). 3a
cexoj map (3, wiws ... Wrq(i—1)) € Sj—1 U CEKOj eTeMeHT « € [, ce npuMeHyBa
HWHBEP3HHUOT aJrOpUTaM (T.€. alTOPUTMOT 3a IEKpUNTHpPabe AaeH Ha Ciuka 2.2)
co Bie3 («, 3). AKO u3je3 O aIrOPUTMOT € MapoT (7, )) U MPUTOA JBETC HU3U
v 1 L) yMaar peayHIaHTHH HYITH CHMOONH HA MCTH MO3HIMHM, TOTAII HapoT
(0, W1Wy . . . Wya(i—1)C1C2 - - . Crq) = (0, W1W5 . . . Wyq;) € STEMEHT HA MHOXXECTBOTO

Si.

Ilpasuno 3a oexoouparve — JlekonupameTo Ha MpUMEHaTa opaka [ e 1aJieHo
CO CJIETHOTO MPaBUJIO:

* AKO MHOXECTBOTO Sy COIPKHU CaMo €IeH eneMeHT (dy . .. dp, Wy . .. Wyas),
Toram L. = wj...W,.s € AeKoAUpaHaTa (peayHIaHTHA) rmopaka. Bo Toj
CITy4aj, BEJIMME JIeKa UMaMe YCHEeUHO 0eKoouparve.

* Axo I[O6I/I€H3.Ta JACKOAHpPaHa IopaKa HE € TOYHA, TOrall UMaMe€ Hekopuzupa-
Ha-epeulka.

* Bo ciyuaj Kora MHOXKECTBOTO S COAP KU MOBEKE OJ1 €/ICH €IEMEHT, BelTUME
JIeKa ICKOIUPameTo Ha D € HeyIenTHo (Ce MojaBuiia IPeIKa OJl THII 2peuiKd-
nogexe-KaHouoamu).
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* Bo ciyuaj kora S; = (), 3a vexoe j € {1,..., s}, Toranr mpomecor Ha aeKo-
Ipamke ce cTonupa (BeauMe JieKa Ce MOjaBIiIa TPEIIKa Ol THIIOT epeutKd-
npazHo-mHodicecmao). Torai MOXKe J1a Ce 3aKIydH JIeKa IIPH IPEHOCOT Ha
DY, 3a Hekoe i < J», ce mojaBuiie moBeke o1 B, rpetiku u 3atoa C; ¢ H;.

Teopema 2.1. [30] Bepojamnocma 3a naxem-epeuika Ha osue KoOO8U e

PER,=1— (1 - gp)°".

On nmokaszoT Ha oBaa Teopema najeH Bo [30], jacHO € Jeka BO BepojaTHOCTa
P E R, ve ce npeIBUICHH HEYTICIITHUTE JIEKOTUPAha CO 2PeUtKa-nogexe-kaouoamiu.

2.4 W30oupame mapamerpu 3a ontumaieH RCBQ

KonoBute 3a mompaBame Ha TpEelIKM Oa3svMpaHH HAa KBa3UTPYNH MMaaT HEKOJIKY
rapaMeTpH U HUE To UCTIUTaBMeE BIMjaHUETO Ha U300pOT Ha MapaMeTpHUTE Bp3 Iep-
dopmaHcHTe Ha KOOT. bujejku oBue KoJoBU ce JeUHUPAHU CO KOPUCTECHE HA
KBa3UI'PYNHUTE CTPUHT TPaHC(HOPMALIMU HA TIOPAKH MIPOIIUPEHH CO J10JjaBabE HA
PEIYHIAHTHOCT, YKaXKaBMe KaKo

— MATEepHOT 3a PEIAYyHAaHTHOCTA
— JO0JDKUWHAaTa Ha MOYCTHUOT KIIy4d
— m30paHara KBa3urpymna

JieryBa Ha nmepdopMaHCHTE Ha KOJOT. Bo oBUE ekciepuMeHTH KOpUCTeHa € a30y-
Kara o1 HUOJIH.

ExcniepuMeHTHTE ce HalpaBeHHM Ha CJICIHUOT Ha4yMH. [IpBO, BIIe3HATA IO-
paxa ce MpoIupyBa co pa3InIHK NAaTePHH 32 I0JaBakhe HA PelyHIaHTHUTE HYJITH
Huomu. [loroa, mpommpeHara mopaka ce Koaupa u ce npeHecyBa Hiu3 OMHApeH Ch-
METpHYEH KaHaJ CO BEPOjaTHOCT p 3a OWT-rpemika. V3ne3Hara mopaka oj CUMy-
JUPAHUOT KaHAJ Ce JICKOJUPA U aKO MPOIIECOT Ha JICKOTUPAE 3aBPIIH YCIICIITHO
(TOCIIeTHOTO MHOKECTBO S CO KaHIIUIATH 32 JEKOIUPamkEe UMa CaMO €JICH elle-
MEHT), JACKOJIMpaHaTa Mopaka ce CIopeayBa CO BIe3HaTa Mmopaka. AKO THE ce
pa3iuKyBaaT Bo O6apeMm eleH OUT (Ce MojaBuiIa HeKopecupaHa-2peuka) ce onpe-
JieyBa OpojoT Ha HETOYHO JIEKOAMPAHU OMTOBU Kako XaMHHTOHOBO PacTOjaHUE
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nomery BII€3HATa U JEKOAMpaHara mopaka. EKCriepuMeHTHTe MoKakaa JAeKa OBO)j
THII Ha TPEIIKa Ce TI0jaByBa MHOTY PETKO.

Hcro Taka, BO HAIIUTE EKCIIEPUMEHTH C€ ITPECMETYBa U OPOjOT Ha HETOYHO Jie-
KOJIMpaHUu OUTOBHU KOTa MPOIECOT 3aBPILNYBA CO PeulKa-no8eKke-Kanouoamuy im
CO epewka-npazno-uHoxcecmeo. Toraii, OpojoT Ha HETOYHH OUTOBH CE MpecMe-
TyBa Ha CJICAHUOT HAYHH.

Kora ke ce 10jaBy epewra-npasno-mnosxicecmeo, T.e., S; = (), ru 3emame cure
enieMeHTH (0€3 pelyHIaHTHUTE CUMOOJIM) Ol MHOKECTBOTO S; | M IO Haorame
HUBHHOT 3aCHUYKH MpePUKC. AKO OBOj 3acTHHYKU TpeUKC € CO JODKUHA k
OWTa W JODKMHATA Ha MpareHara mnopaka € m oura (k < m), Toram ro crope-
JyBaMe OBOj TOJICTPUHT CO MpBUTE k OUTa OX mpaTeHaTa mopaka. AKO THE ce
pasnukyBaar Bo b Outa, Toram OpojoT Ha HETOYHO JeKOoaupaHu outa e m — k + b.

AKO ce TI0jaBH epeuKa-noseke-kanouoamut, Torai TH 3eMaMe CUTE eJIEMEHTH
0]l MHOXKECTBOTO S ¥ TO HaoraMe HUBHHUOT 3aeHUYKH mpedukc. [loroa OpojoT
Ha HETOYHO JIEKOJUPAaHH OUTa ce MPeCMETyBa KaKo U MPETXOHO.

BxymHHOT 6p0j Ha HETOYHO AEKOAMpPaHH OUTOBH € 30up Ha OPOjOT Ha HETOYHO
JIEKOTUPaHN OMTOBH BO CHUTE TT0jaBeHN HEYTICITHH JEKOUPArha.

BepojarHocTa 3a makeT-rpenka ce mpecMeTyBa Ha CIICHUOT HaAYUH

PER — #(nemouno dexooupanu nakemu (nopaxu))

#(cume naxemu)

¥ BEpOjaTHOCTA 3a OMT-Tperka

#(Hnemouno dexooupanu 6umosu 6o cume naxkemu)

BER =

#(6umosu 6o cume naxemu)

ExcniepuMenTanHuTe pe3ynratu ce AaneHu Bo Tabenu. Bo cekoja Tabena na-
JIEHHU CE:

— TeopHcKaTa BepOjaTHOCT 3a naker-rpeuka (P E R;);

— eKCIIEPUMEHTAJTHATa BEPOjaTHOCT 3a MaKeT-TPeIlka 0e3 TPENIKUTE O THII
epewxa-nogexe-kanoudamu (PE R, 1);

— EeKCIepHUMEHTAJIHATa BEPOjaTHOCT 3a MaKeT-TPEIIKa CO CUTE HEYCIEIIHO Jie-
xoaupanu nopaku (PER;);
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— EKCIIEPUMEHTAJIHO J00MEeHaTa BEpOjaTHOCT 3a KyMyJlaTUBHA OUT-TpellKa
(BER;).

Jlanenu ce pe3yntatu 10OMEHU 3a pa3IMYHU BPETHOCTH Ha BEPOjaTHOCTA P 3a
OuT-rpemka Ha OMHAPEH CUMETPHUYCH KaHAl U B, = 3 U B, = 4 nomeka
BER, < p. 3a Bypq; > 4, eKCIEPUMEHTHUTE HE 3aBPIYBaaT BO PEaTHO BpeMe.

2.4.1 [IlaTepH 3a peAYHAAHTHOCT

HampaBenu ce excnepuMeHTH 3a 6 pa3IWyHU MATEPHU 3a JI0/IaBalkbe Ha PeIyH-
JAHTHUTE HYATH HUOIM 3a konotT (72,288) co para R=1/4. Bo oBue excnepu-
MEHTH KOPHCTEHA € KBa3Urpyrmnara gajaeHa Bo Tabemna 2.1 (v Hej3uHaTa nmapactpoda
nanena Bo TaGena 2.2), moyereH kinyd k = (01234 u mect narepHu IajeHH BO
Tabenma 2.3.

*x|10 1 2 3 4 5 6 7 8 9 a b ¢ d e f
0|3 ¢ 2 5 f 7 6 1 0 b d e 8 4 9 a
10 3 9 d 8 1 7 b 6 5 2 a ¢ f e 4
211 0 e ¢ 4 5 f 9 d 3 6 7 a 8 b 2
3/6 b f 1 9 4 ¢ a 3 7 8 0 2 ¢ d 5
414 5 0 7 6 b 9 3 f 2 a 8 d e ¢ 1
5/!f a1 0 e 2 4 ¢ 7 d 3 b 5 9 8 6
62 f a 3 ¢ 8 d 0 b e 9 4 6 1 5 7
7/¢ 9 ¢ a 1 d 8 6 5 f b 2 4 0 7 3
8|¢c 7 6 2 a f b 5 1 0 4 9 e d 3 8
9/b ¢ 4 9 d 3 1 f 8 ¢ 5 6 7 a 2 0
al9 4 d 8 0 6 5 7 e 1 f 3 b 2 a c
b|7 8 5 ¢ 2 a 3 4 ¢ 6 0 d f b 1 9
c|5 2 b 6 7 9 0 e a 8 ¢ f 1 3 4 d
dla 6 8 4 3 ¢ ¢ d 2 9 1 5 0 7 f b
eld 1 3 f b 0 2 8 4 a 7 ¢ 9 5 6 e
f|8 d 7 b 5 ¢c a 2 9 4 ¢ 1 3 6 0 f

Tabena 2.1: KBasurpynara ox pern 16 koja ce KOpUCTH BO €KCTIEPUMEHTHUTE
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N[O 1 2 3 4 5 6 7 8 9 a b ¢ d e f
0|8 7 2 0 d 3 6 5 ¢c e f 9 1 a b 4
110 5 a 1 £ 9 8 6 4 2 b 7 ¢ 3 e d
211 0 f 9 4 5 a b d 7 ¢ e 3 8 2 6
3/b 3 ¢ 8 5 f 0 9 a 4 7 1 d e 6 2
412 f 9 7 0 1 4 3 b 6 a 5 e ¢ d 8
5/!3 2 5 a 6 ¢ f 8 e d 1 b 7 9 4 0
6|7 d 0 3 b e ¢ f 5 a 2 8 4 6 9 1
71d 4 b f ¢ 8 7 ¢ 6 1 3 a 2 5 0 9
819 8 3 e a 7 2 1 f b 4 6 0 d ¢ 5
91f 6 ¢ 5 2 a b ¢ 8 3 4 0 9 4 1 7
al4 9 d b 1 6 5 7 3 0 e ¢ f 2 8 a
bjla e 4 6 7 2 9 0 1 f 5 d 8 b 3 ¢
c|6 ¢ 1 d e 0 3 4 9 5 8 2 a f 7 b
d|{c a 8 4 3 b 1 d 2 9 0 f 6 7 5 e
e|!5 1 6 2 8 d e a 7 ¢ 9 4 b 0 f 3
fle b 7 ¢ 9 4 d 2 0 8 6 3 5 1 a f

Tabena 2.2: Tlapactpodara Ha kBa3urpymnara gagaeHa Bo Tademna 2.1

Bo marepuure, nanenu Bo Tabena 2.3, co 1 03Hau€HO € MECTOTO HAa CUMOOI O]

nopakara, a co 0 peayHIaHTHHOT cUMOOIL.

patt.1 patt.2 patt.3 patt.4 patt.5 patt.6
1000 1000 | 1100 1100 | 1100 1100 | 1100 1100 | 1100 1000 | 1100 1100
1000 1000 | 0000 1100 | 1000 0000 | 1100 0000 | 0000 1100 | 1000 0000
1000 1000 | 1100 0000 | 1100 1000 | 0000 1100 | 1000 0000 | 1100 1100
1000 1000 | 1100 1100 | 1000 0000 | 1100 1100 | 1100 1000 | 1000 0000
1000 1000 | 0000 1100 | 1100 1100 | 0000 0000 | 0000 1100 | 1100 1100
1000 1000 | 1100 0000 | 1000 0000 | 1100 1100 | 1000 0000 | 1000 0000
1000 1000 | 1100 0000 | 1100 1000 | 1100 0000 | 1100 1000 | 1000 1000
1000 1000 | 0000 0000 | 1000 0000 | 0000 0000 | 0000 1100 | 1000 0000
1000 1000 | 0000 0000 | 0000 0000 | 0000 0000 | 1000 0000 | 0000 0000

Tabena 2.3: IlarepHu 3a mo1aBamke Ha peayHIAaHTHUTE HYJITH HAOIN

Pesynrarure nobueHu co MpBUOT MaTepH AajieHu ce Bo Tabena 2.4. Tue moka-

’yBaarT JIeka CO OBOj MaTEepH, 3a 10JaBake Ha peAyHJaHTHUTE HUOMIH, Ce jaByBaar
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royieM Opoj Ha HEYCIIELTHO 3aBPIIEHU JEKOANPabha CO 2peLKa-nogeke-Kanouoamu.
Ho, BaxxHO € 11a ce 3a0eiexH Jieka OpojoT Ha eJIEeMEHTH BO MHOKeCTBaTa S; BO IPO-
IIECOT Ha JICKOINPAbE € MaJl M 3aT0a IPOLIECOT Ha AEKOANPAHE TPae MOKPATKO OJT

JACKOAUPABLCTO IIPU KOPHUCTCHEC HA APYTUTEC IMATCPHU.

Bmaw =3

P PERt

PER,,

PER,

BER,

0.02 | 0.004314

0.004392

0.1185916

0.008851

0.03 | 0.019674

0.019153

0.1329925

0.016889

0.04 | 0.055435

0.055659

0.1720190

0.036934

0.05 | 0.118838

0.117728

0.2258065

0.071293

Bmax =4

0.03 | 0.001447

0.000792

0.6057028

0.084506

0.04 | 0.005541

0.004896

0.6107431

0.085522

TaGena 2.4: ExcriepuMeHTaIHH pe3yaTaru 3a patt.1

Bmam =3

P PERt

PER,

PER;

BER;

0.02 | 0.004314

0.004248

0.0060484

0.003320

0.03 | 0.019674

0.020449

0.0225374

0.010699

0.04 | 0.055435

0.054147

0.0559476

0.025255

0.05 | 0.118838

0.116431

0.1183036

0.053244

Bz = 4

0.03 | 0.001447

0.000500

0.2425000

0.221236

0.04 | 0.005541

0.004902

0.2504456

0.225082

TaGena 2.5: ExcniepuMeHTaIHU pe3yaTaru 3a patt.2

On pesynratute TOOMEHH CO BTOPHOT MaTepH, AajneHu Bo Tabemna 2.5, moxke
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Ja ce 3abenexu JIeKa co OBOj MaTepH ce JoOMBaaT MoJo0pH pPe3ysITaTH OTKOJIKY
CO MPBUOT, HO CaMo 3a B,,,; = 3 BO MPOIECOT Ha ACKoAWpame. 3a B, = 4
NPOIIECOT Ha IEKOIMPAE MHOTY YECTO 3aBPIIyBa HEYCIEITHO CO epettka-noseKe-
Kanouodamu, AaKo BO OBOj MaTEPH MMaa JI0BOJIEH OpOj Ha HYJITH HUOIU Ha KPajoT.
HUcro Taka, 3a B,,,, = 4 co 0B0j marepH ce 100MBaaT MOTOJIEMHU BPEAHOCTH 32
BER, B0 ciopen®a co pe3yTaTtuTe 3a MPBUOT MMaTepH.

ExcniepuMeHTaTHUTE Pe3yNTaTH JOOMEHH CO KOPUCTEHE Ha TPETHOT ITATEPH 32
JoJlaBake HAa peAyHAAHTHOCTA JajieHu ce Bo Tabena 2.6. Moxe na ce 3a0enexu
JIeKa 32 OBOj TIATEPH BEPOJaTHOCTUTE 3a TMAKET-TPEIIKa U OUT-TPEIIKa c€ MHOTY
TIOMAJT OTKOJIKY 32 IPETXOTHHUTE JIBa TIATEPHHU.

Bz =3

D PER, PER,, | PER, BER;
0.02 | 0.004314 | 0.003888 | 0.0050403 | 0.00268
0.03 | 0.019674 | 0.018073 | 0.0191532 | 0.00949
0.04 | 0.055435 | 0.052275 | 0.0531394 | 0.02529
0.05 | 0.118838 | 0.119599 | 0.1201037 | 0.05558
Biox =4

0.03 | 0.001447 | 0.001658 | 0.0129353 | 0.00969
0.04 | 0.005541 | 0.005484 | 0.0170968 | 0.01128
0.05 | 0.015319 | 0.021759 | 0.0323283 | 0.02188
0.06 | 0.034361 | 0.037812 | 0.0484375 | 0.03051
0.07 | 0.066467 | 0.065333 | 0.0756667 | 0.04645
0.08 | 0.114889 | 0.119062 | 0.1281250 | 0.07662

Tabena 2.6: ExcriepuMeHTaHu pe3yaTary 3a patt.3

Pesynrarute noOueHu 3a 4eTBPTHOT NATEePH JIaJieHu ce Bo Tabena 2.7. YerBp-
THOT MaTepH UMa JTIOBOJIHO HYATH OJOKOBH Ha KpajoT U mMocje OJIOKOBUTE CO MH-
dbopmanricku HUONIM, HO TTOBTOPHO €KCIIEPUMEHTAIHO JTOOWEHUTE BEpPOjaTHOCTH
3a MakeT ¥ OUT rpemika ce 100pu camo 3a B, = 3.
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Bma:p

=3

p

PER,

PER;

PER;

BER;

0.02

0.004314

0.005112

0.0115927

0.006317

0.03

0.019674

0.020593

0.0273617

0.014002

0.04

0.055435

0.056596

0.0623559

0.030743

0.05

0.118838

0.118159

0.1250000

0.061019

Bmax

=4

0.03

0.001447

0.002273

0.1859091

0.147449

0.04

0.005541

0.006364

0.1959091

0.149223

Tabena 2.7: ExcnepuMeHTaIHH pe3yJsiTaTu 3a patt.4

Excnepumentanaure pesynratu 3a PE R, (Tabena 2.8) mobueHu co METTHOT
MaTepH CE CIMYHU CO PE3YJITATUTE TOOUEHH CO MPETXOTHUOT MATePH, HO UMa TI0-

J0OpH pe3yiITaTh 3a BEPOjaTHOCTUTE 3a OUT-TpEeIKa.

Bmax

=3

p

PER,

PER;,

PER,

BER,

0.02

0.004314

0.005184

0.0113767

0.003302

0.03

0.019674

0.019441

0.0247696

0.011202

0.04

0.055435

0.058179

0.0631480

0.029845

0.05

0.118838

0.121039

0.1257201

0.063158

Bmaz

=4

0.03

0.001447

0.000625

0.2534375

0.047635

0.04

0.005541

0.005000

0.2606250

0.052908

0.05

0.015319

0.012188

0.2596875

0.053342

0.06

0.034361

0.030938

0.2615625

0.063424

Tabena 2.8: ExciepuMeHTaIHH pe3ysiTaTu 3a patt.S
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Biar =3

D PER, PER,, | PER, BER,
0.02 | 0.004314 | 0.003672 | 0.0054723 | 0.002928
0.03 | 0.019674 | 0.020521 | 0.0221774 | 0.010418
0.04 | 0.055435 | 0.056164 | 0.0581077 | 0.026228
0.05 | 0.118838 | 0.120679 | 0.1221198 | 0.054786
Biax =4
0.03 | 0.001447 | 0.001667 | 0.0456667 | 0.038995
0.04 | 0.005541 | 0.006333 | 0.0533333 | 0.045074
0.05 | 0.015319 | 0.013333 | 0.0590000 | 0.048574
0.06 | 0.034361 | 0.035000 | 0.0800000 | 0.063222
0.07 | 0.066467 | 0.063667 | 0.1103333 | 0.082676

Tabena 2.9: ExcriepuMeHTalIHu pe3yaTaTy 3a patt.6

Pesynrarute moOMeHU cO MIECTHOT MaTepH, AajeHu Bo Tabemna 2.9, mokaxy-

Baar Jieka OBOj MaTepH JaBa A00pu pe3yntat 3a B, = 3 up < 0.05 u 3a
B =4up < 0.07.

PERs

——pattl —=patt2 patt3 —-patt4 ——patt5 patt6 ——pattl —=patt2 patt3 —pattd ——patt5 patt6

Cnuka 2.3: PER; u BE R, 3a cute mecT natepHu u B,q. = 3
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Cnuka 2.4: PER; u BE R, 3a cute miecT natepHu u B, = 4

On exciepuMEHTATHUTE PE3yATaTH JTOOMEHU 3a CUTE MIECT MPEATIOKCHH Ta-
TepHu (npercraBeHu Ha Cnuka 2.3 3a B, = 3 u Cnuka 2.4 3a B, = 4) Moxe
Jla ce 3aKIyuu JeKa HajaoOpu pesynraru 3a P E Ru B E R BO 1eKOIUPamkETo Ha 10-
paKH KoM ce IIpeHecyBaaT H13 OMHApEH CUMETPUYEH KaHal ce JOOUEHHU CO TPETUOT
MPEIOKEH MaTepH, MOCeOHO 3a B4, = 4.

2.4.2 JosxuHA HA KIYY

Teopuckara BepojaTHOCT 3a akeT-rpemika aaaeHa Bo Teopema 2.1 e onpezneneHa
MOJ] TIPETIOCTaBKa JIeKa KOJOT € ClIydaeH (T.e., r-TOPKUTE BO CEKOj KomeH 300p
co nomxuHa N, r < N umaar pamMHOMEpHa pacmpezaenda). 3atoa, BO oBaa Te-
opeMa HEYCIICHTHUTE JEeKOUpamba CO epeuKa-nogeKe-kaHouoamu He ce MpeiBu-
nenn. Bo Teopema 1.2 nokakaHo € eKa JOKOJKY Ha €/IeH CTPUHT CE€ MPUMEHAT ©
KBa3UTPYITHU TpaHCPOpPMAILIMU, TOTAll BO JOOMEHUOT CTPUHT N-TOPKUTE 011 OYKBHU
uMaar paMHOMEpHa pacnpeaenda 3a n < t. Bo 113ajHOT Ha OBHE CKOPO-CITy4ajHU
KOJIOBH, TOJDKMHATA Ha KIIYYOT k OApeayBa KOJKY MMaTH Ha MPOIIMpPEeHaTa mopaka
Ke ce IPUMEHHM KBa3UrpyImHaTa Tpanchopmaimja 3a o Hea Jja ce JoOHe KOJHHOT
300p. 3aroa, KOJIKY € KIIy4OT IMOI0IT TOJIKY KOJOT ke 6une nociaydaeH. OBa 3HaYN
JIeKa Ipy [orojeMa JoHKUHA Ha KITy4OT €eKCIIEPUMEHTATHO T00MEHUTE BPETHOCTH
3a PER Ttpeba ma 6uaar moONMMCKU 10 TEOpUCKHTE BpeaHoctn 3a PER, Te.,
OpojoT Ha HEYCTICIIHHU JIEKOIUPAba CO 2peuKa-nogeke-KaHouoamu 1a ce HaMaJH.
3aroa, HalpaBEHH C€ EKCIIEPUMEHTH CO KOPHCTEH-¢ Ha TPETHOT MAaTePH 3a peAyH-
JIAHTHOCT (KOj Jajie Hajnoopu pe3yaTaTH) U Kiryd co gomkuaa 10. Ox nobuenute
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pesynraru, gaaenn Bo Tabemna 2.10, Moxke 11a ce 3a0enexu JeKa BO HEKOU EKCIIe-
PUMEHTH BOOIIIITO HEMA HEYCIEIIHH JEKOANPAhA CO SpetKa-noseKe-KaHouoamu
(Bo TOj cityuaj Bo Tabenara BpenHoctute 3a PE R, 1 u PE R, ce 6bonaupanu) uiu
aKo BaKBU TPEIIKH Ce€ T0jaBaT, TOrall HUBHUOT OpOj € MHOTY Mall (MaKCUMyM 5
BO ekcriepuMeHT co 3500 nopaku M 3aroa HeMmalle noTpeda Ja nmpaBUME eKcIie-
PUMEHTHU cO Tojoir kiay4). O eKCIepUMEHTHTE MOXKE J1a C€ 3aKIydd JeKa CO
KOPUCTEHE Ha TIOJONT KIIyd, MOXKE J1a ce 1ooujat momobpu pesynraru 3a PE R co
CKOPO HCTO BpeMETpacHe Ha MPOLECOT Ha JIEKOIUPAE.

Bz =3

D PER, PER,, | PER, BER,
0.02 | 0.004314 | 0.004752 | 0.004752 | 0.002093
0.03 | 0.019674 | 0.018433 | 0.018433 | 0.008493
0.04 | 0.055435 | 0.055588 | 0.055588 | 0.026289
0.05 | 0.118838 | 0.117584 | 0.117584 | 0.054876
Bz =4
0.03 | 0.001447 | 0.002188 | 0.003125 | 0.001359
0.04 | 0.005541 | 0.005313 | 0.005938 | 0.003429
0.05 | 0.015319 | 0.014688 | 0.015938 | 0.009279
0.06 | 0.034361 | 0.035938 | 0.035938 | 0.022396
0.07 | 0.066467 | 0.065000 | 0.066563 | 0.040647
0.08 | 0.114889 | 0.112500 | 0.113125 | 0.064852

Tabena 2.10: ExciepuMeHTaIHU pe3ynTaTH 3a JOJDKMHA Ha Kityd 10

On npyra ctpaHa, JOJDKHHATA HA KIYYOT HE € €IMHCTBEH NapameTap Koj uMa
BJIMjaHUE Ha BpegHocTute 3a P F R. VIMeHo, HanpaBuBME €KCIIEPUMEHTH CO J10J1-
’HMHA Ha KIy4oT 10 1 IpBHOT MaTepH 3a pelyHJaHTHOCT, HO OpOjOT Ha epewKu-
nosexe-kanouoamu He Oelle momain CIOpeleHO CO MPETXOAHUTE eKCIIEPUMEHTH
CO KOPHUCTEH-E Ha KJIy4 co nomasia JobkuHa. OTTyKa, MOXKe Ja ce 3aKiIydu JeKa
CEeKOj MmapaMeTap BO KOHCTPYKIMjaTa Ha OBHE KOJOBH MMa IojJeMO BIIMjaHUE HA
nephopMaHCUTE Ha KOJOT, T.€., TapaMeTPUTE C€ B3a€MHO 3aBUCHH.
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2.4.3 MW300p Ha kBa3urpyna

HcTo Taka, HanpaBeHU ce eKIMEPUMEHTH U CO HEKOJIKY Pa3iIMyuHU KBa3UTPYIH, KOU
MoKaXkaa Jieka M300pOT Ha KBa3UrpyIara He Bildjae caMo Ha BpeaHocture 3a PER
u BER, Tyky uMa rojieMo BiMjaHHe U Ha Op3uHaTa Ha nexonupameTto. Co oBa
yIITE €HAIll C€ MOTBPIY JeKa U300pOT Ha CUTE MapaMeTpu MpH AePUHUPAHETO
Ha KOJIOT MMa TOJIEMO BIIMjaHue Ha IepPOpMaHCUTE HA JOOMEHUOT KO/I.

[IpBO HampaBeH € eKCIEPUMEHT CO [UKINYHATa KBa3urpyna o pea 16 u kiryq
co nomwkuHa 10. ExceprMeHTOT co TpeTHOoT marepH Oerie mpeMHory chop. 3a-
TOa, HAIIPaBeH € EKCIIEPUMEHT CO KOPUCTEHE Ha MPBUOT MaTepH 3a OMHAPEH CU-
METpPUYEH KaHall co BepojaTHocT 3a out-rpemka p = 0.02 u B, = 3. Ilpuroa,
nobueno e PER, = 0.734087 u BER; = 0.460359, miTO € MHOTY IOJIOIIO O]
BepojatHoctute (PE R, = 0.1186, BER, = 0.0089) no6uenu co kBazurpymnara
Bo Tabena 2.1).

[ToToa, HampaBeHU ce EKCIIEPUMEHTH CO KBazurpyma o pen 16 nmoOueHa Ha
cneqauoT HaunH. Co IMPEKTEH MPOU3BO/ Ha KBa3UTpyIia o1l pea 2 1o0ueHa e KBa-
surpyna o pen 4. Iloroa, co AUpeKTeH MPOU3BO/] Ha OBaa KBa3Urpyrna Jo0ueHa
e kBazurpymna of pea 16. ExciepuMeHTallHu pe3ynTaTy 3a Baka J100reHara KBa-
3Urpyna ce MmoJIollu U Ol pe3yaTaTuTe JOOUEHH CO LMKJIMYHATa KBa3urpyna. 3a
npBuotT marepH, p = 0.02 u B, = 3 nobueno ¢ PER, = 0.99424 u
BER, = 0.80869.

[{uknuyHaTa KBa3Urpyna U KBa3urpymnara J00MeHa co JUPEKTeH MPOU3BOJ Ha
KBa3UIpyma of] pea 2 ce mpuMepH Ha ¢pakTaiHu kBasurpynu. Op apyra cTpasa,
KBazurpymnara najaeHa Bo Tabemna 2.1 e nmpumep Ha HedpakTagHa KBazurpyna u
pe3ynTaruTe 100MEeHU CO OBaa KBa3uIpyIma ce CoceMa 3aJ0BOJIMTEIHH.

On npeTxoaHUTE NPUMEPHU, MOXKE Jia CE€ 3aKIIyuu JeKa n300poT Ha KBa3UIpy-
raTta ¥Ma OrpoOMHO BJMjaHHE HaJ reppopMaHCUTE Ha KOJOT.

Bo tpynor [15], aBTOopuTe ro ananmn3upaar kKoe(UIIMEHTOT Ha pacTeHE Ha TIe-
puozara 3a kBazurpynure. OBoj Koe(UIIUEHT MOKa)KyBa 3a KOJIKY IaTh BO MPOCEK
ce 3rojieMyBa MepuojiaTa Ha e[Ha CllydajHa Hu3a MOCe eJHa MpUMeHa Ha KBa3U-
rpymnHara Tpancdopmanrja. Ha kpajoT ox 0BOj Tpya AaJeHU ce JBa NPUMEPH Ha
KBa3UpyIH of pen 16, enHa co MHOTY BUCOK M €IHa CO MHOTY HU30K KO€(pHUIIUEHT
Ha pacTeme Ha nepuojara. HanpaBeHu ce eKCriepUMEHTH CO KOPUCTEH-€ Ha OBUE
JIB€ KBa3UTPYNHU U TPETUOT MaTEPH 3a penyHAaHTHOCT. On noOueHuTe ekcrepu-
MEHTAJIHU Pe3yJITaTH IaJieHu BO [68] MoXKe /1a ce 3aKiyuu JeKa UMa MHOTY Majii
pasnuku Bo BpeaHoctutre 3a PE R u BE R, nako pa3nukara BO KOe(pUIUEHTOT Ha
pacTeme Ha nepuojara 100HMeH 3a OBHE KBa3Urpymnu € ronema. OTTyka MOXe J1a
ce MPETIOCTaBH JIeKa 0BOj KOe(UIIMEHT Ha PACTEHE Ha MEpHO/IaTa HEMa ToJIEMO
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BJIMjaHHE Ha epPOpMaHCUTE HA KOJOT, HO CEMaK 3a MOTBP/A NOTPEOHHU Ce eKcIle-
PUMEHTH CO MOBEKE Pa3IMYHU KBA3UTPYIIH.

Opn exciepuMeHTAIHUTE PE3yITaTH, MOXKE Jla Ce 3aKIy4H Jeka Hajaoopu pe-
synratu 3a RCBQ(72,288) ce mo0ueHn cO KOPUCTEHE HA TPETHOT MaTepH, KIyd
co nomkuHa 10, kBasurpymnara gajgena Bo Tabena 2.1 (3aeaHoO co Hej3uHATA Mapa-
ctpoda) u B,,,, = 4. 3aroa, MOHATAMOIIIHUTE TOI00pYyBamka Ha TieppopMaHCUTe
Ha RCBQ ke 6unar ciopeayBanu co pe3yiTaTute J0OMEHHU 32 OBUE MTapaMeTpH.

2.5 Meroa 3a HaMaJIyBame Ha OPOjOT HA 2peuiKU-npa3Ho-mHo-
Hcecmeo

Cure NpeTXOAHU EKCIIEPUMEHTH CO Pa3IMYHU NMaTepHHU U KBa3UTPYIU Ce Harpa-
BEHU 32 /1a C€ BUY KaKO OBHE MapaMeTpy Ha KOJIOT BIIKjaar Ha Op0joT Ha HEYTEeITHU
JIEKOJIUPamba co epeulka-noseke-kanouoamu. IlpoMenara Ha OBUE mapaMeTpu Hema
TOJIEMO BIIMjaHHE HA OPOjOT HA HEYIEIIHN JEKOIUPAba CO SPeuKa-npasHo-mHoO-
Jrcecmeo, OMIejKM HUBHUOT OpOj € TPEIBUJICH CO TEOPUCKATa BEPOjaTHOCT 32 Ta-
KeT-Tpellka, 1aaeHa Bo Teopema 2.1, koja He 3aBUCH O] OBHE TapaMEeTpPH.

Heycnemnure aexonupama co epeuKa-npasHo-MHO#Cecmso e japyBaar Kora
IpU IPEHOCOT HU3 KAaHAJIOT BO HEKOj Of MOAOJIOKOBUTE HA KOJMpaHara Mopaka
ke ce MmojaBar MOBEKe OJ MpeABHICHUTE B, Outr rpemkn. OTTyKa, jacHO €
JIeKa HEKOH OJ1 OBHE TPEIIKKA MOKE J1a OUAaT eNMMUHUPAHH TOKOJIKY C€ TIOHUIITAT
oJpesieH Opoj UTEpaluy Of MPOIECOT Ha JIEKOJUPAE U NI0T0A CUTE WK JIed O]
HUB Jla Ce IOBTOPAT CO MOrojemMa BpeIHoCT Ha B,,,,.. Co oBaa mocrarnka ke ounar
paspelieHu caMo JieNl 0J] OBUE HEYCIICIIHU JIeKOANpama, OUJEjKH HE € MO3HATO
TOYHO BO KOja HUTepalyja ce CIyYyMIO BO MHOXXECTBOTO CO KaHIUAATH 3a JEKO-
JMpame 1a He BJI€3€ TOYHHUOT MOAOJIOK M KOJKY TOYHO T'PEIIKH C€ TOjaBUIIe BO
MOAOJIOKOT MPHU MPEHOCOT, Bar + 1, Biae + 2 wnu moBeke. OcBeH Toa, TO-
HUIITYBAakbETO Ha UTEPALMUTE TO YCIOPYBa JACKOIUPAHETO U MOXKE Jia J10j11e 10
HATpYIMyBamke Ha €IEMEHTH BO MHOXKECTBaTa .S; IITO MOBTOPHO Ke JoBee A0 He-
YCHELHO JEKOAUPAE, HO CETa CO epeuKa-noseke-KaHouoamu.

3a 1a ro MoKakeMe OBa, T'M IIOBTOPUBME €KCIIEPUMEHTUTE CO TPETUOT NMaTepH
Ha CJIEJHUOT HauYuH. AKO BO HEKOja UTepalyja o1 MpoLecoT Ha JIeKoAupame (Ha
IpUMep BO i-TaTa) ce Jo0ue Mpa3HO MHOXKECTBO CO KaHIUAATHU 3a JIEKOAUpaIbE,
TOTAII C€ MOHUINTYBAAT MpeTXoAHuTe ABe urepanu ((i — 1)-rau (i —2)-ta). Ilo-
104, (i—2)-Ta uTepalmja ce U3BpIIyBa co B . = Bna:+1, a clienHute nrepanun
IPOJOJKYBAaT CO CTapara BPEIHOCT HA B4, . AKO MOBTOPHO ce J00He Mpa3Ho
MHOKECTBO BO CTaTa uTepaimja (¢-rata urepaiuja), Toraii mporecoT Ha JEKOIH-
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parbe 3aBpIIyBa CO HEYIEIIHO Jekoaupame. Ho, ako ce 1o0ue mpasHo MHOKECTBO
BO HEeKoja cienHa urepanuja ((i+1)-ta, (i+2)-Ta, ...), TOraiui ce moBTOPyBa HCTATa
HoCTarnKa Co MOHMINTYBAE HTEPAIMH 38 Taa HTEpalluja.

| Binaz =3 |
IIpoueHT Ha pa3penieHn
D | epeuKu-npasHo-MHOMCECMBO
0.02 16.67 %
0.03 18.33 %
0.04 15.01 %
0.05 18.30 %
| Bz = 4
0.03 0.00 %
0.04 17.65 %
0.05 2.86 %
0.06 14.88 %
0.07 14.29 %
0.08 10.26 %

Tabena 2.11: IlpoueHT Ha pa3pelleHd HEYCHEIIHH ICKOIUpama CO epeulKa-
NPA3HO-MHOHCECBO

Bo TaGena 2.11 najeH e mpoLEHTOT Ha pa3pelieHd HEYCICIHU AeKOIpamba
CO 2peutka-npasHo-mHodcecmeo JOOMEH CO KOPUCTEHE HA OMMIIAHATa MOAU(HU-
Kalija BO IPOLECOT Ha JeKoaupame. Moxke J1a ce 3aKiIydH JAeKa oBaa MonupuKa-
11ja J1aBa J0OpH pe3yiTaTH, a MPOLEeCcOT Ha IEKOAUPAkE € CaMOo MaJIKy o0aBeH
O/ IPETXOJTHO.

2.6 BiaujanueTo Ha JOJKMHATA HA MOPAKUTe Ha nepgopmaH-
CUTe HA KOAOT

Bo oBa nornasje uCuTaHo € BIMjaHUETO Ha TOJKMHATA Ha TIOpaKuTe Ha nepdop-
MaHCHUTE Ha KOJOBUTE KOM TOIpaBaar rpeiku 0a3upaHu Ha KBa3uUTPyINU. 3a Taa
11eJ1 HAallpaBEHU Ce eKCIIEPUMEHTH 3a KOJIOBU CO MCTa para, HO Pa3jiudHU JOHKUHU
Ha TMOpaKu.
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Kaj mo3HaruTe KOZOBM KOHM MOIPaBaaT TPEIIKH, CO 3roJeMyBarmbe Ha JJOIDKH-
HaTa Ha TIOPAaKHUTE BEPOjaTHOCTUTE 3a OMT-TPEIKa U ITAKET-TPEIIKa Ce HaMalTyBaar.
Bo oBa nornasje ke mokakeme Jieka 0Ba He BayKH 3a KOJIOBUTE 0a3MpaHy Ha KBa3H-
rpynu. Bo Teopema 2.1, nanena e popmyrnara 3a TEOpUCKa BEpOjaTHOCT 3a MAKeT-
rpelka Koja riacH

PER, =1— (1 - qp)"

On oBaa (opmyra, jacHO € JieKa 3a 1norojeM 0poj s Ha OJIOKOBU BO KOTHHOT 300p
BEpOjaTHOCTA 3a MakeT-Tpemika e morosiema. OBa ciemyBa 011 Toa IITO BO OBOJ
CJIy4aj BO MPOLECOT Ha JICKOAMpame UMa NOBEKe UTEPAllU U BO CEKOja OJf HUB
HOTPEeOHO € TOYHUOT OJIOK Jja OHie BO COOIBETHO MHOXKECTBO S CO KaHIUAATH 3
nexonupana nopaka. Kora nopakara e mojosnra, 3a JoOMBambe Ha uctara para R,
OpojoT Ha OJOKOBM BO pelyHIAHTHATa MOpaka Mopa ja Ouje MorojeM U OTTyKa
¥ KOJHHOT 300p € TOAOJT OTKOJKY Kaj MOKPAaTKH MOpakd. 3aroa BO TOj CIy4aj,
OpOjOT Ha HTEPAIIUH BO MPOLIECOT HA JIEKOIUPAHE € TIOTOJIEM, a CO TOA € TIOToJIieMa
¥ BEpOjaTHOCT 3a makeT-rpemka. OBUe 3aKIy4oIH ce IPOBEPEHU U EKCTIEPUMEH-
TaJTHO.

Bo Ilornasjero 2.4, nageHu ce eKCepUMEHTAIHU pe3yiITaTH, 100ueHH! 3a pas-
JMYHM TaTepHU 3a J0/laBamkbe Ha pelyHJaHTHUTE cuMOoun 3a koJoT (72, 288) co
para R = 1/4 3a 6unapeH cumerpudeH kanai. On T0OHEHUTE Pe3yNTaTHTE 3a-
KJIy4YuBME JeKa Hajlo0pu pe3ynTaru ce Ao0uBaar 3a TPETUOT MaTepH, KIIyd cO
nomxuHa 10, kBasurpymnara nageHa Bo TaGema 2.1 (3aemHO cO HEj3MHATA IMapa-
ctpoda) u B, = 4. 3a copenda HarpaBeHU C€ EKCTIEPUMEHTH CO MCTaTa KBa-
3Urpyna, Ho4eTeH Kiiyd u pata 3a koot (144,576) co nBamaTtu mOAOITH TOPAKU.
Bo oBue excriepuMeHTH Haj100pu pe3yaTaTd ce JOOMEHH CO CIeTHHOT MaTepH 3a
PEAYHAAHTHOCT:

1100 1100 1000 0000 1100 1000 1000 0000 1100 1100 1000 0000 1100 1000 1000
0000 0000 1100 1100 1000 0000 1100 1000 1000 0000 1100 1100 1000 0000 1100
1000 1000 0000 0000 0000 0000.

Jo6uenure pesynararu 3a PER u BER 3a pa3nuyHu BpeIHOCTH Ha Bepojar-
HOCTAa p 32 OUT-TpeliKa Ha OMHAPEH CUMETPUYCH KaHal U B,,,, = 4 TaJeHU ce BO
TaGemna 2.12 u TaGena 2.13.

On pesynrarute npukakanu Bo Tabena 2.12 u Tabemna 2.13 moxe na ce 3a-
KITy4H JIeKa 32 KOJIOT CO TOI0JITH KOTHU 300pOBH BEPOjaTHOCTHUTE 32 MMAKEST-TPEIIKa
U OUT-TpeIIKa ce MPUOIUKHO JIBAIlaTH MOTOJIEMU OTKOJIKY 32 KOJIOT CO MOKPATKH
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ko7HY 300poBu. Bo Tabena 2.14 nageHu ce BEpOjaTHOCTUTE Dy, pgere 33 10]aBYBAHE
Ha 2peuKa-noseKe-Kanouoamu i BEPOJaTHOCTH Pppasuo 3 TOJaBYBAbE HA 2petu-
Ka-NnpasHo-mHOJICECME0 33 OBUE 1BA KOJA (Dyogere + Prpasno = PER).

p | PER,(72,288) | PER,(144,576)
0.03|  0.00313 0.00343
0.04|  0.00594 0.01200
0.05|  0.01594 0.03200
0.06|  0.03594 0.06800
0.07|  0.06656 0.13200
0.08| 0.11313 0.22114
0.09|  0.18875 0.32571

TaGena 2.12: ExcieprMeHTaIHU Pe3yNTaTH 3a BEPOjaTHOCTA 3a MaKeT-TPeriKa

p | BER,(72,288) | BER,(144,576)
0.03|  0.00136 0.00228
0.04|  0.00343 0.00750
0.05|  0.00928 0.01746
0.06|  0.02239 0.04121
0.07|  0.04065 0.08373
0.08|  0.06485 0.14621
0.09| 0.11357 0.21843

TaGena 2.13: ExcnepuMeHTaIHU pe3ylTaTH 3a BEpOjaTHOCTA 3a OUT-TpeliKa

On BepojarHocTuTe naaeHu Bo Tabena 2.14, Moxe 1a ce BUAM JieKa 32 KOJOT
(72,288) BO mpolecoT Ha JEKOIUpPAE CE jaByBaaT MOBEKe HEYCIEIIHU JEKOAU-
pama off TUIIOT epewka-noseke-kanouoamu. Jlonexa, BO eKCIIEPUMEHTHUTE 3a KO-
not (144, 576), ocsen 3a p = (.05, 0BOj TUII HA TpEIIKU HE ce TojaBui. [IpuunHa
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RCBQ(72,288) | RCBQ(144,576)

p Pnpasno | Pnosere | Pnpasno | Pnogere

0.03 | 0.00219 | 0.00094 | 0.00343 0
0.04 | 0.00531 | 0.00063 | 0.01200 0
0.05 | 0.01469 | 0.00125 | 0.03143 | 0.00057
0.06 | 0.03594 0 0.06800 0
0.07 | 0.06500 | 0.00156 | 0.13200 0
0.08 | 0.11250 | 0.00063 | 0.22114 0
0.09 | 0.18688 | 0.00188 | 0.32571 0

TaGena 2.14: BepojaTHOCTH 3a epeuka-nogeke-kaHouoamu U epeuKa-npasHo-
MHOHCECMBO

3a OBa € MOMANMOT Opoj Ha PEeAYHAAHTHH HYITH HUOIM BO konoT (72,288). 3a-
TOa, Kaj OBOj KOJl HEMA JIOBOJIHO PEAyHIAHTHU HYJITH OJIOKOBU Ha KpajoT Ha pe-
NyHJAHTHATa nopaka L kou ce noTpeOHH 3a oT(hpiiarbe Ha HETOUHUTE OJIOKOBH O]
MHO)KeCTBara S BO MOCIICAHNUTE HTEPAIIUH OJT TPOIIECOT Ha Aekoaupame. O apyra
CTpaHa, OpOjOT Ha HEYCHEIIHU JCKOUPAba CO 2PeUlKa-npasHo-MHONCECME0, KOU
ce MpeaBUICHU BO TEOPUCKATa BEPOjaTHOCT 3a MAKET-TPeIIKa, € MPUOIIKHO JBa-
naTy oMaj 3a KoJIoT CO JIBalaTy MOMaju KOJHU 300pOBH.

OBue paznuku Bo OpOjoT Ha HEYCIEUIHO ACKOJHPAHH MOpPaKU, MOCEOHO BO
OpojOT Ha epewKu-nogeKe-kaHoudamu, Ce IOToJIEMH aKo CE 3eMaT YIITE TOKPATKU
KOJHH 300poBH, Ha npumep koAoT (36,144). 3a oBue nMokpaTku KOJOBH OpOjOT Ha
epeuKu-noseke-kaHouoamuy € yiitre morojaeM 3apaad MajiuoT Opoj Ha peayHIaH-
THU HYIITH OJOKOBH BO IATEPHUTE 32 J0JaBamkhe HA PeAYHIAHTHUTE CUMOOIH.

3a moTBpIa Ha OBa TBP/ICH-E HAPABEHH CE CKCIIEPUMEHTH U 3a KoAoT (36,144)
co para R = 1/4. Bo ekcrniepuMeHTHTE KOpUCTEH ¢ marepHot: 1100 1100 1000
0000 1100 1100 0000 0000 0000, uctuot moyeren kiy4 k = 0123456789, Bpen-
HOCT Ha B, = 4 ¥ ucTaTa KBa3Urpyna, Kako 1 BO MPETXOTHUTE EKCIIEPUMEHTH.
Hobuenute pesynraru 3a PER, BER, Pupasno ¥ Ppogere 3@ PA37IMYHA BPEHOCTH
Ha BepojaTHOCTA 3a OUT-TpelnIka p Ha OMHApEeH CUMETPUYEH KaHAJl IaJIeHU CE BO
Tabena 2.15 u Tabemna 2.16. Jla 3abenexxume neka 3a oBoj koxa, 3a p > 0.05 He
Ba)XKU PABEHCTBOTO Dpogee + Prpasno = P E R, OMI€jKu BO OBHE EKCIIEPHMEHTH
ce M0jaBHja HEKOJKY JIEKOAMPAa CO HeKopueupana-ecpewika (IeKoIupama KOU
3aBpLIyBaaT CO €l1€H KaHIUAaT BO IMOCJeqHaTa uTepanuja, Ho Jo0ueHara JeKo-
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JUpaHa Iopaka He € TOYHaTa).

Co cnopenba Ha PE3yATaTHTE 32 Pppazno M Ppogerce AaAEHU BO Tabena 2.14 u
TaGena 2.16 Moxe 1a ce BUIM JeKa 3a HajKpaTKuoT kox (36,144), BepojaTHocTUTE
3a 110jaBYBambE HA 2peuKa-npasHo-MHONCeCME0 C€ HajMalld, HO BEPOjaTHOCTHUTE

3a epeuKa-nogeKke-KaHouoamy ce HajroJIeMHU.

p | PER,(36,144) | BER,(36,144)
0.03]  0.02057 0.01646
0.04|  0.02286 0.01769
0.05|  0.02543 0.02082
0.06|  0.03471 0.02948
0.07|  0.04814 0.04109
0.08|  0.08071 0.07189
0.09|  0.10757 0.09838

Tabena 2.15: ExcnepumenTanau pesynratu 3a PER u BE R 3a konort (36,144)

Tabena 2.16: BepojaTHOCTH 3a epewika-nogexke-kaHouoamu M epeuKa-npazHo-

p Pnpasno

Progere

0.03 | 0.00086

0.01971

0.04 | 0.00257

0.02029

0.05 | 0.00743

0.01800

0.06 | 0.01814

0.01629

0.07 | 0.03186

0.01614

0.08 | 0.06057

0.01914

0.09 | 0.08971

0.01657

MHOXMCecmao 3a KonoT (36,144)
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Hcto Ttaka, MOKe 1a ce 3a0elexu JIeKa BEPOJATHOCTUTE Pppgsno 38 KO-
not (36,144) ce mpuOIMXHO IBANATH MIOMANH Ol BEPOJATHOCTUTE Pppasno AOOH-
eHu 3a konot (72,288). OBa cienysa u o popmyrara 3a TeOpHCKaTa BEpOjaTHOCT
3a MakeT-Tpelllka BO Koja ce MPEIBUICHU OBOj THIT HA TPEIKH.

3a p < 0.06, B0 excepuMeHTuTe cO KomoT (36,144), OpojoT HA epewku-
nogeke-kanouodamuy € MHOTY TIOTOJIEM Off OpOjOT Ha peuKu-npasHO-MHOICECME0.
3a oBME BPEIHOCTHU Ha p, BpeAHOCTUTE 3a P[L/R ce Mojomu OTKOJKY Kaj KO-
not (72,288) (Tabena 2.12 u Tabena 2.15). Ox npyra ctpaHa, 3a koot (36, 144) u
p > 0.06, 6pojOT Ha epewKuU-npasHo-MHOIHCECMEo € TIOBEKE O]l BAraTh MOToJIeM
o1 OpOjoT Ha epeuwKu-nogeKe-kanoudamu. 3a oBuUe p, TOOUEHUTE BPEAHOCTH 32
PER ce nogo6pu 3a koot (36,144) otkonky 3a konort (72,288).

Co cniopenda na Bpensoctute Ha PFE R (36, 144) u BE R4(36,144) moxe 1a
ce 3a0erexu JIeKa 3a OBOj KOl BEPOJaTHOCTUTE 3a OUT-Tpelika ce MOOIUCKU JI0
BEPOjaTHOCTHUTE 3a MaKeT-TPelIka OTKOJKY Kaj ApyruTe komoBu. [IpuunHa 3a oBa
€ MaJuoT Opoj HA PeAYHIAHTHHU HYIU BO MPBUTE OJOKOBH OJ MAaTepHOT. 3aroa
MOPAKUTE BO MOCICAHOTO HEMPa3HO MHOXKECTBO CO KaHAWIATH 3a IEKOANPAHE
uMaar MaJjl 3aeHHYKH MPePUKC MITO JOBEAYBa 0 IMOTOJIEMU BPEIHOCTH Ha OUT-
rpemikara.

3akiay4yox

Bo oBaa r1aBa ieTaqHO ce HCITUTaHU CBOjCTBAaTa M eppOpMaHCUTE Ha CITy4ajHUTE
KOZOBM Oa3MpaHW Ha KBa3UTPyNU W HAYMHOT HA KOj CEKOj O]l MapaMeTpUTe BO
JIM3aJHOT Ha KOJOBUTE BJIMjae HAJ TEKOT Ha MPOLECOT Ha JIEKOAUpame U OpojoT
Ha YCIIEIIHO 3aBPIICHU JIeKoAupama. JlaleHn ce MIeu U 3aKIydolu 3a u300poT
Ha OBHWE MapaMeTpH ¥ HAYMHU KakKo J1a ce nmopoopar nepdopmancure. Hcero taxa,
neduHMpaH € HOB METO[] 32 HaMallyBambe Ha HEYCIICIIHUTE JICKOMpama KOU 3a-
BpLIyBaaT MpeaABpeMe.






I'maBa 3

AJropuraM-3a-aeKoaupame-co-mpecek

Cray4ajHuTe KOIOBH 0Oa3vpaHHM HAa KBa3UIPyNH MMaaT HEKOJKY MapaMeTpu U BO
MPETXOJHATA IIaBa HUE MCITUTaBMe Kako M300pOT Ha TTapaMeTpHTe BiIHjae Ha He-
rosute neppopmancu. O HalpaBeHUTE €KCIIEPUMEHTH 3aKIy4YuBMe Jeka Op3u-
HaTa Ha JEKOJUpame € e/ICH O] HajroJIeMHUTE MPOOJIeMHU Kaj OBUE KOJOBU. 3aBUCHO
071 N30paHNOT MAaTEepH 3a J0AaBalbe HA PEIyHJAHTHUTE HYJITH CUMOOIH, MPOIie-
COT Ha JICKOJMPAmE € CIIOp BO HEKOM UTEpalnu, Ouaejku OpojoT Ha eJIeMEHTHTE
BO MHOXKECTBaTa S € MHOTY roieM. AKO pelyHZaHTHHTE HYNIH CE€ pacropenar
NIOPaMHOMEPHO, Toram OpojoT Ha eIEMEHTH BO MHOXKecTBaTa S Hema 1a Ouje
MHOT'Y T0JIEM, HO K€ Ce I10jaBaT MHOT'Y HEYCIIEIIHU IEKOAUPambha CO 2pelKa-nogexe-
Kanouoamu. 3atoa BO MaTepHHUTE Tpeda JAa MMa MoBeke HyATH CUMOOIN Ha Kpa-
joT. BcymHOCT, MHOTY € TEIIKO Ja ce Hajue Jo0pa paMHOTEXa 3a IMOCTaByBambe
Ha peAyHJaHTHHUTE HYJIH, HO €KCTIEPUMEHTATHO UMaMe HajIeHO HEKOJIKY JJOBOJTHO
3a7I0BOJIUTEITHH NATCPHH.

Co men 1a ja nogoOpumMe Op3uHaTa Ha IEKOAMpamke, Hue neuHrpamMe HOB aj-
TOpUTaM 3a KOANPamke/IeKOIUpahe HApeUeH alropuTaM-3a-1eKoaupame-co-Tpe-
cek (Cut-Decoding unmu AJIIT anropuram). bunejku nexomupamero Ha RCBQ e
BCYIIIHOCT Jiekoaupambe co ucta (list decoding), Op3uHara Ha TEKOIUPAHETO U Be-
pOjaTHOCTA 3a TOYHO JIEKOAMUPAE 3aBUCH OJ] TOJIEMHHATa HA JIUCTUTE CO MOXKHH
KaH/AWJATH 32 JIeKoAMpaHaTa mopaka. 3aroa, Bo HoBuoT AJIII anropuram Koj ro
npengaraMe, HalpaBeHu ce MOIU(HUKAIIMK CO TIeJT 1a C€ HamMayid OpOjoT Ha KaH-
JIMJIATH 32 JIEKOAMPAEe BO CUTE UTEPAIMH O] IPOLIECOT Ha JeKoaupame. Bo 0Boj
aJIrOpUTaM, ce IIPUMEHYBAaT JBe TpaHCchOpMaIMK Ha PeIyHaHTHATA ITOpaKa co
KOPUCTEHE Ha PAa3IMYHU MapaMeTpu, a KaHIUAaTUTE 3a JeKOJUpaHa Mopaka ce
nobuBaat co Gapame Mpecek Ha COOJABETHUTE MHOKecTBa S. Ha oBoj HaumH npo-
[IECOT Ha Jekonupame 3a kox (72,288) e 4.5 maru nmoOp3 o7 OPUTHHATHHOT aj-
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ropuraMm. Mcro Taka, BO oBaa riiaBa ke OMJaT pasniieaHd U HEKOU JPYTU MOJAU-
(buKanuy Ha aNrOpUTMOT 3a JEKOAUPAE CO LIENl J1a € HaMaJld BepojaTHOCTaA 3a
naket-rpewmka (P £ R) u BepojatHocTa 3a 6ut-rpeuika (B ER).

3.1 Onuc Ha kogupamweTo co AJIII anropuramor

Bo AJII amroputmor, Hamecto Kon (Ny.k, N) co para R, ce kopucrar
182 (Npjock, N /2) xomoBu co para 2R, co KOU ce KOIUpa/AeKOupa NCTa mopaka
ol Nyjoer OUTOBH.

IIpBo, Bo mopakara M = mymsy...m; ce JoaBaar peAyHIaHTHUTE HYJITH CHM-
001 (Ha MCT HAYMH KaKO M BO CTaHAAPIHKOT aJrOPUTaM 3a KOJUPAH-E) U Ha TOj
HaumH ce 106uBa pexynanTHara nopaka L = LOVLP L/ = [, L,...L,,/» on
N /2 6uta, kaze mto L) e monénok ox r cumbonu o azbykara @, a L; € (. 3a
J0OMBa-€ HA KOIMpaHa Mopaka alrOpuTMOT 3a KpUIITUparbe, aajaeH Ha Crnka 2.2,
ce IpUMEHYBa JBallaT Ha MCTara peyHIaHTHA IIopaka L cO KOPHCTEHE Ha pasiiu-
YHH napaMeTpH (pasjinuHy KJIy4eBH WM KBa3Urpynu). Ha oBoj HauuH, KOTHHOT
300p 3a mopakara ce J00MBa CO KOHKaTeHaluja Ha J1BaTa KoaHH 300pa ox N /2
outoBu. IIporecor Ha Kogupame MeMaTcKu € peTcTaBeH Ha Crnuka 3.1.

Nyjog bits
M | m | m | m m
Li| Ly| | Li|Lei|Lea| | L Lot |Lyppria | - | L

Y YT
c C6/2) (C(s/2+1) Cce)

Cnuxka 3.1: Konupamwe co AJIIT anropuramor
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3.2 Omnwuc Ha aexkoaupameTo co A/IIl anropuramor

Ilocne mnpeHocor HU3 OWHApeH CHUMETPHYCH KaHaj, M3JIe3HaTa IIo-
paka D = DWDA DG kane mro D ce monbroxoBn o 7 cUMGOIH Of
asbykara (, ce memu Ha age nopaku DY = DM DA D/2) gy DR = pls/2+1)
D/242) D) ¢o ennakBa 10IKMHA M OBHE JIBE IOPAKH CE JEKOANPAAT NapajesiHo
co coonBeTHUTE MapameTpu. Bo A/III anropuraMot e HampaBeHa MOAU(UKALH]ja
BO J1eJ10T (447) O MIPOILIECOT HA ACKOIUPAbE, T.€., BO MPOLEAYypaTa 3a TeHepUpame
Ha MHOYKECTBATa CO KaHUAATH 3a IeKOAupame. Bo HOBUOT asiroputaM OBHE MHO-
YKECTBA CE€ FeHepUpaaT Ha CICTHUOT HAYMH.

Yexop 1. Heka S(()l) = (kgl) kY, A)u S(()Q) = (k{") kD, A), Kaze \ e mpaseH
CTPHHT, ky = /{:51) . /{:7(3) aky = l{:f) . k:ff) Ce TIOYETHUTE KITyYEeBH KO Ce
KOPUCTEHH BO (JOPMHPAHETO Ha JIBaTa KOJHU 300POBH.

Yekop 2. Heka Sﬁ)l u Sg)l ce nedunupanu 3a ¢ > 1.

1
Yexop 3. Hexka Bo 1Bara nporecu Ha AEKOAUPAHE Ce TOOMEHH MHOXKECTBATa Si( )

2
u Si( ) co KaHJIUJATH 32 IEKOIUPaEe, HA UCT HAUMH KaKo ¥ BO CTAHJAPIHUOT
anroputram Ha RCBQ.

Yexop 4. Heka V| = {wiws . .. Wi (0, wiws . . . W) € Si(l)},
Vo = {wiws ... Wyg; [(0, w1ws . . . W) € 52(2)} uVv="vin.

Yekop 5. 3a cexoj eneMeHT (0, wiWs . . . Wyqi) € Si(l), aKO W1 W3 . . . Wrqi &V
TOTram SZ»(U — Si(l) \ { (0, wyws . .. W)}
Hcro Taka, 3a cekoj (0, wiws . . . Wye;) € SZ@), aKo Wi Ws . . . Wy &V
TOTaII SZ-(Q) — Si(Q) \ {(5, wiwsy . .. W) }-

1 .
(* BeymHoct, of SZ-( ) ce €JIMMUHUPAAT CUTE €NIEMEHTH 4H]j BTOpP JIEJ HE €

. 2

©THAKOB Ha BTOPHOT €] Ha HEKOj JIEMCHT BO SZ-( ), 1 oGpatro. Bo cieanara

UTepalyja U JBaTa MPOIeCcH T KOPUCTAT COOABETHUTE PEAYyLUPAHU MHO-
1 2

KECTBa Si( ) Si( ). )

Yekop 6. Axo i < s/2 Torau 3rojiemMu ro i u Bpatu ce Ha Yekop 3.

[IpaBuioro 3a nexonupame Bo AJIIT anropuramor e [euHUpaHO Ha CISTHHUOT
HA4MH.
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« AKo 1ocIe Moc/IeHaTa UTepauuja, peylypanute Muoxkectsa S\ u S

p ja, peayunp s/2 s/2

¥MaaT CaMo €JIEH €IEMEHT CO MCTa BTOPA KOMIIOHEHTA W . . . Wyqs/2, TOTALI

L = w; ... w2 € IeKOOMpaHaTa peayHJaHTHA Iopaka. Bo Toj ciry4aj,
BEIIUME JIeKa UMaME YCHEUHO 0eKoOUpare.

« AKo NoclIe NIociIe/HATa UTepaLyja, pelyLupatuTe MuoxkecTsa S\ o) n 52

panyja, peaynnup /2 /2

UMaar MoBeKe Of] €/IeH eIEMEHT, TOTalll IMaMe HEYCIIEITHO JIEKOIUPABE CO

2peuKa-nogeKe-KaHouoamu.

- Ako BO Hekoja mrepammja ce gobme S\ = 0, 552) # () wm SZ-(Q) =0,
Sfl) # (), Toraur IeKOqUpPAmETO HA MOPAKaTa MPOI0KYBa CaMo CO HEMpas-
HOTO MHOJKECTBO Si(g) WIN Si(l), CO KOPHUCTEHE Ha CTAaHIapAHUOT aJITOPUTaM
3a nexogupame Ha RCBQ.

‘A | ja st = 52 ¢

KO BO HeKoja utepanuja S; ' = 5;”’ = (), Torai npouecoT Ha JEKOJUPae
Ce CTOMHpa U BEIMME JIeKa Ce T0jaBUIIa IPeIliKa OJ] TUIIOT epeuKa-npasHo-
MHOICECTEBO.

Bo excniepuMeHTUTE CO HOBHOT aJITOPHUTaM 3a JICKOANpame 3a0eIexaBMe 3Ha-
YHUTETHO HAaMallyBamke Ha OPOjOT Ha €JIEMEHTH BO MHOKECTBaTa S U MIOCTUTHABME
roJieMo noJo0pyBame Ha Op3uHaTa Ha POIIECOT Ha IeKoaupame. FIMeHo, HOBHOT
METOJ Ha AeKonupame € 4.5 matu moop3 3a konot (72,288). Bo Tabena 3.1 nanen
€ e/IeH MpUMep Ha IMIPOCEYHUOT OpOj HA €JIEMEHTH BO MHO)KECTBATa SZ-U) U Si@), BO
ceKoja uTepaiuja, npe u nocie peaykiujara Bo Yexop 4 u Uekop 5 o1 HOBHOT
MeToql 3a Aekoaupame. OBue mpoceru ce nooueHu 3a 1000 mexomupama. Of
pesynrarute Bo Tabena 3.1 Moxke 1a ce BUIU JIeKa peUioKeHaTa peayKIlHja 3Ha-
YUTETHO TO HaMayBa OpOjoT Ha €JIEMEHTH BO MHOXKECTBATa CO KaHIUIATH 32 Jie-
KoMpame (Iocie BTopara urepaiuja 6pojoT Ha eJIeMEHTH BO PeIyLIUPaHUTE MHO-
JKecTBa € nmpuomkHO 20 maTu momain).

[TpoGnemor koj ce jaByBa Bo AJII1 anropuramMoT € mTo 3a J00MBamke Ha KOJI CO
para R moTpebeH e maTepH 3a KOJ cO JBarary morojema para. Ho, 3a moronemu
paTu TEUIKO € Jla ce HampaBu J00ap marepH, OWEjKH BO OBHE MaTrepHU OpOjoT
Ha PeIyHJIaHTHU HYJIH € moMaJj. 3aToa, CO OBOj METOJ 3a JEKOAUpaAmE ce T00u-
Baar TOJIOIIN PE3YJITaTh 3a OPOjOT Ha HEYCIEUTHH JCKOAUPAha O THII epeulKa-
nogexe-kanouoamu, Ho OPOjOT Ha HEYCNEIIHU JIEKOIUPAka CO ePeKa-npazHo-
MHO#CeCmaeo € IOMal.

3a pemraBame Ha IPOOIEMOT CO MOTOIEMHUOT OPOj HA HEYCHEIIHH ACKOIUPaha
CO epewka-noseke-kaHouoamu NPeAIoKeHa € eIHa XeBPUCTHKA BO TPABHIIOTO 32
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bp. na | bp. Ha enementn | bp. Ha enementH | bp. Ha enemeHTH BO
uTepanuja BO Si(l) BO SZ-(Q) penayupannuTe
(mpen penykuuja) | (mpex penyxuuja) S, s

1 10.4 9.9 1.6

2 2442 2442 18.2

3 178.5 181.9 8.1

4 79.7 80.5 4.4

5 693.5 695.1 34.8

6 343.9 339.5 14.2

7 140.6 139.3 6.2

8 60.8 61.5 34

9 1.1 1.0 1.0

Tabena 3.1: Ilpoceuen O6poj Ha e1eMEHTH BO MHOXECTBATa cO KaHAUIATH 3a Jie-
KOAMpame Npe U Mocie peayKiujara

JICKOJTUPAbE 3a eIMMUHALIM]a Ha OBOj THII I'pellku. MIMeHo, o1 eKCriepuMeHTUTe
co RCBQ Moxe na ce Buau jieKa KOora JEKOJAUPAETO 3aBpIyBa CO MOBEKE ee-
MEHTH BO PEeIyIHPaHUTE MHOXKECTBA CO KaHIAHMJATH 32 JIEKOAUpame TOOUEHU BO
HocJieTHaTa uTepalyja, CKOpo CeKorail BO OBHE MHOXKECTBA C€ Haora U TOYHATa
nopaka (Kako Bropa KOMIIOHEHTa Ha HEKO]j €JIEMEHT BO JIBETC MHOXKECTBA). 3aroa,
BO OBOj CJIy4aj MOXKE CITy4ajHO Ja ce u30epe elHa mopaka oJ] €IHO O MHOJKeCTBaTa
BO TOCJIEJIHATA UTEpalMja U Taa rmopaka aa Ouje IeKoarpaHaTa mopaka. Ako ce
n30epe TouyHara nmopaka, Toram out-rpemkara € 0 u 3aroa Ha oBoj HauMH U BE R
ce HamayBa. Bo eKcriepuMEHTHTE HAlpaBeHH CO OBaa MOTU(HKAINja JTOOHMBME
JieKa BO MPHUOJIMKHO MOJIOBHHA O] CIIy4anuTe ce M30Mpa TOYHATA MopakKa.

3.3 Cnopenda na crangapauuort u AJIII aaropuramMor 3a para
R=1/4

Bo Iornagje 2.4 najeHu ce eKCriepuMEHTATHH PEe3yATaT 3a CTaHIApAHUOT aJIro-
puram Ha RCBQ 3a xomoswu (72,288) co para R = 1/4. On pesynrarure 100u-
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SHHM 32 Pa3INYHU MTaTEPHU 32 JI0/IaBakbe Ha PEeAyHAaHCcaTa, pa3IMYHH JOJDKHHU Ha
MMOYETHUOT KIIYY W Pa3IMUHU KBa3UTPYIH, 3aKIyUYMBME JeKa Haja00pHUTe pe3yi-
TaTH 3a OBHE KOJIOBH C€ JIOOMEHH 3a CJICHUTE MapaMeTpu:

— TpPEeTHOT marepH 3a pexyHaantaoct: 1100 1100 1000 0000 1100 1000 1000
0000 1100 1100 1000 0000 1100 1000 1000 0000 0000 0000,

— xiyuot k = 0123456789 on 10 Hubmm, u
— KBazWrpymara jgajzeHa Bo TaGena 2.1.

3aroa, pe3yaTaTuTe JOOMEHU CO OBHE TapaMeTPH Ke TU CTIOPEAYyBaMe CO COO/I-
BeTHUTE pe3ynraru 3a HoBUOT AJIII anropuram. HarpaBeHu ce ekCiepuMeHTH €O
KOPUCTEHE Ha HOBHOT ajJropuram 3a kofosu (72,288) Hax a3zbykara of HUOIN U
IpY [IPEeHOC HU3 OMHapeH cuMeTpudeH kaHal. Bo ekcriepumenture co AJII an-
TOPUTAMOT pasriieiany ce 17 pa3amyHu NaTepHU 3a J0/1aBamke Ha PeIyHIaHTHUTE
cumboinu 3a kof (72, 144) co para R = 1/2, pa3nu4Hu JOIDKUHU HA TIOYCTHUTE
KJIIYYEBH M Pa3IMYHU KBa3UTpynu of pex 16.

Hcto Taka, pasmieaHu ce U pa3uKUTe BO eppopMaHCUTE Ha KOJOBUTE KOTra
BO J[BaTa MNpollecH Ha KoJupame/nexoaupame Bo AJIIl anropuramor, ce kopuc-
TaT caMO Pa3jNYHU KIyYeBU WM Pa3IUYHHU KIYYEBH M PA3IUYHUA KBA3UTPYIIH.
3apanu penykipjaTa Ha €JIEMEHTHTE BO MHOXKECTBATa CO KaHHMIATH 32 JCKOIH-
pame (BoBereHa Bo Uekop 4 u Uekop S), jacHO € 1eKka MaTepHOT 3a PeayHIaHT-
Hocta Bo AJIII Tpeba ga 6ue uct Bo qBaTa napasesiHu MPoLecy Ha KoAupame/ie-
Koaupame. VIMeHo, ako ce KOpHCTaT pa3IudHU MaTepHH, TOTall HE MOXe Ja ce
Oapa npecek Ha MHOXecTBaTa S Bo Uekop 4. Tyka ke Oujar 1ajieHu caMo Haj-
no0puTte JOOUCHH PEe3yTaTH.

3.3.1 ExcnepMMeHTH CO Pa3JIHYHU KIY4YeBH

[TpBO, HampaBeHH Ce EKCIIEPUMEHTH CO KOPUCTEHE CaMO Ha Pa3IMYHH KIy4YCBH
BO /IBaTa MPOIECU Ha KOAMpPake/IeKOaupame U UcTa KBasurpyna. Kako mTo e
CIIOMEHATO IOTope, pas3rienaHu ce 17 pa3iIudHu MaTepHH 3a J0/1aBamkhe Ha PelyH-
nantHuTe cuMmbOom. HajmoOpute pesynratu ce JoOMeHH 3a CIeAHUTE TapaMeTpH:

— mnarepHoT 3a peayHaantHoct: 1100 1110 1100 1100 1110 1100 1100 1100
0000,

— JIBa pa3NUYHU Kiy4deBH on S HuOmm: ki = 01234 u ko = 56789, u
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— KBasurpymnara jaajeHa Bo Tabena 2.1.

HcTo Taka, HalpaBeHH CE€ CKCIIEPUMECHTH M CO KIY4YEBH CO JIOkHHA o 10
HUOJIM, HO pe3yaTaTuTe 0ea CIIMYHH.

Hekxa PER, e BepojaTHOCTa 3a makeT-rpeuika u BE R, BepojaTHOcTa 3a OUT-
rpemika 1oouenu co HoBuoT AJII1 anropuram. Kako u nperxonno, PE R, u BE R,
Ce COOJIBETHUTE BEPOjaTHOCTH 33 CTAHAAPIHHUOT METOJ] 3a KOIUPame/IeKOIupa-
we Ha RCBQ. Pesynrarute 3a PER, u PER. (BER, u BER,), 3a pa3iu4au
BPEIHOCTH Ha BEPOjaTHOCTA p 3a OUT-TpEIIKa Ha OMHAPEH CUMETPUYCH KaHal U
Binar = 4, nagenu ce Bo Tabena 3.2 (Tabena 3.3) u npercraBenu Ha Cruka 3.2
(Cnuxka 3.3).

On pesynrarute naaenu Bo Tabena 3.2 u Tabena 3.3, Moxe 1a ce 3aKITy4H JAeKa
CO JIBaTa ajropuTMHU 3a JIEKOJUpame ce 100UBaaT MPUOIMKHO UCTH PE3YNITaTH 3a
BpenHoctutre Ha PER u BER. Ho, moxe na ce 3abenexu neka 3a p > 0.05 co
HoBuoT AJIIT anropuram ce nobuBaar Masky nogoopu BpeaHocti Ha PER.

On pesynrarure nobuenn 3a BE R Moxe 1a ce 3a0esexu JieKa 3a CUTE BPe/l-
HOCTH Ha p pasnukurte nomery BE R, u BE R, ce MHOTY ManH. 3a HEKOU Bpejl-
HOCTH Ha p UMa MaJIKy o1o0pu pe3ynraty 3a B E R co cTaHIapIHUOT aJropuTam,
a3a IPYTH p CO HOBHOT alITOPUTAM.

» | PER, | PER,
0.02 | 0.00125 | 0.00171
0.03 | 0.00313 | 0.00257
0.04 | 0.00594 | 0.00514
0.05 | 0.01594 | 0.01714
0.06 | 0.03594 | 0.02657
0.07 | 0.06656 | 0.06171
0.08 | 0.11313 | 0.10800
0.09 | 0.18875 | 0.15886

TaGena 3.2: ExcriepyMeHTaIHU pe3yaTaTy 3a BEpOjaTHOCTA 3a MaKeT-TPpelKa
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0,2 4
0,18 4
0,16 4

0,14 4

0,1

PER

0,08 4

0,06

0,04 4

0,02 4

0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09 0,1
P

[ ——PERs -ePERc |

Cnuka 3.2: Cnopenoa na PER

» | BER, | BER,
0.02 | 0.00076 | 0.00011
0.03 | 0.00136 | 0.00083
0.04 | 0.00343 | 0.00302
0.05 | 0.00928 | 0.01134
0.06 | 0.02239 | 0.01943
0.07 | 0.04065 | 0.04243
0.08 | 0.06485 | 0.07512
0.09 | 0.11357 | 0.11621

TaGena 3.3: ExcriepuMeHTaIHU pe3yaTaTy 32 BEpOjaTHOCTA 32 OUT-Ipelika
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0,14 -
0,12 4
0,1 4

0,08 4

BER

0,06

0,04

0,02

0 0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09 0,1
P

‘ —+—BERs - BERc ‘

Cnuka 3.3: Cnopenba na BER

3.3.2 ExcnepMMeHTH €O Pa3/IMYHHM KJIYy4eBHM U Pa3JIMYHM KBa-
3UTpyNnu

HanpaBenu ce ekcriepuMeHTH cO HOBUOT METO/] 3a IeKoArpame 3a koz (72,288) co
KOpHUCTEH-E Ha ABa kojna (72,144) co pa3nuyHy KIIy4eBU U pa3InyHU KBa3UTPYIIH.
[TpBo, HampaBeHU ce eKCIIEPUMEHTH CO KOPHCTEHE Ha KBa3urpymnara JajeHa BO
TaGena 2.1 u kBa3urpymara co BUCOK KOe(PHIIMEHT Ha pacTemhe Ha nepuoiaTa Ja-
JieHa Ha KpajoT of TpyAoT [ 15]. Bo oBue ekciepuMeHTH KOPUCTEH € UCTUOT MaTepH
3a pata R = 1/2 u By = 4. Bo 0BOj cilydaj CO KOPHCTEHC HA JBa pas3iiu-
yHH Kiy4yeBu of 10 uubnu (k; = 0123456789 u ky = 5432897610) noGuenu ce
MaJIKy MoA00pHu pe3yaTaTu OTKOJKY CO KOPHCTEHEe Ha KiyuyeBu o 5 HuOmm. Bo
TaGena 3.4 mpeTcTaBeHuU ce pe3ysTaTH 3a BepojaTHOCTa 3a nmaker-rpemka PE R, o
U BepojaTHocTa 3a out-rpemka B E R, o 1oOueHH 3a OBHUE TapaMeTpH.

Co crniopenba Ha pesynararute Bo Tabema 3.2 u TaGena 3.3 co pe3ynrarute
Bo Tabena 3.4 moxe J1a ce 3aKinyyu Jeka BpenHocrture Ha PER.o u BER. 5 ce
CIIMYHH Ha MPETXOJHUTE pe3yaTaTu JoOUEHHU CO KOPUCTEHE Ha UCTa KBAa3Urpymna



60 Ihasa 3. Ancopumam-3a-dexoouparse-co-npecex

» | PER., | BER.,
0.02 | 0.00143 | 0.00053
0.03 | 0.00314 | 0.00150
0.04 | 0.00571 | 0.00299
0.05 | 0.01400 | 0.01013
0.06 | 0.03000 | 0.02183
0.07 | 0.06314 | 0.04544
0.08 | 0.09857 | 0.07198
0.09 | 0.16086 | 0.11839

Tabena 3.4: ExcriepiMeHTaTHU PE3yATaTH 32 BEPOjaTHOCTUTE 3a MAKET-TPelIka u
OUT-rpellika 3a pa3IMuHU KBa3UTPYIU U PA3IMUHU KIIy4eBU

BO JBata npoiecu. Mcro Taka, HalpaBeHH ce EKCIEPUMEHTH U CO KOPUCTEHE Ha
JIB€ pa3IMyYHU KBA3UTPYNH U UCT KITy4 BO JIBaTa IIPOLECH Ha KOIUpame/1eKoaupa-
e, HO He ce JOOMeHH 1Mo100pH pe3yaTaTy.

MeryToa, ako BO €[eH O]l KOJIOBUTE CE€ KOPUCTH LUKJINYHATA KBa3UTPyHa O

pen 16, Toram pesynrarure 3a PR n BE R ce mHory nonomu. Ha mpumep, 3a
p = 0.02 nobueno e PER = 0.18314 u BER = 0.05432.

3.4 Metona 3a HAaMAJIyBame HA 2PeUlKU-NPA3HO-MHOHCECHE0 BO
AJIIT anropuTmMoT

Bo Ilornagje 2.5 neguHupan € MeTon co Bpakame 3a HaMalyBame Ha OpojoT Ha
HEYCIIEIIHN JICKOTUPAba CO epeuKa-npasHo-muoxcecmso. IlokaxxaHo e 1exa BO
RCBQ co cTanaapaHuTe alrOpUTMHU, HEKOU O OBHE IPELIKU Ke Ouaar emMMHUHU-
paHMu, aKo ce OHUIITAT HEKOJIKY UTEPALIUHU O] TIPOIIECOT Ha IEKOUPAHE U 1T O]
HUB C€ U3BPILAT CO MOT0JIeMa BPEIHOCT Ha Bypqy.

Bo oBa mornasje ke Ouzme pasmieaHO KOPUCTEHETO HA OBaa Hjeja Kora BO
HoBuoT AJIIl anropuram ke ce M0jaBU epeuika-npasno-mHodcecmeo (T.e. Kora
JIBETE pelylIMpaHu MHOXKECTBA ce Mpa3Hu). HampaBeHu ce eKCIIepuMEHTH CO Bpa-
Kame Ha3a/j JBE WIN TPU UTEPALMU U CO KOPUCTEWE Ha By, + 1 uiu B4, + 2 BO
MpBaTa MOHUIITeHA UTepalija (OCTaHATUTE UTEPAIIMU ja KOPUCTAT IPETXOAHATa



3.4. Memoo 3a namanysarwe Ha epeuKu-npasHo-mnodxicecmso 6o AAII ane. 61

BpPEAHOCT Ha B, ). Mopa aa HariomMeHeMe JieKa CO OBa BpaKkame Ha3a/ BO HEKOU
CIIy4au HaMECTO 2peuKa-npasHo-MHO#CeCmseo ce 100UBa epeuKa-nogeke-kanou-
oamu.

Hajno06pu pesynTaru ce 100MeHU cO Bpakame Ha3a/l IBe UTePau U 5, + 2
BO IpBaTa MoHuIITeHa utepanuja. Bo Tabena 3.5 naneHu ce MporEHTUTE HA €JTH-
MUHHUPAaHU HEYCHELIHU JIEKOJUPaka CO 2pelKa-npasHo-unodxcecmeo. OBue pe-
3yATaTy ce JOOMEeHH cO MpHUMEHa Ha OBaa Moau(UKalija Ha HEYCIEIIHUTE JIEKO-
Upamba CO 2peuKa-npasHo-MHONCECE80 BO EKCIIEPUMEHTUTE YUH pe3yaTaTu ce
naneHu Bo Tabena 3.2 u TabGena 3.3. Moyke 1a ce 3aKiIy4d Jieka oBaa MOAU(U-
Kalyja JaBa JoOpU MPOLICHTH HA eIUMHUHHUPAHU 2PeUKU-NPAZHO-MHONCECMBO BO
AT anroput™moT.

[TpoueHT Ha eNMMMHUHUPAHU

D | epeuKu-npasHo-MHONCECTNEO
0.03 28.57%
0.04 20.37%
0.05 24.00%
0.06 23.17%
0.07 27.23%
0.08 25.37%
0.09 22.64%

Tabena 3.5: TlponeHT Ha €MMMHUHHUPAHU HEYCIEIIHU ACKOANPAmA CO 2peuiKd-
NPA3HO-MHONCECNBO

MHory Ba)kHO 3a oBaa MoauduKaIyja e ITo co Hea ce 1001Ba caMo 3HaYu-
TEJIHO MaJIo HamallyBame Ha Op3uHara Ha Jekonupame. VcTo Taka, co eTMMHHU-
pame Ha HEKOM OJ1 HEYCIECIIHUTE IEKOANPAhA CO ePeUKaA-NPAZHO-MHOMCECNBO CE
nobuBaar u ogoopu pesynratu 3a BER.

Bo Tab6ena 3.6 u Tabena 3.7 cnopeaenu ce Bpeaqnoctute Ha PER. u BER,. on
Tabena 3.2 u TabGena 3.3, no6uenu co AJII1 anropurmoT 6€3 Bpakame 1 BpeIHOC-
tute Ha PE R, pocr, 1 BE R, pocr, JOOUEHU CO KOPUCTEHE HA METOIOT CO BpaKame
(mBe utepauuu Ha3ad u B, + 2).

On pesynrarute Bo Tabena 3.6 u Tabena 3.7, Moxe a ce 3aKiydu JeKa 3a
MOTOJIEMU BPEHOCTH Ha p ce J00MBaaT morojieMu nonoopysama 3a PER. Hcto
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p PER. | PER, pack
0.03 | 0.00257 | 0.00257
0.04 | 0.00514 | 0.00514
0.05 | 0.01714 | 0.01429
0.06 | 0.02657 | 0.02171
0.07 | 0.06171 | 0.04857
0.08 | 0.10800 | 0.08200
0.09 | 0.15886 | 0.12543

Tabena 3.6: Excnepumentannu pesynrtatu 3a P E R co u 6e3 Bpakame

p BER. | BERpack
0.03 | 0.00083 | 0.00077
0.04 | 0.00302 | 0.00165
0.05 | 0.01134 | 0.00510
0.06 | 0.01943 | 0.00892
0.07 | 0.04243 | 0.02194
0.08 | 0.07512 | 0.03795
0.09 | 0.11621 0.05383

Tabena 3.7: ExcnepumenTanau pesyiaratu 3a BE R co u 0e3 Bpakame

TakKa, co 0Baa MOAM(HKAIH]ja 32 CUTE BPSIHOCTH Ha P MIOCTUTHATH C€ TPUOIMKHO
JBarnaTu momoopu pesynratu 3a BER. OBa ce cnydyBa OWIEjKH BO CIy4YauTe
KOTa CO BpaKkameTo HeMa Ja Oulie eMTMMHHHAPAHO HEYCHEITHOTO JCKOAUPAhE CO
2PeUKa-NPazHo-MHONCECMB0, TIPA3HUTE PEyIIUPAHA MHOXKECTBA MOXE JIa Ce T0-
jaBar BO HEKOja MOJOIHEKHA UTEpallija, TaKa IITO ITOTOJIEM JIeN Of] TIopakara ke
Ouje neKoIupaH v BepojaTHOCTa 3a OUT-TpelIKa ke Ouje momasnia.

HampaBeHu ce eKCIIEpUMEHTH U CO KOPUCTEHE Ha 0Baa MOIU(pHUKAIIH]ja BO CITy-
JauTe Kora caMo €JHO O]l MHOXeCTBara Si(l) WIH Sl@) e Mpa3Ho BO HEKOja uTepa-
uuja. Ho, Bo oBHE ekcriepuMeHTH He ce JOOMEeHHU MOoJ00pH pe3ysiTaTh Of MpeT-
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XOHO KOTa €HUOT IPOLEC Ha IEKOIUPAE MIPOIOIKYBa aKO JPYTOTO MHOXKECTBO
e npa3Ho. Bo T0j cityuaj, 1eKoqupameTo YeCTO 3aBpIllyBa YCIEIIHO, TOCEOHO aKo
IPa3HOTO MHOXKECTBO C€ T10jaBH BO HEKOja OJT TIOCJICAHUTE UTEPALIHH.

3.5 Mertoa 3a HamMaJlyBame Ha ZpeuiKu-nogeKe-Kanouoamu

Kako mro e cnomenaro morope, Bo npBute ekcrepuMeHTd co AJIIT anroputmor,
NOOWEHHM Ce TIOJIOIIH Pe3yJTaTH BO OPOjOT Ha HEYCIICITHH IEKONPAha CO epeuiKa-
nosexe-kanouoamu, Ho OPOjOT Ha HEYCIEIIHU TEKOIUPAmA CO 2PeuKa-npazHo-
MHOXMCecmeo Oetlie momMai. 3a Ja ce pa3pentu 0Boj mpodiieM co moroieM Opoj Ha
epeuKu-nogeKe-kaHouoamu, BOBEJIeHa € eIHa XeBPUCTHUKA BO MPABUIIOTO 3a JIEKO-
TUpamke 32 eMTUMUHUPAE Ha OBOj THI Ha TPelIki. Bo Taa XxeBpuCTHKA CIIy4ajHO
ce oabupa eeH eNeMeHT Ol PeAyLUPAHUTEe MHOXKECTBA CO KaHAHUIATH 3a JIEKO-
JMpae BO TIOCTIeTHAaTa UTepalrja i HeroBaTa BTopa KOMIIOHEHTA Ce 3eMa 3a Jie-
KO/IMpaHa mopaka. Mcro Taa, o1 pe3yaTatuTe BO IPETXOAHOTO MOTIIaBje MOXE 1
ce BU/M JIeKa cO MPUMEHa Ha METOJIOT CO Bpakame 3a HamMallyBame Ha OpojoT Ha
epewxu-npasno-munodxicecmso Bo AJII1 anroputmort, no6ueHu ce 100pu mogoopy-
Baba Ha PE'R and BER.

Bo oBa normnasje, npeaioxeHa e cimyHa Moaudukanuja co Bpakame Bo A1
aJTOPUTMOT, 32 HaMaJlyBamke Ha OpPOjOT Ha HEYCIEIIHU JACKOUPAba CO epeuKa-
nosexe-kanouoamu. AKO MPOIECOT Ha JICKOAUPAEE 3aBPIIH CO epeluKa-nogexe-
Kanoudamu, TOTall co 1eJl OpOjoT Ha KaHAWJATH J1a Ce HaMaJIk Ha €/ICH, HeKoja
uTepalfja ce U3BpIIyBa Co IoMaia BpeIHOCT Ha B,,,,,.. IMEeHO, BO cITy4ajoT Kora
JICKOIMPAHETO 3aBPIIYBa CO IMOBEKE CIIEMEHTH BO PEAYIUPAHUTE MHOXKECTBA CO
KaHJMIaTH 32 JEeKOAMpamkEe BO MOCIEAHATA WTEpalirja, TOrall ce MOHMUIITYBaaT
HEKOJIKY UTEepaIiH U PBaTa oJ] MOHUIITEHUTE UTEPAIlH CE U3BPILyBa CO ToMaja
BPEIHOCT Ha B,,,,. Bo cieqHute urepamuu ce KOPUCTH MPETXOIHATA BPEIHOCT
Ha B,,00.

HampaBenu ce ekcriepuMeHTH CO KOPUCTEHE Ha oBaa Moaudukanuja Bo AJ[I1
aNTOPUTMOT 32 KozIoT (72, 288) co mapameTpuTe KoM Aajioa HajaoOpu pe3ynTaTtu
3a OBOj ajropuram, T.e., narepuor: 1100 1110 1100 1100 1110 1100 1100 1100
0000, xkiryaeBure k; = 01234, ky = 56789 u kBa3urpymnara aajaeHa o Tabemna 2.1.
Pa3smenanu ce nonoOpyBamaTa Ha BEpOjaTHOCTUTE 3a YCHEIIHO JAEKOIUPABE J10-
OMEHU CO OBOj METOJl KOPHUCTEJKH pa3IHueH Opoj Ha TMOHUINTEHH HTEPAINH
u B.. — 1 wm B,,,, — 2 BO nIpBara NOHUIITCHA UTEpaIy]ja.

HajnoOpu pesynraru ce 10OMEHU aKo c€ MOHUIITAT OCIEIHUTE JIBE UTSPALIUU
U c€ KOPUCTH B,,,, — 1 BO mpBarta oa noHumrenure urepanuu. Bo Tabena 3.8
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u Tabena 3.9 cnopenenu ce Bpeanocture Ha PE R, u BER, (on Tabena 3.2 u
Tabena 3.3) noOuenu Oe3 Bpakame u BpenHoctuTe Ha PFE R, pockmore ¥
BER. pack more TOOUESHH CO BpaKambe 3a epetuKa-nogeKe-Kanouoamu.

p | PER. | PERpack-more
0.02 | 0.00171 0.00029
0.03 | 0.00257 0.00086
0.04 | 0.00514 0.00343
0.05 | 0.01714 0.01543
0.06 | 0.02657 0.02600
0.07 | 0.06171 0.05971
0.08 | 0.10800 0.10543
0.09 | 0.15886 0.15743

Tabena 3.8: ExciepumenTtannu pe3ynraru 3a PE R 6e3 u co Bpakame 3a epeuika-
nogexe-kaHouoamu

p | BER. | BER  yack more
0.02 | 0.00011 0.00001
0.03 | 0.00083 0.00051
0.04 | 0.00302 0.00253
0.05 ] 0.01134 0.01085
0.06 | 0.01943 0.01932
0.07 | 0.04243 0.04208
0.08 | 0.07512 0.07495
0.09 | 0.11621 0.11583

Ta6ena 3.9: ExciepumenTtanuu pesynratu 3a B E R 6e3 1 co Bpakame 3a epeuka-
nosexe-kanouoamu

On pesynrarute Bo Tabena 3.8 u TabGena 3.9 Mmoxke aa ce BUIU J€Ka CO KOPHUC-
TeHE Ha 0Baa Mojau(uUKalija 3a HaMaJlyBambe Ha OpojoT Ha HEYCHELIHU JeKOAU-
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pama co epeuika-nogexke-kanouoamu T0OUEHH Ce MOI00pyBamka Ha BPETHOCTUTE
Ha PERw BER, 3a cuTe BpeIHOCTHU Ha .

[TonoOpyBamara Ha BpeJHOCTUTE Ha BEPOJaTHOCTUTE 3a MAKET-Tpelka 1 OuT-
rpeuika J00MeHHU COo JIBaTa METO/IM 32 HaMaJlyBamke Ha IPEIIKUTE CO Bpakame, HU
najzioa ujeja 3a KOpUCTeHhe Ha KOMOMHAIM]a O]l OBUE JBa METOIU. 3aToa, Hampa-
BEHU C€ EKCIIEPUMEHTH CO KOPUCTEH-E Ha JIBaTa METO/IU CO BpaKame, 3a epeuKa-
NPA3HO-MHOJCECME0 U 33 epeuKa-nogeke-kanouoamu. Bo oBue eKCIIEpUMEHTH,
aKo ce J00Ue epewKa-npasHo-mMHO#CeCmso, T.e., IPa3HU MHOXKECTBAa BO HEKOja
uTepalyja o MpoIecoT Ha JAEKOAUPAame, TOTrall ce TOHUIITYBAAT JIBe UTepalluu
U TpBaTa Of TMOHUINTEHUTE WTEpallMd C€ U3BPIIyBa CO KOPHUCTEHE Ha
Binar +2 = 6. On gpyra cTpana, ako MpouecoT Ha AEKOAUPAE 3aBpIIU CO MO-
BEKE €JIEMEHTH BO [TOCJIETHUTE MHOXKECTBA SS% u Sg%, TOTall IPOLECOT Ce Bpaka
JBe WTepaluu Hasaq u (s/2 — 1)-Ta utepanuja ce u3BpiuyBa co By, — 1 = 3.
Bo enen npotiec Ha ekoaMpame ce IpaBU caMo €IHO Bpakame, OuIejku Kora ce
IpaBaT MOBEKe Bpakama ce JOOMBa MHOTY ToJieMa KapJUHAIHOCT Ha MHOXECT-
Bara S BO onpeeHa urepanuja. VICKIy4doK 3a oBa MPAaBHUJIO € CIEAHUOT CIyYaj.
AKO TTOCTIe BpaKambEeTO 3 epeluka-npasHo-MHOMCeCmeo ce 100ujaT MoBeke KaH I1-
JaTy BO TMOCJeHAaTa uTepalyja, Toraml ce IpaBu yIITe eIHO BpaKame 3a epeuKa-
nogexe-KaHouoamu.

Hexa co PER, pock o 1 BER, pock2 C€ O3HAYCHH BEPOjaTHOCTHUTE 32 MAKET-
rpemka u out-rpenika 1o0ueHu Bo Toj ciayyaj. Bo TaGena 3.10 cnopenenu ce
PER., PER. pack» PER: pack-more 1 PE R pacr 2, @a Bo Tabena 3.11 Bpennocture
Ha BER09 BERc,backa BERc,back,more and BERc,backJ-

On pesynrarute Bo Tabena 3.10 u Tabena 3.11, Mmoxxe a ce BUIU JeKa 3a
MOMaJIi BpeIHOCTH Ha P, MOI00pH pe3ysITaTH ce JoOUBaaT co BpakameTo 3a 2peli-
Ka-nogexe-kanoudamu, 3aroa mTo 3a MOMaJIH p TOrojeM Opoj O HEYyCHEIIHUTE
JEKOIMparka 3aBpIyBaaT co OBOj TUII Ha rpemika. Of apyra cTpaHa, 3a MorojieMu
BPEIHOCTH Ha p OPOjOT Ha HEYCIIEIIHH JEKOAUPAhA CO ePeuKa-npasHO-MHOHICeC-
meo e morosieM. OTTyKa, 3a OBME BPEIHOCTH Ha p, MOm0Opu moaoOpyBama ce
00MBaaT Co KOPUCTEHE Ha METOJIOT CO BpaKambe 3a epeutKa-npazHo-MHOMCECME0.
HcTo Taka, MoXe J1a ce 3aKITy4H JieKa Co MpeiokeHaTa KoOMOMHaIMja Ha METOIUTE
CO Bpakame 3a JBara THIa Ha TPEelIKu ce qoOuBaaT HajaoOpu momoOpyBama Ha
Bpeanocture 3a PER u BE R, 3a cute p. OcBeH Toa, BpeAHOCTH Ha BE R, pck 2
ce moBeke of ABanaty noManu og BER,.
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p PER. | PER pack | PER  pack-more | PER¢ pack 2
0.02 | 0.00171 | 0.00171 0.00029 0.00029
0.03 | 0.00257 | 0.00257 0.00086 0.00029
0.04 | 0.00514 | 0.00514 0.00343 0.00314
0.05]0.01714 | 0.01429 0.01543 0.01200
0.06 | 0.02657 | 0.02171 0.02600 0.02000
0.07 | 0.06171 | 0.04857 0.05971 0.04486
0.08 | 0.10800 | 0.08200 0.10543 0.08114
0.09 | 0.15886 | 0.12543 0.15743 0.12486

Tabena 3.10: Excniepumentanuu pesynratu 3a PE R 6e3 u co METOIUTE CO Bpa-
Kame

p | BER. | BERcpack | BERcbackmore | BERcback-2
0.02 | 0.00011 | 0.00011 0.00001 0.00001
0.03 | 0.00083 | 0.00077 0.00051 0.00024
0.04 | 0.00302 | 0.00165 0.00253 0.00142
0.05 ] 0.01134 | 0.00510 0.01085 0.00507
0.06 | 0.01943 | 0.00892 0.01932 0.00869
0.07 1 0.04243 | 0.02194 0.04208 0.02017
0.08 | 0.07512 | 0.03795 0.07495 0.03459
0.09 | 0.11621 | 0.05383 0.11583 0.05378

Tabena 3.11: ExcniepumenTtanuu pesyntatu 3a BE R 6e3 1 co METoauTe CO Bpa-
Kame

3.6 A/l aaropuram co moxoJird NOpaKku

Bo Iornagje 2.6 ucnuraHo € BIMjaHUETO Ha JOJDKMHATA Ha OpPaKUTe Ha mepgop-
MaHCHUTE Ha CTAHJAPJIHUTE KOJOBUTE KOM MOMPABAaT IPeIIKy 0a3upaHu Ha KBa3H-
rpynu. Tamy e mokakaHo Jieka BEpOjaTHOCTUTE 3a MaKeT-TpeliKa U OUT-Tpelika 3a
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koot (144, 576), co mogoary NOpaku U KOJHU 300pOBH, € MPUOINKHO JABaraTu
MOTOJIEMH OTKOJIKY 3a KomoT (72, 288). Hcro Taka, 3abenexaHo € Jeka BO €KC-
nepuMeHTuTe 3a KomotT (72,288) ce moOuBaar mMoBEeKe HEYCHENIHHM JCKOIUPAa
CO epewka-noseke-kanouoamu. Jloneka, BO eKCiepuMeHTHTE 3a KonoT (144,576)
OBHE I'PEIKH He ce mojaByBaar (oceH 3a p = 0.05). Bo oa mornagje, ke Ouze
UCIIMTAHO JTAJIA OBa CE CIlyuyBa M BO eKcrepuMeHTuTe co HoBHOT AJIIT anropu-
TaM.

Bo Ilornasje 3.3 nageHu ce eKcriepuMeHTaTHUTE pe3ynTatu nooueru co A /Il
anroput™MoT 3a komot (72,288) co para R = 1/4. 3a cnopenba HampaBeHH ce
EKCIIEPUMEHTH CO MCTaTa KBa3uUTpyIa, KIyuyeBUTE Ol 5 HUOIM U McTara paTa 3a
koot (144, 576) co qBanaty MoIONTH MOPAKK ¥ KoaHM 300poBu. HajmoOpu pesyi-
tatu co A/l anroputmort 3a xox (144, 576) nobuenu ce 3a marepuot: 1100 1110
1100 1100 1110 1100 1100 1110 1100 1100 1110 1100 1100 1110 1100 1000 0000
0000. Bo excnniepumenTtute co kof (144,576) 3abenexaHo € AeKa He Ce IojaByBaaT
HEYCIEIIHN JIeKOIUpPama CO epeuKa-noseke-kanouoamu. Ho, UCTO Kako U co
CTaHJAPAHUOT ANTOPUTaM, OpPOjOT Ha HEYCHCIITHH JEKOUPAbA CO 2peuKa-npasHo-
MHOJHCECmMB0 € TIOTOJIEM.

p | PER.(72,288) | PER.(144,576)
0.02|  0.00171 0.00000
0.03|  0.00257 0.00114
0.04|  0.00514 0.00800
0.05| 0.01714 0.02914
0.06|  0.02657 0.05657
0.07|  0.06171 0.11029
0.08|  0.10800 0.17886
0.09|  0.15886 0.28286

Tabena 3.12: ExciepyuMeHTaIHU pe3yiITaTy 3a BEPOjaTHOCTA 32 MaKEeT-IPenIKa

On pesynararure Bo Tabema 3.12 u TabGema 3.13 mMoxe aa ce 3aKiayyu Jeka,
UCTO KaKO M CO CTaHAAPAHHUOT AJTOPUTaM, BEPOjaTHOCTHUTE 32 MaKeT-IpelIka U
OWT-TperiKa 3a KOJAOT CO MOJO0JTH MOPAKHU U KOIHU 300POBHU CE MOTOJIEMH OTKOIKY
3a KOZOT co mokparku. OBa e He TouHo camo 3a p = 0.02 u p = 0.03, dunejku
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p | BER.(72,288) | BER.(144,576)
0.02]  0.00011 0.00000
0.03|  0.00083 0.00080
0.04]  0.00302 0.00621
0.05]  0.01134 0.02186
0.06|  0.01943 0.04516
0.07]  0.04243 0.08534
0.08]  0.07512 0.13512
0.09|  0.11621 0.22163

TaGena 3.13: ExcnepuMeHTaIHU pe3yNTaTH 3a BEpOjaTHOCTA 3a OUT-Tpelka

3a OBHE BPEIHOCTH Ha p OPOjOT HA 2peluKu-npazHo-mHONCeCma8o € MHOTY Mall.
Nwmeno, 3a p = 0.02 u p = 0.03, OpojOT HA epewKuU-nPazHO-MHOHCECMBO € UCT
3a nBata koaa (3a p = 0.02 Gpojot Ha oBue rpemku e 0), HO 3a koot (72,288)
MMa 1 HEKOJIKY HEYCIIeUIHH JEKOANpama Co epeuka-noseke-kanouoamu. Bo exc-
nepuMeHTuTe co koaoT (144,576), nodueHo e Jeka 3a 0BOj KO BEpOjaTHOCTA 3a
1I0jaBYBabE HA 2peuKka-nogeke-kaHouoamu € Hyja 3a CUTe BpeJHOCTH Ha D.

3.7 ExcnepuMmeHTH O KBa3urpynu oja pea 4 u pen 256

Bo oBa nmomnasje ke Ougar ucnutaHu nepGopMaHCUTE Ha CIy4YajHUTE KOJIOBHU Oa-
3UpaH Ha KBa3uUTPYNH KOTa BO MPOILIECUTE HA KOAMPAIE M JIEKOJUPAbE Ce KO-
pucTar KBa3urpymnu o pea 4 u pen 256. Toramr mopakuTe U KOTHUTE 300pOBU
C€ CTPUHTOBH O]l 2-OMTHU cuMOOoIM Win 8-OuTHH cumbonu (0ajTH), COOABETHO.
HanpaBeHu ce HEKOJIKY €KCIIEPUMEHTH CO CTaHIApIHUOT METO] Ha KOJHparkhe/1e-
komupame u co AT anroput™moT neduHUpan morope.

Bo ITornagje 2.4 ucnuranu ce nepdopmancure 3a kox (72,288) co cranmapa-
HUTE AJITOPUTMHU, 32 OMHAPEH CUMETpHUeH KaHal. Tue ekcriepuMeHTH ce Hampa-
BCHH CO KopucTteme Ha aszdykara Q = {0,1,...9,a,b,¢,d, e, f} on uubnu u pas-
JTUYHU KBa3urpymnu ox pen 16. HajmoOpu pesynrtaru ce 1obueHu 3a KBa3urpymnara
naneHa Bo TaGena 2.1, kiayd ox 10 HuOam u marepHot 3a pexyHaantHoct: 1100
1100 1000 0000 1100 1000 1000 0000 1100 1100 1000 0000 1100 1000 1000
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0000 0000 0000. Bo ITornasje 3.3 oBue pe3yinTaTH ce CIIOPEIEHH CO Hajao0puTe
pesynratu noouenu co AJII1 anropurmot 3a a30yka o HUOIH.

Cera, HanlpaBeHH ce EKCIIEPUMEHTH €O J1BaTa adroput™Mu (cranaapaeH u AJIIT)
BO KOM C€ KOPHUCTAT KBasUrpynu ox pen 4 u pex 256, HAMECTO KBa3UIPYIH OJ
pen 16. HanpaBenu ce cumynanuu 3a OWHApEH CUMETPUYEH KaHAJl CO Pa3InIHU
NIaTEePHU 32 JOAaBamke Ha peIyHIaHCcaTa, PA3INYHN KITY4YEBH, Pa3IHYHH JOJDKHHA
Ha OJOKOBHUTE BO MPOIECOT Ha JCKOIUPAE U HEKOJIKY KBa3uUTpymu o ped 4 u
pen 256. Bo excriepuMeHTH pa3IiieyBaHH Ce BEpOjaTHOCTHUTE 3a MaKeT-TpelKa,
BEPOjaTHOCTHUTE 3a OUT-TpelIKa U OpojoT Ha HEYCIICIIHU IEKOANPAba CO epeuiKa-
NPA3HO-MHONCECMBO U 2PEUKA-NO8eKe-KaAHOUOamU.

3.7.1 ExcnepuMeHTH €O KBa3Urpynu ox pen 4

Kopuctejku rpaduuku npukas (image pattern), Jlumutpona u Mapkoscku, Bo [17],
naBaar kinacudukalyja Ha KBasurpynure of pen 4 Ha ppakraiHu 1 HepaKTaIHU.
Bo [21] aBropuTe maBaar kimacuduKaiyja Ha OBUE KBa3UTPYNU HA JTHUHEAPHU U
HenuHeapHH 1o bynosa npesentanuja. Hue ru ucnuraBme nepdopmaHcure Ha
RCBQ co nopaku o 2-OuTHH cUMOOIM 32 KBa3UTPYIH O]l PAa3UYHU KJIACH Ha
oBHe Kacudukanuu. HampaBeHn ce eKCIIiepuMEHTH CO KOPHCTEHhe Ha (paKTaTHA
KBa3uTpynu; HeppakTaHu U ¢1ab0 HeTMHEApHH; U He(PAKTATHU U YHCTO HEIH-
HEapHU KBa3UTPYIIH.

Bo excnepuMmeHTHTE CO KBa3UTPYIH Of] pen 4, HajIolmM pe3yaTaTtu ce 100u-
Baar Kora ce KOpHcTar (pakTaiHu KBa3urpymnu. MMeHo, ako BO alrTOpUTMHTE 32
KpUIITHpamke/IeKkpuntupame (naaean Ha Cinuka 2.2) ce KOpUCTH (ppaKkTaiHa KBa-
3Urpymna, Torami ce J00MBaaT MHOTY HEYCIEIIHHU JICKOIUPaba CO 2peLiKa-nosexe-
Kanouoamu Iypu 4 3a B,,.., = 3. Op npyra crpaHa, BO €KCIIEPUMEHTHTE CO
HepakTaIHU U clabo HETMHEApHU W He(PpPaKTAIHU U YMCTO HEITMHEAPHH KBa-
3UTPYIIH, BPETHOCTUTE Ha BEPOjaTHOCTA 32 MAKEeT-TPEIKa U BEpOjaTHOCTA 33 OUT-
Tpellka ce CIMYHU, HO MaJIKy MoI00pH 3a He(hpaKTaIHU U cJ1a00 HEIMHEApHHU KBa-
3UTPYITH.

Naxo xomoBUTE CO HUOIHM U KOJJOBUTE CO 2-OMTHU CUMOOJIHN Ce JBa Pa3InIHU
KOJIa, BO OBa IOTJIaBje Ke OUaT CIIOpeIeH! pe3yiTaTuTe 100ueHu 3a Koz (72,288)
co para 1/4 3a nBete a30yku. 3a B, = 3, HOI0OPH pe3ynTaTu ce 100uBaar BO
€KCIIEPUMEHTHUTE CO 2-OMTHU CUMOOIIU CIIOPEICHO CO EKCIIEPUMEHTUTE CO HUOIH.
Ho, 3a noronemu BpeaHoCTH Ha B4, BO CUTE €KCIIEPUMEHTH CO 2-OMTHU CUM-
6omu (co cranmapaeH anroputam u co AJIIT anroputam) ce tobuBaat MHOTY He-
YCHEILIHU JIEKOJUPAba CO 2peuiKa-nogeKe-Kanouoamu.
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Hajnobpu pesynraru 3a xox (72,288) co kopucreme Ha az0ykara of 2-OUTHU
CHUMOOJIH ¥ CTaHAAPAHUOT aJITOPUTAM JOOMEHH CE€ 3a CIICHUTE MapaMeTpu:

— marepHoT 3a pegyHaanTHoct: 111000 111000 110000 000000 111000 110000
110000 000000 110000 110000 000000 000000 111000 111000 110000
000000 111000 110000 110000 000000 110000 000000 000000 000000,

— kiy4ot k = 012301230123213023103210 ox 24 cumbomnu, u

— kBazurpymnara (3.1) (HedpakTanHa u c1abo HeJTMHEapHa KBa3UTPYIIa).

« o 1 2 3
0/0 2 1 3
111 3 2 0 3.1)
2 12 0 3 1
313 1 0 2

Bo Ta6ena 3.14 u TaGena 3.15 criopenenu ce, 3a pa3IuyHA BPEJHOCTH Ha Be-
pojaTHOCTA p 3a OUT-TpenIKa Ha OMHAPEeH CUMETPUYEH KaHall, HajA00pHuTe pe3yi-
tati Ha PE R u BE R 3a nBara koza (72,288) (co 2-6utHu cumbosu 1 HUOIN) co
KOPHUCTEHE Ha CTaHJIAPIHUOT aaropuram u B,,., = 3 . Bo Ttabenmure PE R, 5 u
BER, 5 ce BepojaTHOCTUTE 3a MaKeT-TPEIIKa U OUT-TpeliKa 3a KOJI0T o 2-OuTHU
cumobomu, a PE R, u BE R, 3a xonot co Hubmu (ox Tadena 2.10 3a B4, = 3) .

p | PER,5 | PER;
0.02 | 0.00171 | 0.00475
0.03 | 0.00849 | 0.01843
0.04 | 0.02429 | 0.05559
0.05 | 0.05429 | 0.11758
0.06 | 0.09886 | 0.21314
0.07 | 0.15743 | 0.32971

TaGena 3.14: ExcieppuMeHTaIHU Pe3yATaTH 3a BEPOjaTHOCTA 3a MAKET-TPeIIKa 3a
Binaz =3
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» | BER,,| BER,
0.02 | 0.00121 | 0.00209
0.03 | 0.00486 | 0.00849
0.04 | 0.01491 | 0.02629
0.05 | 0.03467 | 0.05488
0.06 | 0.05917 | 0.10655
0.07 | 0.09941 | 0.16738

TaGena 3.15: ExcriepuMeHTaJIHHM PE3yJITATH 32 BEPOjaTHOCTA 3a OUT-Tpelka 3a
Biaz =3

On pesynratute Bo Tabema 3.14 Moke ma ce 3akiydd aeka 3a B, = 3
BpenHoctute Ha PFE R, 5 ce MpUOIMKHO JBaraTy Moao0pu Ol BPEAHOCTUTE HA
PER,. UcTHOT 3aKITy4OK € TOUEH U 3a BpenHoctute Ha BE R, o u BE R, nanenu
Bo Tabena 3.15. [logoOpure pe3ynraru 3a OpojoT Ha epeluKu-npasHoO-MHONCECHBO
3a KOJIOT CO 2-OMTHU cuMOO0IH CiieyBaar u o popMysiaTa 3a TEOpUCKara Bepojar-
HOCT 3a MakeT-rpemika gajaeHa Bo Teopema 2.1. Bo oBaa Teopema ce npeaBUICHHA
caMo OBOj THI Ha Tpeniku. Ho, BO eKCIEpUMEHTHTE CO KOJIOT CO 2-OMTHHU CHMOOITH
ce 100MBaaT HEKOJIKYy HEYCHEIIHU JEKOAUpama CO ZpeulKka-nogeKe-kaHouoamu,
oypu u 3a B, = 3. 3aroa, ekciepuMeHTaIHUTEe BepojatHoct PE R, 5 ce
norosiemu ox Teopuckute PE R, nanenu Bo Teopema 2.1.

HampaBeHu ce ekcriepuMeHTH U co Kopuctewmhe Ha AJII1 anropuTMor 3a Kox
(72,288) co 2-6utHu cumbonu. Bo oBHe eKCliEepUMEHTH HajI00pu pe3ylTaTu ce
JOOMEHH CO KOPHUCTEH-E Ha CIICIHUTE MMapaMETPH BO TU3aJHOT Ha KOIOT:

— narepHOT 3a pexyHaanTHoct: 111100111100 111000111000 111100 111000
111000 111100 111000 111000 110000 000000,

— JIBa pa3Nuy4HuU KinydeBHu k; = 012301230123213023103210 u
ko = 321023102130012301230123 ox 24 cumObomnu, u

— kBazurpymnara (3.1).

Pesynrarure noOueHn 3a BEpOjaTHOCTUTE 3a MAKET-TpeIlka U OUT-Ipelka 3a
pa3NIUYHM BPEAHOCTH Ha BEPOjaTHOCTA p 3a OMT-TpelIka Ha OMHAPEH CUMETPHUYCH
KaHal u B,,,, = 3 nagenu ce Bo Tabema 3.16.
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p | PER., | BER.,
0.02 | 0.00114 | 0.00059
0.03 | 0.00714 | 0.00354
0.04 | 0.02057 | 0.01232
0.05 | 0.04886 | 0.02965
0.06 | 0.09200 | 0.05493
0.07 | 0.15000 | 0.09566

Tabena 3.16: ExciepumenTtanuu pesynraru co AT anroputmot 3a By, = 3

Co criopen6a Ha cooaBeTHUTE BepojaTHOCTH BO Tabena 3.14 (Tabena 3.15) u
Tabena 3.16 Moxe 1a ce 3aKIy4H Jieka 3a KoAoT co 2-outHu cumbomm AJIIT an-
rOpuUTaMoT JaBa Majiky nomoopu pesynrtaru 3a PER u BER o cTaHIapJHUOT
anropuram 3a aexkoaupame. McTo Taka, npouecot Ha nexkoaupamwe co AT anro-
pPUTaAMOT € JBanary No0p3 OTKOJIKY CO CTaHJapAHHOT aJIFOPUTAM.

3.7.2 EKcnepMMeHTH CO KBa3UIpPyIu o1 pex 256

[Tonaramy, HampaBeHW ce EKCIEPUMEHTH co a30Oykara o 0ajtu (8-OuTHH CUM-
0011) CO KOPUCTEHE Ha PA3IUNYHU MATEPHH, KIIYYeBH U KBa3UTPYIHU o1 pexa 256.
Bo oBue ekcriepuMeHTH, CO 1BaTa aJroOpuTMHU 3a Aekoaupame (ctanaapaeH u A1)
ce mobuBaar ckopo uctu BpegHoctu 3a PE R u B E R kako 3a KOIOBUTE cO a30yka
o HUOIIH.

Bo Tab6ena 3.17, nanen e enen npumep. OBuUe pe3yaTaTu ce 100MEHH 32 KOJIOBU
(72,288) co cieqHuTEe IApaMeTpH:

— BO CTaHJIApPHUOT aJIropuTaM - maTepHoTt 3a peayHaantaoct: 10 10 10 00 00
10 10 00 00 10 10 00 00 10 10 00 00 00 u xnyuy £ = 0123456789 on 10
0ajTu,

— Bo A/IIT anropuramor - mareprot: 11 10 10 10 10 10 10 10 00 u nBa pa3-
TgHY Kiy4deBH ky; = 0123456789 u ke = 5432897610 ox 10 6ajru.

Bo nBara exkcriepuMeHTH KOpPHUCTEHA € UCTa KBasurpymna ox pen 256. Bo
Tabena 3.17 cnopezieHH ce BEpOjaTHOCTUTE 3a MAKET-TPEIIKa U OUT-Tpenika J1o-



3.7. Excnepumenmu co keazuepynu o0 peo 4 u peo 256 73

O6uenu co cranaapaHuot anroputam U AJII1 anropuT™MoT 3a KOZOBHUTE CO 8-OUTHH
cumbounu (6ajTi) 1 HUOIH.

PER BER
anroputaMm | HUONMM | O6ajTu | HUOMM | OajTH
cragaapaes | 0.1131 | 0.1100 | 0.0649 | 0.0749

AT 0.1080 | 0.1029 | 0.0751 | 0.0838

TaGena 3.17: ExciepuMeHTanHU pe3yiITaTy 3a BEPOJaTHOCTUTE 3a MaKeT-IperiKa
u out-rpemka 3a p = 0.08, B, = 4

On pesynrarure Bo TaGena 3.17 Moxe Aa 3aKJIy4H JeKa CO JABaTa aJlrOPUTMU
3a JICKOANpame ce JoOMBaaT MpUOIMKHO UCTH BpenHoctr 3a PER u BER w 3a
nBeTe a30yKu.

3akayuyok

Bo oBaa raBa e neuHMpaH HOB aJrOpUTaM 3a KOAUPAE/JEKOIUPAE Ha CITyYaj-
HHTE KOJIOBU Oa3MpaHH Ha KBa3UTPYIH CO KOj TPOLIECOT Ha IEKOANPAHE 33 KOJOBU
co pata 1/4 ce 3a0p3yBa 3a 4.5 naru. JlepuHrpaH € HOB METOJI 32 HAMAITyBambE HA
HEYCIICUTHUTE JIEKOIUparba KOU 3aBPIIyBaar co MOBEKe KaHANUIATH U MPEIOKeHA
€ KOMOMHAIIMja Ha JIBaTa METOMIM 332 HAaMallyBamke Ha HEYCIICIITHUTE JCKOANparbha,
CO Koja ce Jo0MBaaT moJo0pu BPeTHOCTHU 3a BEPOjaTHOCTA 3a YCIEIIHO JAEKOIH-
pame. Mcro Taka, ucnutanu ce nephopMaHcuTe Ha OBHE KOJOBHU KOTa BO MpolLie-
COT Ha KOJIMPame/AeKONpamhe ce KOPUCTAT KBAa3UTrpynu on pexa 4 wiu pex 256,
HaMEeCTO KBa3urpymnu of pex 16.






I'1asa 4

IIpumena na RCBQ 3a nexkoaupame CJIUKH

Bo oBaa miaBa ucnutaHu ce neppopMaHCUTE Ha CIy4ajHUTE KOJOBH Oa3HpaHu
Ha KBa3UI'PYyIU 3a NPEHECYBambe Ha CIMKU HU3 OMHAapeH CUMETpUYeH KaHajl. 3a
Taa 1IeJ1 HAIIPaBEHU CE€ EKCIIEPUMEHTH CO KOPUCTEHE Ha CTAHJAPHUOT aJropuTam
3a Komupame/nekoaupame 1 HoBUoT AJIIT anropuram. ExcriepumenTannure pe-
3yATaTH C€ CIIOPEACHU CO COOABETHUTE PE3yATaTu 10OUEHH CO KOoBUTE Ha Pun-
Conomon.

4.1 Moaupukanuu Ha AJTOPUTMHUTE 32 HUBHA IPUMEHA BO J1e-
KOIUPambe CJIMKHU

Bo I'maBa 2, nepunupanu ce crapaapaaure anroputmu 3a RCBQ, a Bo I'masa 3
npemnoxer e HoB AJIIT anropuram 3a oBue kKonoBu. Bo iBeTe Bep3uu Ha npaBH-
JIOTO 32 JICKOUPAhe UMa JIBa THITA Ha HEYCTICITHH JACKOANParba: epeuKa-npasHo-
MHOJMICECmMB0 U epeulka-noseke-kanouoamu. Kora ke ce mojaBu epeuika-npazHo-
MHOJICecmeo, ToTall MPOIeCOT Ha ACKOIUPAmhE 3aBPIIyBa MOPAHO U CaMo JIeJ O
nopakara € JeKoAupaH. A BO CJIy4aj Ha epeuwKa-nogeke-kaHouoamu uMa roBeke
O]l €/IeH KaHJIuaT 3a JeKoJAupaHara nopaka. 3a npumena Ha RCBQ 3a konupa-
e/ IEKOINpakbe Ha CIIMKH MOTPEOHO € HEKaKo J1a Ce pa3peliaT OBUe CIIydad Ha
JEJIyMHO W HEEJMHCTBEHO JIEKOJUpaHa Mopaka. 3aToa, BO €KCIIEPUMEHTHUTE CO
JIBaTa alTOPUTMU KOPUCTEHH CE CIECTHHUTE pPElIeHH]a 3a HEYCHEIIHUTE IeKOAU-
pama

HeycneuHo aexkonupame co cpeuika-noseke-kanouoamu. buaejku Bo exc-

nepumenTute co AJ[IT anropuramoT ce jaByBaa morojem Opoj Ha HEYCIICITHY Jie-
KOJIUparma CO epeuKa-nogeKke-kaHouoamu, MpeayioKuBMe XeBPUCTUKA 33 EIIMMHU-

75
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HUpPaWbE Ha OBOJ THUIl Ha Ipeniku. VMIMeHo, ako ce MojaBu epewka-nogeke-kanou-
damu, TOTaIl CIy4ajHO Ce€ O0Mpa eaHa Topaka O peaylHPaHUTE MHOXKECTBA BO
HociIeiHaTa UTepalyja u Taa mopaka ce cMeTa 3a AekoaupaHa nopaka. Cera, opaa
XEBPUCTHKA C€ IPUMEHYBA BO €KCIIEPUMEHTHTE CO CIIMKH 3a JIBaTa aJrOPUTMH 32
RCBQ.

Heycnemno aexkoqupame co zpeuika-npasno-mHoxcecmeo. Kora ke ce mo-
jaBH epeuKa-npasHo-mHodxicecmeso, T.e., S; = () BO craaapIHuoT anropuram (M
Bo A/IIT anroputraMoT iBeTe perylupaHd MHOXKECTBA SZ-(I) u Sl@) ce mpas3Hu), ce
3eMaaT CTPUHTOBUTE 0€3 pPeIyHIaHTHUTE CUMOOIU OJf CUTE €IIEMEHTH BO MHO-
KECTBOTO S;_1 (WIH Si(i)l u Sg)l) U ce OoIpeJedyBa HUBHUOT MaKCHMAJICH 3ae/l-
HUYKHU npedukc. AKO 0BOj MOACTPUHT uMa k cuMOOJu, Toram 3a Ja ce nqooue
JIeKoIMpaHa rmopaxa of [ cuMOoJIH ce 3eMaaT oBHe k CUMOOJIH U ce noaaBaar [ — k
HYITH cCUMOOIIM Ha KPajoT o1 mopakara. Bo ekCriepuMeHTUTE CO CIIMKH 3a0erne-
JKaBME JIeKa OBOj THII HA TPEIIKU MPaBH HAJBUIIUBU MPOMEHHU BO JCKOTUPAHUTE
ciuku. 3aroa, Bo ekcriepuMmerTute co AJIIl anroputaMoT KOPUCTEH € METOHOT
CO Bpakame 3a HaMallyBamke Ha OPOjOT Ha HEYCHEIIHU JIEKOIUPAa CO SPeuiKa-
npaszno-muodicecmeso, nehunupan Bo [lornasje 3.4.

4.2 ExcnepumeHTH

HampaBenu ce ekciepuMeHTH cO HEKOJIKY (BO 0oja u mpHO-Oenu) ciauku. Tyka,
ke OMaaT mpe3eHTUpaHu pe3ylnTaTuTe 1o0ueHu co ciukara aajaeHa Ha Cnuka 4.1.
Bo exciepuMeHTHTE KOPUCTEH € OMHApEH CUMETPUYCH KaHaJl CO CICIHUTE BPE-
HOCTH Ha BepojaTrHocTa 3a out-rpemka: p = 0.03, p = 0.06, p = 0.09 up = 0.12.
Pasrenanu ce camo oBue BpEeAHOCTH Ha p, OMICJKU 32 TIOMAJIA p HEMa BUIJIUBU
IIPOMEHHU BO JiekoaupaHuTe cauku. Op npyra crpaHa, 3a p > (.12 konupamero
Beke Hema cMHcIa (BepojaTHOCTa 3a OUT-Tpelka e morojiema of p). Mcro Taka,
noMery n30paHuTe BpeJHOCTH Ha p 3eMeH e uekop 0.03, 3a ga ce 1o0ujar BUIITMBU
Pa3IUKH BO JEKOJUPAHUTE CITUKHU.

3a cekoja BPEJHOCT Ha P, pas3lielyBaHU C€ CIUKUTE JOOMEHU IMOCIe MPEHOC
HU3 KaHAJIOT BO CJIETHUTE CIy4au:

a) 0e3 KOpHUCTEmE Ha KO/l 3a NIONPaBamke Ha MPELIKH,
0) co xopucreme Ha RCBQ co cTaHnapJHHOT aaropuram,

B) co kopucteme Ha RCBQ co A/III anropuramor (co Bpakame BO CiIydaj Ha
2peuKa-npazHo-MHONCECEO),
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r) co kopuctewe Ha Pun-ConomoH kof.

N

Cnuka 4.1: OpuruHaiHa civka

Cute eKkCriepruMEHTH ce HampaBeHu 3a koaor (72,288) co para R = 1/4. Bo
eKCIIEPUMEHTHTE KOPUCTeHa ¢ a30ykara o Hubmu Q = {0,1,...,9,a,b,¢,d, e, f}
¥ KBazurpymnara jajaeHa Bo Tabena 2.1. Bo asara anroputmu 3a RCBQ xopuctenu
ce MaTepHUTe, KIy4YeBUTE U JOJDKMHHUTE HA OJIOKOBU CO KOM ce IOOMEeHM Haja00-
pute pesynTatu. EKCIIEpUMEHTUTE ce HApaBeHH CO KOPUCTEHE HA B, = 4 BO
MIPOLIECOT Ha JACKOIUPAE.

Bo HamuTe excriepumenTu co kogoute Ha Pun-Conomon (Reed-Solomon Co-
des - RSC) xopucrena e ckparenata Bep3uja Ha RSC(63,27) ([63]). Toa e
koot RSC(48,12) mag nonero ma I'amoa GF(2°) co mpummTHBEH mOIHMHOM
p(r) =1+ X + X° (xoj ru uma ucrure no6pu ocobunu xaxo u ommrure RSC).
OBOj ckpaTeH Koj IMa UCTa JOJDKHHA Ha KoAHUTE 300poBH (288 Ourta) u ucra para
(1/4) xako u pasmeayBannoT RCBQ.

4.2.1 Excnepumenrtaunm pesyiaratu3a PERu BER

Co xopucreme Ha Matlab, cnukara nagena Ha Ciuka 4.1, IpBo € KOHBepTHpaHa
BO MaTpuiia o1 6ajTH, a moToa Bo HU3a o HHOMM. Ha Toj HaumH noOueHa e nucra
on 16756 mopaku ox 18 Hubnum (72 6ura). Bo oBa mornasje ke Ouaar pasrieqanu
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BPETHOCTUTE JOOMEHH 3a BEPOjaTHOCTUTE 32 IMAKET-TPEHIKa U OMT-TpelIka, a 1mo-
TOa ke OuaaT 1aaeHu T0OUEeHUTE CITUKU.

[IpBo, oBHe mopaku Gea MpeHeCEHH HU3 OMHAPHUOT CUMETpUYEH KaHal 0e3
KOPUCTEHE Ha OUIIO0 KOj KOJ 3a TOIpaBame Ha TPEelIKh. buaejku, rpemkuTe Bo
KaHAJIOT Ce T0jaByBaaT CIIy4ajHO W HE3aBHUCHO, CEKOj OUT CO MCTa BEPOjaTHOCT
MOXe J1a OuJie HETOYHO MpeHEeCceH. 3aToa, BO OBOj CIy4yaj BO CKOPO CUTE TOPAKH
¥Ma 1o 6apeM eJIeH HETOYEH cuMOoN U Bpeanoctute Ha PER = 1 — (1 — p)™
He ce nomanu ox 0.9 3a cuTe BpeJHOCTH Ha BEpOjaTHOCTA p 3a OWUT-TpellKa BO
OMHApHUOT CUMETPUYEH KaHaJ.

[Toroa, HampaBeHU ce EKCIIEPUMEHTH 332 UCTHTE BPEIHOCTU HA P BO KAHAIOT
W HUCTaTa ClIMKa, HO co KopucTteme Ha RCBQ (co cTangapIHUOT alropuraMm M co
AJIIT anropuTamMoT CO Bpakame BO CIIy4aj Ha epeuKa-npa3Ho-MHONMCECMB0) KaKO
KOJIOBH 3a TIOIpaBame Ha Irpellkd. Bo oBue ekcreprMEeHTH MOpakuTe MpPBO ce
KOJMpaaT co COOJIBETHHOT aJITOPUTaM 3a Konupame. [locne npeHocoT Hu3 OuHapeH
CHUMETPUYEH KaHaJl, U3Je3HUTE MIOPAKHU C€ IEKOAUPAAT CO KOPUCTEHE Ha COOJIBET-
HUTE aJTOPUTMU 32 iekoaupame (crangapaeH, A nim Pun-Conomon). Ha oBoj
HA4YMH, HEKOW OJf TPEUIKUTE HACTAHATH IMPH MPEHOCOT, YCIEIIHO Ce MOIpaBaar.
Bo Tab6ena 4.1 u TaGena 4.2 nafgeHu ce eKCIiepUMEHTAIIHU pe3y/TaTu 3a Bepojar-
HOCTHTE 3a maker-rpemika (P FE R) u BepojatHocTUTe 32 Out-rpemka (BER), 3a
pa3IryYHU BPETHOCTH Ha BEpojaTHOCTA 3a OMT-rpenika p. Bo oBue tabenu PE R,
u BE R, ce BepojaTHOCTUTE TOOWEHU CO CTaHIApIHUOT anroputam, PFE R, yqcr 1
BER, pacr co Al anroputamor co Bpakamwe u PER,; u BE R, ce BepojaTHOC-
tute noduenu co Pua-CoiaoMoH KOJOT.

p | PER, | PERcyack | PERys
0.03 | 0.0018 0.0032 0.0003
0.06 | 0.0338 0.0266 0.1157
0.09 | 0.1813 0.1282 0.7116
0.12 | 0.4719 0.3620 0.9748

TaGena 4.1: ExcriepuMeHTaIHU pe3yaTaTH 32 BEPOjaTHOCTA 3a MaKeT-Tpellka

On pesynratute naneHu Bo TaOena 4.1 mMoke ma ce BHIM JeKa camMo 3a
p = 0.03, PER nobuBa momaia BpeaHOCTH co konoT Ha Pun-Comomon. Jloxeka
3a p > 0.06 momobpu pesynraru naBa RCBQ, 0cobeHO co KOpUCTEHE HA HAIIIHOT
AJIIT anropuram.
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p | BER, | BER pack | BER,s
0.03 | 0.0011 0.0010 0.0001
0.06 | 0.0251 0.0112 0.0241
0.09 | 0.1379 0.0570 0.1625
0.12 | 0.3715 0.1742 0.2565

Tabena 4.2: ExciepuMeHTaIHU pe3yaTaTH 3a BEPOjaTHOCTA 32 OMT-TpelIka

On TaGena 4.2, Moxe 1a ce BUAM JIeKa PAa3JIMKUTE TMOMery pe3yiTaTure 3a
BER,; u BER, He ce TolKy 3HadajHu. [IprunHara 3a oBa € BO KOHCTPYKIIMjaTa
Ha RCBQ. Nmeno, kaj oBue KOJJOBH, KOTa HEKO] OUT € MOTPEITHO IeKOIupaH, TO-
raii CKopo CUTe CJIeIHH OUTOBH ce HETOYHO Jekoaupanu. Kako mocnenuia Ha oBa
BO HEKOja O]l UTE€pAIMHTE ce J00MBA MPAa3HO MHOXKECTBO CO KaHIUIATH 32 JEKOIU-
pame 1 caMo el O] Topakara € [ekoaupana. VcTo Taka, MOXKe /1a ce 3aKIydH JIeKa
pasnmukute oMery pesynrarute 3a BE R, u BE R, 4.1 ce mo3Ha4ajau. MimeHo, 3a
p = 0.06, BER, pgcr € IpubIMxHO aBaraty nomano on BE R,. OBa ce ciydyBa
ounejku Bo ekcriepumentute co RCBQ, OuT-rpemkara € HajrojieMa Kora JIeKo-
TUPAETO 3aBPILYBA CO epeuKa-npasHo-mHodxicecmso. Bo ekciepuMeHTHTE CO
AJIIT anroputaMOT KOPUCTEH € MPEATIONKESHHOT METO CO Bpakame 3a HaMaly-
Bamk€ HAa OBOj TUM Ha Tpemku. Kako mro e 00jacHeTo MpeTX0IHO, CO OBOj METOJT
OWT-TperiKara ce HaMajayBa JypH U Kora Tpelikara Hema Jia Ouje eTMMUHUpPaHa,
OuIejK1 CO BpakameTo MOXKE J1a Oujie IEKoIupaH MorojeM Jen of] mopakara. Jla
3a0eneKuMe ieKa OBHUE PE3YITATH U 3aKITyUOIH C€ CIIMYHU CO COOIBETHUTE PE3YII-
TaTH (1aJeHu BO MPETXOAHUTE INIaBU) NoOMEHHU Kora Oea KoIupaHH/IeKOIUpaHU
MOpPaKU HAMECTO CJIUKH.

Hcto Taka, Moxe na ce 3abenexu aeka 3a RCBQ co crangapAaHHOT anropu-
TaMm U kogoT Ha Pun-Conomon 3a p > 0.09 Hema cMucna 1a ce KOPUCTU KOJU-
pame/nexonupame, ounejku BER > p,Ho 3a p = 0.09, RCBQ co AJIIl an-
roputamMoT ce yire gaaBa BER, . < p. 3a p = 0.12, co cute pasmieayBaHu
anroput™u ce nobusa B E R monomo ox p.

4.2.2 Bu3syesiHa WJIYCTPALMja HA eKCIIEPUMEHTHUTE

Tyka, ke Oune naneHa BU3yelnHa MIIyCTpaldja Ha pe3yaTaTuTe, T.e., CUTE TPaHC-
(dopmanyu Ha ciukara, 1afaeHa Ha Cinuka 4.1, 1oOueHu Bo HallpaBeHUTE eKCIIepH-
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MEHTH.

Crnukute no0MEeHU 3a pasmieAyBaHHTE BPEIHOCTH HAa BEpPOjaTHOCTA 3a OWT-
rpeika p BO OMHApeH CHUMETpUYEH KaHajl, npercraBeHu ce Ha Ciuka4.2 -
Cnuka 4.5. Coukure 1nof a) ce 100MeHHU 110 IPEHOCOT HU3 KaHAJIOT 06€3 KOpUCTEHe
Ha KO/ 3a rorpaBame Ha rpemkn. Cinukure noduenn co kopucreme Ha RCBQ co
cranaapanuot u AJII1 anropuraMot npercTaBeHu ce rmoj 6) u B), coonBetHo. [of
T) JaJIeHU ce CIIMKUTE KoaupaHu/aekonupanu co Pua-ConoMoH KozoT.

Cnuxute npercraBeny Ha Cnuka 4.2 - Cinuka 4.5 BU3yeIIHO ' IPETCTaByBaar
HAILIUTE MTPETXOTHO AICHH 3aKITyYOLM 32 BPEAHOCTHTE Ha BEPOjaTHOCTA 32 MAKET-
rpemka. meno, 3a p = 0.03 cnukute nobuenu co asara anroputmu 3a RCBQ
(Cnuka 4.2 6) u Cnuka 4.2 B)) ce cnuunu. Ho, 3a p > 0.06 ciauxute noOueHu
co kopuctere Ha RCBQ co nammor AJIII anroputaMm ce MOYUCTH O CIMKUTE
no0HeHn co Kopuctewme Ha ctanaapaanoTr RCBQ u Pua-ConoMoH KofoT.

On cnukHTe MOXKE J1a Ce BHJIU JIeKa 3a CUTE pasIvieJaHd BPEIHOCTH Ha p (OCBEH
3ap = 0.03 u p = 0.12) cnukure noduenu co RCBQ co AJIII anropuramor ce
HajYUCTH.

Cmuka 4.2: Couxm 3a p = 0.03
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Cmuka 4.4: Couku 3a p = 0.09

Y
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Cnuka 4.5: Cnuku 3a p = 0.12

Hcro Taka, kako mTo e 3abenexxano u morope, 3a p = (.12 xomupameTo/ie-
KOJIMPAmkETO Ha CIMKHUTE HeMa CMUca, ouaejku BE R > p u 3aroa ciaukara Ha
Cnuka 4.5 a) e mouncTa o1 APyruTe CIUKH 3a UCTaTa BPEAHOCT Ha D.

On nperxojiHaTa IMCKyCHja MOKe Ja Ce 3aKIy4H JieKa 3a JIEKOAUPambe Ha CIH-
KU [TpeHeceHn H13 OuHapeH cumerpuueH kaHai, RCBQ co AZIIT anropuramor (co
Bpakame) UMaar nogoopu nepGpopMaHcH oJ] IpyTruTe pasriielyBaHU alTOPUTMH.

4.2.3 O0JuK HA HeJCKOAUPAHUTE /IeJIOBH O/ IOPAKUTE

Kako mTo e o6jacHeTo rmorope, BO €KCIIEPUMEHTHTE CO JBaTa anroputMu Ha RCBQ
KOTa TIPOIIECOT Ha JIEKOAMPAmE Ke 3aBPIIU CO 2peuka-npasHo-MHONCECB0 Ha
MECTOTO O] HeIEKOAUPAHUOT JIeJI O IOpaKara ce cTaBaaT HylITu cuMmOomu. Bey-
HOCT, OBH€ HYJITH CUMOOJIM c€ XOPU3OHTAIIHUTE JIMHUU KOM MOXKeE J1a ce 3abemnexar
Ha Cruka 4.2 6) — Cnuka 4.5 6) 3a crangapaauor RCBQ u Cnuka 4.2 B) —
Cnuxa 4.5 B) 3a AJII1 anropuramot. [loneka, cnukuTe JOOMEHH 0€3 KOPUCTEHE
Ha KoJ 3a nornpaBame Ha rpemku (Ciouka 4.2 a) — Cnuka 4.5 a)), T Hemaar oBue
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JIMHUY, HO HU3 1IeJlaTa CJIMKA MMa TOYKHU KOM BCYITHOCT C€ HETOUHO MPEHECECHUTE
OHUTOBH.

bunejku Bo cimkute nexomupanu co RCBQ HajBuaiMBHTE TPOMEHU CE BO
00JIMK Ha XOPU30HTAJHU JIUHUH, IOCTOM MOYKHOCT 3a TTIOHATAMOIITHO TIONPaBamkhe
Ha Jo0ueHuTe ciuku. VIMeHo, 3aToa MITO ro 3HaeMe OOJIMKOT Ha OIITETYyBAHETO
Ha CJIMKHUTE MOXXEME CO aHaJM3Upae Ha OKOJHUTE MUKCENU Ja TH MOMpaBUME
HEYCTEIIHO AeKoaupanute mukcend. Co KOpUCTEHEe Ha OBHE HJIEU MOXE Ja Ce
neduaupa GuITep 3a MONpaBame Ha CIMKUTE nekoaupanu co RCBQ co koj moxe
Ja ce A00ujaT MHOTY mojacHu ciauku. OBa € eIHO O]l OTBOPEHHUTE Mpalliama 3a
MOHATAMOLIHU UCTPAKyBamba KO MPOMU3JIEroa oj] 0Baa Te3a.

3akiy4ox

Bo oBaa raBa ce HanpaBeHH MOAU(DUKAIIMH BO aJITOPUTMUTE 32 ACKOJHpAhEe HA
CIIy4ajHUTE KOJOBH O0a3upaHu Ha KBa3UTPYIIU 32 HUBHA IPUMEHA BO KOJIUpambe/ Jie-
KOAMpAamE Ha CIMKU U UCIIUTAHU ce MepPpopMaHCUTE HAa OBUE KOJOBH IPU KOJU-
pambe/IeKOIupamke Ha CIMKU IPEHEeCeHU HU3 OMHApeH cuMeTpudeH KaHail. Hcro
Taka, JOOMEHUTE Pe3yJITaTU Ce CHOPEICHH CO COOJBETHUTE Pe3yNITaTu J00UEHH
co Pun-Conomon xomoBute. O oOMEHUTE Pe3yNITaTH € 3aKITyIeHO JIeKa 3a KO-
JUpame Ha CIUKU NpeHeceHu Hu3 OuHapeH cuMmerpuueH kaHai, RCBQ co AT
aJroOpuTaMoT (Co Bpakame) uMa Hajnoopu nepdopmancu. Mcro taka, naneHu ce
uzeu 3a JepuHUpame Ha QUITPU 3a IOHATAMOILIHO MONpaBambe Ha JEeKOTUPAHUTE
CJIUKH.






In1asa s

AJropuTMH-3a-1eKOIUPae-co-4npecenu

Kako 1mTo e mpeTxo1Ho crioMeHaro, Op3uHara Ha AEKOIMPambEe € HajroJieM MpodieM
3a cIy4ajHUTe KOAOBU Oa3upaHu Ha kBazurpynu aeunupanu Bo [30]. Co uen na
janonobpume Op3uHaTa Ha nexkoaupame Ha RCBQ, Bo I'masa 3, nepunupaBme HOB
A/JIII anroputam, Taka IITO HOBUOT IPOLIEC HA IeKOAUpame € 4.5 matu moop3 oj
opuruHaIHUOT 3a kof (72,288). OBa mogoOpyBame Ha Op3uHaTa Ha JCKOAUPAHE
HU J1a/ie ujieja 32 KOPUCTEHE Ha MPECEIH O]l TIOBEKe MHOXKECTBA S;, CO Iel aa
no0ueme MorojeMo 3rojlieMyBamke Ha Op3uHaTa Ha nexoaupame. Bo AN anro-
PUTMOT C€ KOPHUCTAT JABE TpaHCPOpMAIMK HA PEAyHAAHTHATA MOpPaKa CO Pa3iv-
YHU [apaMeTpH, a KaHAUJATUTE 3a JEKOAMpaHara Iopaka ce J001Baar co Kopuc-
TEHE Ha [TPECEK Ha COOJIBETHUTE MHOXKECTBA CO KaHIUAATH 32 iekoaupame. Cera,
HafpaBeHU ce MOAU(UKAIMN Ha TOj alIrOpUTaM Kaje LITO ce€ KOPUCTAT YETHPHU
TpaHcpopMaluy Ha peAyHAaHTHaTa nopaka. Co OBOj HOB alropuTam, HapeueH
anropuTam-3a-aexoaupame-co-4mpeceru (4-Sets-Cut-Decoding mu A JI411 anro-
puram) ce 1o0uBa morosieMo nopoOpyBame Ha Op3uHaTa Ha jaekoaupame. Mcro
Taka, cO I1eJI 1a TM oJ00pUME U BEpOjaTHOCTHUTE 3a MAKeT-TPEIIKa U OUT-rperka
ke nepuHHpaMe HEKOJIKY METOJIU 3a TeHepHUpame Ha peaylUpaHUuTe MHOXKECTBA
CO KaHJU/IATH 32 IEKOTUPAE.

Bo oBaa miaBa npemyioxenu ce HoBute AJI4I1 anroputmu u aHanu3upaHu ce
nephopMaHCUTE Ha Pa3IMYHU AITOPUTMHU 3a Jiekoaupame Ha RCBQ (cranpapa-
uuot, A/IIT u AI411 anroputmute) 3a Koz co para R = 1/8 . Vcto Taka, pa3rie-
JlaHa € IpUMeHaTa Ha METOAUTE 3a HaMaJlyBamke Ha HEYCIEIIHUTE JEKOANpamba BO
HOBUTE MPEJIOKEHU aJITOPUTMHU.
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5.1 Komupame co AJI4I1 anropurmmure

Bo oBaa mogudukamuja va AJIIT anroputamot Hamecto Kox (Nyex, V) co para
R, ce xopucrar yetupu (Nyjock, IV /4) K0m0BHU co pata 4R, Ko AEKOAMpAAT UCTa
nopaka o Ny OUTOBH.

3HauyM, BO MPOILIECOT Ha KOIWpame, aJrOPUTMOT 3a KPUIITHUpArbe, TajicH Ha
Cnuka 2.2, ce npuMeHyBa Y€TUPH M1aTH HA UCTa peAyHAaHTHA ITopaka L co kopuc-
TEHbEC Ha PA3InYHU MapaMeTpH (pasiMyHK KIIyYeBH WM KBa3UTPYIIH), a KOJHHOT
360p Ha mopakara ce Jo0MBa CO KOHKAaTCHallja Ha YETUPUTE KOIHU 300pOBH OJI
N /4 6urou.

5.2 TIlpsa Bep3uja Ha AJI411 anropuramor
(Al411#1 anropuram)

[Tocne mnpeHocOoT HHU3 OWHAPEH CHUMETPHYEH KaHaJ, H3JIe3HaTa TOpakKa
D=DWD®? DG ce nemu Ha wermpu mnopakm D' = DM DR D6/,
D2 — D(S/4+1)D(S/4+2)...D(S/Q), D3 = D(8/2+1)D(5/2+2)... D(35/4) U
D* = DBs/4+1) DBs/4+2) | D) co ennakBy TOMKUHN ¥ OBUE TIOPAKM C€ JEKO-
JUpaaT napajieJHo co cooaBeTHUTe napamerpu. Cnuuno kako u Bo AJIII anro-
PUTMOT CO JBE MHOXKECTBA, BO CE€KOja UTEpaIrja Of MPOIECOT Ha JIEKOIUPabE,
ce MpaBH peAyKIMja Ha MHOXKECTBATa CO KaHJUAATH 3a JeKoAupame 100MeHU BO
YeTUPUTE MPOLIECH Ha Jekoaupame. Bo oBaa HoBa Monudukanuja Ha AJIIT anro-
puT™MOT, HapedeHna A JI411 anropuraM, MHOKECTBATa CO KaHIUAATH 32 IEKOAHPAHE
ce reHepHpaar Ha CIICTHUOT HAYMH.

Yexop 1. Heka S(()l) = (k;il) . kg);)\), oo 584) = (k:§4) : ..k#);/\), Kajge A\ e
Mpa3eH CTPHUHT, a ky = k%l) o kg), vy kg = kfl) . k#) ce MOYETHUTE

KIIY4YCBU KOU C€ KOPUCTCHHU 3a ,I[O6I/IB8.H>C Ha YCTUPUTC KOIHH 360p0BI/I.

Yexop 2. Heka SZ-(i)l, e Si(ﬂ ce nedunupanu 3a ¢ > 1.

Yexop 3. Heka ueTupuTe MHOXKECTBA CO KaHIM/IATH 32 JICKOTUPAHE SZ.(l), . Si(4)
ce T0OMEeHU BO YETHPHUTE MPOLIECH Ha ICKOAUPAke, Ha HCT HAUMH Kako U BO
crangapaute RCBQ.

quop 4. Hexka ‘/1 = {’U)ﬂUg Ce wr~a-i|(57 wiws . .. wr.a.i) € Sl(l)}, ey
Vi = {wiws .. Wyt |(6, 013 . .. Wra) € SPIuV =ViNVaN V5NV
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Yexop 5. 3a cexkoe j=1,2,3,4 u 3a cekoj (§, wijws...Wrq;) € Si(J), ako
() ()
WIW3 . . . Wyqy ¢ V 1oram S;” < S\ {(§, wiws ... wr.q4)}-
(* BeymHocr, 3a cexoe 7 = 1,2, 3, 4, o MHOXecCTBaTa SZ-(] ) ce eJIMMUHUpaar
CHUTE SJIEMEHTH YH]j BTOP JIeJI HE Ce IMOKJIOyBa CO BTOPHOT JIeJI Ha HEKOj eJie-
MEHT BO CHTE OCTaHaTH TPH MHOXKeCTBa. Bo clieiHaTa ureparyja 4eTUPUTE
1) o2 B
IPOLECU T'H KOPUCTAT COOJBETHUTE PEAYLIUPAHU MHOXKECTBA Si( ), Si( ), Si( ),
(4) %
SZ )-

Yexop 6. Axo i < s/4 Toraii 3rojeMu ro i u Bpatu ce Ha Yekop 3.

[IpaBumnoro 3a pexoaupame Bo HoBHOT AJI4I1 anroputam e neduHUpaHo Ha
CJIETHUOT HaYHH.

* AKo, moclie OoC/eHaTa UTEPAIKja, CUTE PELYIIMPAHH MHOKECTBA CO KaH-
S(l) 5(2) 5(3) 3(4)

Auaary 3a JCKOAUpamkEe /40 Ps/10 Ps/1o Ps /4 nmaar camMo €IC€H CJICMECHT CO
HICTA BTOPA KOMIIOHEHTA W . . . Wy.q.5/4, TOTAU L = Wy . .. Wy.q.5/4 € ACKOIHU-
paHara pelyHIaHTHa [Topaka. Bo 0Boj cilyuaj BearMe 1eKa MMaMe yCHeuHo

oekoouparve.

* AKxo, TocIe mocieaHaTa uTepanuja, peayupaHiTe MHOKECTBA Si}i,..., Si;i
MMaaT MOBEKe OJ1 €/ICH EJIEMEHT, TOTaIll HMaMe 2peuKa-nogeKke-Kanouoamu.
Bo 0Boj cityuaj ce mpuMmeHyBa ucrara xeBpuctuka kako u Bo AJII1 anropu-
TaMOT (CITIy4ajHO ce U30Mpa mopaka o peaylupaHuTe MHOXECTBA BO TIOC-

JeHaTa uTepamuja).

* AKko ce 1o0ue caMo €THO MPa3HO MHOXECTBO (WJIU JIBE MTPa3HU MHOXKECTBA)
CO KaHUJIATH 32 JCKOUPAE-€, TOTAIl IEKOAUPAKETO MPOA0IIKYBA CO TPUTE
(wm aBeTe) Hempa3HU MHOXECTBa (MHOXKECTBOTO V' Bo Uekop 4 e mpecek
caMo Ha HEMPa3HUTE MHOXKECTBA).

* AKo, BO HEKOja UTepalyja ce 100ue caMo eIHO Hempa3zHO MHOXECTBO, TO-
Traml IeKOANPAETO MPOIOKYBA CO HEMPA3HOTO MHOXKECTBO KOPUCTEJKU IO
CTaHJIApJHUOT aJIropuTaM 3a aexogupame Ha RCBQ .

: . 1 2 3 4

* AKO BO HEKOja MTepanuja ce 1ooue SZ-( ) = Si( ) = Si( ) — Si( =9, npoue-

COT C€ CTOIMpA U BEIMME JIeKa CE [10jaBUIIA epeuKa-npasHo-MHONCECMEBO.



88 Ihasa 5. Aneopummu-3a-oexoouparse-co-4npeceyu

5.3 Bropa Bep3uja Ha AJI41I1 anropuramor
(AJ41I1#2 anropuram)

Bo excniepumentute co AJI4I1#1 anropuramor 3a0enexaBMe JeKa Kora mpolie-
COT Ha JICKOAMPAE 3aBPIIYyBA CO ZPEUUKA-NPA3HO-MHONCECHE0, T.€., KOTa CHTE
YETUPU PEAYIIMPAHH MHOXKECTBA CO KaHIUIATH 32 ICKOJAUPAE CE IPa3HU, MHOTY
YecTO TOYHATa MOpakKa ja MMa BO TPH O YETUPUTE HEpelylLHpPaHH MHOXKECTBA.
3aroa, Bo Bropara Bep3uja Ha AJI411 anropuramor (AJI411#2 anropuram) Hampa-
BeHa e ciieHaTa Moaugukamnuja Bo Yekop 4 ox mporeaypara 3a reHepupame Ha
MHO)KECTaBaTa Co KaHIUAaTH 32 JCKOIUPAIhE.

Yexop 47 Heka Vi = {wjws . .. Wy (5, w1ws . . . Wy.q;) € Si(l)}, -
Vi = {wiws . . Wyt |(6, 013 . .. Wra) € SPIuV = ViNVaN V5N Vi

. AoV =0roram V' =ViNVoNVauV =V".
2. Ao V' =0 roram V' =ViNnVonNVynV =V".
3. Ako V" = roram V" =ViNnVaNVymV =V".

4. Ako V" = (roram V" =V, NVsNVymV = V™.

BceymHocT, Bo oBaa MoguduKaluja ako MpecekoT Off CUTE YETUPU MHOKECTBA
Vi, Vi, V3,V e mpa3sHo MHOXKECTBO, Toraii ce 6apa Hempa3eH MpeceKk Ha TPHU MHO-
KecTBa.

Ha oBoj HauMH ce 100MBa rojeMo moJjo0pyBame Ha BEPOjaTHOCTHUTE 3a MaKeT-
rpemka u OuT-rpenika 0e3 HaMmandyBame Ha Op3uHaTa Ha Jekoxupame. Ho, 3a
MOTOJIEMO MTOI00pYyBamke Ha TIep(HOpPMaHCUTE PA3TIICIAHH CE YIITE TBE MOIU(DUKA-
1y Ha Yekop 4, kora MpeceKoT Ha CUTE YSTHPU MHOXKECTBA € ITPa3HO MHOXKECTBO.

5.4 Tpera Bep3uja na AJI411 anropuramor
(Al411#3 anropuram)

Bo excniepumentute co AJ1411#2 anroputmort, 100MeHN ce ToA00pHU pe3yaTary 3a
PERw BER 3a cute BpeIHOCTH Ha BEPOJaTHOCTA p 3a OUT-TpeliKa Ha OMHApeH
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cuMeTpuueH kaHan. Ho, co aHanm3a Ha eKCIIepUMEHTUTE KOU CO OBaa Bep3uja Ha
QJIITOPUTMOT 3aBPIIHJIC CO ePeUKa-npasHO-MHONCECMB0, 3a0elieKaHa e CieHara
cutyanuja. VIMEHO, BO HEKOM eKcIepUMeHTH no0ueHo € V' # (), Ho TouHara
1opaka ja Hema BO MHOKeCTBOTO V', HO ja MMa BO Hekoe on MHOXecTBara V"
win V" wm V%, Cimano, ako (V/ = 0u V" 4 O)mwm (V' = 0, V" = 0 nu
V" # ()) u Tounara mopaka mpuIara BO HEKOj Ol CIEAHHUTE IPECELH, KOU HE CE
pasireyBaar ako MPEeTXOAHUOT MPECEK He € Mpa3eH.

3aroa, HampaBeHa e Apyra moaudukamnuja Ha Yekop 4 BO Koja ako MPECEKOT
HAa CHTE 4YETHPH MHOKECTBA € MPa3HO MHOXECTBO, TOTall MHOKECTBOTO
V=V'uV"UV"UV®¥ re., noBara Mogudukanuja Ha Yekop 4 e cieqHara.

quop 4" Heka Vi = {w1w2 R wr.a.i](é, wiws . . . wm.i) S Sl(l)}, cee
Vi = {wiws .. w0y [(0, w1w3 . . Wygi) € SZ-(4)} nV=vin,nVsNV,.

Axo V = () Toram
V=WVinVhnVa))uWnl,nVy)uVinVanVy)u (VanVsnVy).

Co oBaa MopuduKanuja, ako HOBOTO MHOXeCTBO V' # () ce moOMBaar mojo-
OpH BpPEeIHOCTH HAa BEPOjaTHOCTHTE 3a MAKET-TPeIIka U OUT-TPElIKa OTKOJKY CO
AJI4I1#2 anroputmor. Mcro Taka, oBaa MmoauduKaiija He ja HamaryBa Op3uHara
Ha JEKOAUPABE.

5.5 Uerspra Bep3uja Ha AJI4I1 anropuramor
(AI411#4 anropuram)

Bo tperara Bepsuja Ha AJI411 aaropuramMor, ako HOBOTO MHOXkeCTBO V' = (), To-
raml ce jaByBa HEYIEUIHO ACKOAUPAE CO peuKa-npazno-muodcecmeo. Co men
Jla ce HamMaJik OpOjOT Ha OBHE IPELIKH, HAIlpaBeHa € HoBa MoAM(UKaIija BO ajro-
putmoT. Beymmocrt, ako nocie Yekop 4% moBTopHO ce 1061e TpasHo MHOKECTBO
V' Toram mHOXecTBOTO V' Ke Oujie yHH]a O]l CUTE MPECEIH O] IBE MHOXKECTRBA, T.€.,
HOBHOT Yekop 4 € CIeqHNOT.

Yexop 4™ Heka Vi = {wiws . .. Wy.qi| (5, wiws . . . Wyqi) € SZ-(I)}, e
Vi = {wiws .. Wpgi [(0, w1w3 . . Wigi) € SZ-(4)} nV=vVinl,nV;NV,.
Axko V = () Toram
V=WVinVnVa)uWVinl,nVy)yuWVinVanVy)u(VonVanVy).
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Axo V = () Toram
V=WVnNnWhuWVinV)uWinVy)u(VanVa)u(VanVy) U (V3N Va).

Co oBaa HOBa MonmuduKanmja ce H00MBaaT MOJOOPU PpeE3ylTaTH CaMo
3a Bpe: = 4. Kora B,,,, = 5 ce mobuBa nobap mMpoIeHT Ha eTUMUHUPAHU
HEYCTICITHH JIEKOUPAba CO ZPeuKa-npazHo-MHO#Cecmeo, HO TIOToieM Opoj Ha
HEYCIICIIHU JEKOIUPAmhA CO peuKa-noseke-KaHouoamu.

5.6 Cnopenda na anropurmute 3a para R = 1/8

Bo oBa momiasje naaeHu ce eKCIIEPUMEHTATHUTE PE3yITaTH 32 BEPOjaTHOCTUTE
3a maket-rpemka (P E R) u out-rpemika (B E R) noduenu co noute AJ1411 anro-
PUTMH U CIIOPEJICHU CE CO pe3yiATaTuTe JOOHEHU CO CTaHAApAHHUOT allropUTaM 3a
nexoaupame u co AJIIT anroputmot. McTo Taka, aHanu3upanu ce mogoopyBamara
Ha nepopMaHCUTE Ha KOAOT JTOOMEHU CO CHUTE MPEeIIOKeHH MOIU(pUKALMU Ha
Yexop 4. Bo oBa mornasje ke Ouaar criopeieH! U Op3WHUTE Ha JIEKOANPAhE Ha
CHUTE aJITOPUTMHU.

Bo mperxomHuTE I71aBH 071 0OBaa Te3a 0ea aJcHH eKCIIEPUMEHTAITHU PE3YJITaTH
3a kozot (72,288) co para 1/4 nobuenu co crangapauunot u AJII1 anropurmor. 3a
na ce pobue Ko (Nyoek, V) co para R Bo npemoxerute AJI4I1 anroputmu ce
kopucrar yetupu kozaa (Nyoex, NV /4) co para 4R. 3atoa, BO OBHE alrOPUTMU 32
Koz co para 1/4 wema pexynmaantroct (ako R = 1/4, toramt N /4 = Nyer, T.C.,
JIOJDKMHATA Ha KOJHHUOT 300D € eJHaKBa Ha JOJDKWHATA Ha mopakara). Taka 1mTo,
3a crope0a HarpaBeHH ce eKCrepruMenTH 3a Kox (72,576) co para R = 1/8.

Bo cure excriepuMeHTH KoprcTeHa e a30ykara Q = {0,1,...9,a,b,¢,d, e, [}
o1 HUOMHM CO KBa3UTPYITHUTE Omepanuu * u \ Haja () naaeHu Bo Tabena 2.1 u
Tabemna 2.2 u G;10k0BH 0/1 4 HUOIHM BO TPOIIECOT HA JIEKOANPAIHE.

Hajnobpu pe3ynrartu co cTaHIapIHUOT aiaroputam 3a kox (72,576) nobuenun
Cce 3a CIICTHHUTE TTapaMeTPH:

— maTtepHoT 3a peaxynaantHoct: 1100 1000 0000 0000 0000 0000 1100 1000
0000 0000 0000 0000 1100 1000 0000 0000 0000 0000 1100 1000 0000
0000 0000 0000 1100 1000 0000 0000 0000 0000 1100 1000 0000 0000
0000 0000, u
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— xiydoT k = 0123456789 ox 10 Hubmu.

Co AAIT anroput™MOT, HajAOOPH pe3yNITaTh Ce JOOUEHHU CO CIICTHUTE TapaMETPHU:

— maTtepHoTt 3a peaxyHaantHoct: 1100 1100 1000 0000 1100 1000 1000 0000
1100 1100 1000 0000 1100 1000 1000 0000 0000 0000, 3a para 1/4 u

— JBa pa3inuyHu KiydeBd ky = 0123456789 u ke = 5432897610 ox 10 Hubnu.

Bo excniepumentute co HoBuTe AJI411 anroputmu, HajaoOpu pe3ynTaru ce A0-
OMEHU CO KOPUCTEH-E Ha CIETHUTE NTapaMeTpH:

— marepHoT 3a pexyHaantHocet: 1100 1110 1100 1100 1110 1100 1100 1100
0000 3a para 1/2, u

— YeTHUPH pa3nIuyHu KiaydeBH k; = 0123456789, ko = 5678901234,
ks = abede f0123 u ky = f0123abcede ox 10 Hubmm.

ExcniepuMeHTanHuTe pe3ylnTaTH 3a BEPOjaTHOCTUTE 3a MaKeT-pelika 3a
Biaz = 4 W pa3auyHu BpeTHOCTH HA BEPOjaTHOCTA p 3a OUT-TpelIKa Ha OuHapeH
CUMETpUYEH KaHaj JajeHu ce Bo Tabena 5.1 u npercraBenu ce Ha Cnuka 5.1. Bo
oBaa Tabena PFE R, ce BepojaTHOCTUTE 3a MaKeT-TPelika JOOUEH! CO CTaHaap/l-
HUOT anroputam, a PFE R, BepojatHocTtuTe noduenu co AJIIl anroputmor. Bo
uctara tabena co PER 41, PER 4o, PER.y 31 PER,,, 03HaYeHH ce Bepojar-
HOCTHTE 3a naker-rpeuika noouenu co AJI4IT#1, AJ1411#2, AJTATI#3 u AJ1411#4,
COOZIBETHO.

3a cuTe pasrieiaHu ajJrOPUTMHU HAIPABEHU CE€ EKCIIEPUMEHTH Ce J0/eKa He
ce nooue BER > p, ounejku xora BER > p KOPUCTEHETO Ha KOJIOBUTE HEMA
cMmucia (Toraml 6pojoT Ha HETOYHO JACKOIUPAHU OUTOBHU € MOrojieM off OpojoT Ha
HETOYHO NPEHECEHU OUTOBH).
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p | PER,| PER.| PER4, | PER., | PERus | PER..,
0.02]0.0011] 0 0 0 0 0

0.03]0.0029 | 0.0017 | 0.0020 | 0.0006 0 0

0.04 | 0.0106 | 0.0074 | 0.0086 | 0.0031 | 0.0006 | 0.0006
0.05]0.0326 [ 0.0134 | 0.0254 | 0.0074 | 0.0026 | 0.0026
0.06 | 0.0663 | 0.0371 | 0.0600 | 0.0106 | 0.0034 | 0.0029
0.07 ] 0.1300 | 0.0643 | 0.1129 | 0.0237 | 0.0094 | 0.0063
0.08]0.2200 [ 0.1257 | 0.1906 | 0.0383 | 0.0209 | 0.0091
009 / loaror| 0.0791 | 0.0437 | 0.0189
010 / / / 0.1329 | 0.0906 | 0.0277
011 / / / 0.2166 | 0.1649 | 0.0534
012 / / / 0.3140 | 0.2666 | 0.0977
013 / / / / / 0.1537
0.14| / / / / / 0.2429
0.15| / / / / / 0.3631

Tabena 5.1: EkcriepMMeHTAIHY pE3yNITaTH 3a BEPOjaTHOCTUTE 3a NMAKET-TPEIKA 32
Bma;r =4

On nobuenute pesynraru 3a PFE R, nanenu Bo Tabena 5.1, Mmoxe n1a ce u3Benar
ciequure 3akiaydornu. Co xopucrewe Ha AJIIl anropuTMoT HamecTo cTaHaap-
HUOT aJITOpUTaM ce Jo0uBa rojemMo NoaoopyBame Ha BEpOjaTHOCTHUTE 3a MAKET-
rpemka (3a p > 0.04, PE R, ce npubnuxHo nBanaru nomanu on PER,). Ucto
taka, AJ{IT anroputmoT e moBeke o ABanaTu moop3 o CTaHAAPIHUOT AITOPUTAM.

Co AJIATI#1 anropuTmoT ce noOuBaat moJom pe3ynraru 3a PE R on Bpen-
Hoctute noouenu co Al anropuramotr. Ho, 0BOj anropuram e moBeke ox 3 maTu
noOp3 of cTaHaapAHUOT U okoiy 1.4 matu mo6p3 ox ALl anropuramor.

On Bpennoctute nobuenu 3a PE R4 Bo Tabena 5.1 Moxe fa ce BUIM JeKa
co oBaa Moju(UKalKja 3a CUTE BPEIHOCTH Ha p ce Ao0MBaar nogo0pu pe3ynraTi
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3a PE R criopeneHo co BpeaHOCTUuTe 100ueHu co crannapaauot u AJII1 anropu-
taMoT (PE R.42 ce on 2 o 3.5 maru momanu on PER,..). Ucto Taka, co A[1411#2
aJTOpPUTAMOT Op3WHATA Ha ICKOUPAE € CKOpo UcTa Kako U co AJI411#1 anropu-
TaMoT (TIoBeke o1 3 maT moop3 o1l CTAaHAAPAHUOT aJITOPUTAM).

0,40 -

PER

P

‘ —»—PERs —%—PERc —®—PERc4.1 —+—PERc4.2 ——PERc4.3 +PERC4.4‘

Cnuka 5.1: Cnopen6a vHa PER 3a B, = 4

Opn pesynrarute 3a PE R4 3 Moxke 1a ce Buau neka co AJI411#3 anropuramor
YCIENIHO C€ eJIMMUHUPAHU ToJIeM Opoj Ha HEYCIENTHU JIEKOIUpama CO epeuKa-
npasuo-muodcecmso (3a p > 0.04, PER.43 ce on 1.2 1o 5.2 maru nomanu oj
PER,, ), moBTOpHO 0€3 a ce Hamalu Op3uHara Ha Jekoaupame. 1 co mocnenHa-
Ta Mogudukanuja, T.e., AI14I1#4, 3a p > 0.05 noOueHu ce mogoOpH pe3ynTaru 3a
BEPOJaTHOCTHUTE 3a MAKET-TPelllKa CO CKOPO UcTa Op3uHa Ha Jekoaupame. OcBeH
Toa, 3a p > 0.09, Bpennoctute Ha PFE R4 4 ce MpuOIMKHO 3 TaTH TIOMaJU O
PERC4.3.

Bo Tabena 5.2 u Cnuka 5.2 n1aieHu ce BpeIHOCTUTE 3a BepojaTHOCTA 3a OUT-
rpemika (B E R) nobvueHu BO UCTUTE €KCTIEPUMEHTH | 33 BPETHOCTUTE JTOOMEHU CO
pa3IMYHU aITOPUTMHU KOPUCTEHHU CE€ UCTUTE O3HAKM Kako U Bo Tabena 5.1.
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p | BER; | BER. | BER. 1 | BER.o | BER.y3 | BER 4
0.02 | 0.0007 0 0 0 0 0
0.03 | 0.0016 | 0.0011 | 0.0010 | 0.0003 0 0
0.04 | 0.0054 | 0.0036 | 0.0050 | 0.0019 | 0.0003 | 0.0003
0.05] 0.0162 | 0.0079 | 0.0137 | 0.0043 | 0.0013 | 0.0013
0.06 | 0.0333 | 0.0198 | 0.0339 | 0.0057 | 0.0019 | 0.0017
0.07 ] 0.0672 | 0.0345 | 0.0639 | 0.0125 | 0.0048 | 0.0033
0.08 | 0.1323 | 0.0712 | 0.1067 | 0.0196 | 0.0090 | 0.0049
0.09 / 0.1051 / 0.0424 | 0.0206 | 0.0103
0.10 / / / 0.0670 | 0.0395 | 0.0136
0.11 / / / 0.1072 | 0.0771 | 0.0279
0.12 / / / 0.1618 | 0.1214 | 0.0515
0.13 / / / / / 0.0828
0.14 / / / / / 0.1294
0.15 / / / / / 0.2009

Tabena 5.2: ExciepuMeHTAIIHU pe3y/ITaTh 3a BEPOJaTHOCTUTE 32 OUT-TpelKa 3a
Bmam =4

On pesynrarute 3a B E R Bo Tabena 5.2 Moxe 1a ce U3BeIaT HCTUTE 3aKITyYOIH
kako u 3a PFE R (3a cute aaroputmu u 3a cute p, BE R e npubnmxuo PER/2).

HcTo Taka, 3a HICTUTE KOJOBU HAIIPAaBEHH CE€ EKCIIEPUMEHTH U CO KOPUCTEHE Ha
Binax = 5 Bo mporiecot Ha aekonupame. Bo Tabena 5.3 (Cnuka 5.3) u Tabena 5.4
(Cnuka 5.4), mpeTcTaBeHH ce pe3ynTaTuTe JT00MEHH 32 BEPOjaTHOCTUTE 3a MaKeT-
rpelka 1 OUT-rpenika 3a pa3InyHi BPEIHOCTH HA BEPOjaTHOCTA p 3a OUT-TpeIiKa
Ha OMHapeH CUMEeTPHUYEH KaHall.
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0,25 4

BER

P

‘ —%—BERs —%—BERc —®—BERc4.1 ——BERc4.2 —¢—BERc4.3 +BERC4,4‘

Cnuka 5.2: Cnopen6a va BER 3a B0 = 4

On pesynrarute 3a PER, u PE R, Bo Tabena 5.3, Moxke J1a ce 3aKIy4u JcKa
3a 0BOj ko[ co Kopuctewe Ha AJ[I1 anroputmMoT ce qoOuBaar mogo0pu pe3ynTaTtu
OTKOJIKY CO CTaHAapHUOT anroputaM. O apyra cTpaHa, BO OIHOC Ha Op3uHaTa
Ha nekoaupame, 3a p < 0.06 ekcnepumenture co AJIIl anroput™mot ce 5.2 nmaru
noOp3u 01 EKCIEPUMEHTHUTE CO CTaHAapaHUOT anroputam. Ho, 3a p > 0.06, Bo
Hekou excriepuMmeHTH co AJIIT anroputaMoT, ce moOHMBa rojieMa KapIuHATHOCT
Ha MHOXKECTBaTa CO KaHIUAATH 3a JeKoAHupame (Mociie HeKoja uTepaimja), Taka
ITO Op3MHATA Ha ICKOAMPame Ce HaMmaryBa (HO Ce yIITe € moJo0pa o Op3uHara
no0ueHa co CTaHAAPIHUOT aJTOPUTAM).

CnuyHo Kako W 3a B, = 4, cera3a p > 0.04, co KOpUCTEHE HA HOBHOT
AJ1411#1 anroputam ce noOuBaar nomuouu pesyntaru 3a PER u BER ox pe3yin-
tatute co AJIIT anroputmot. Ho, o1 BpeMeTpacwheTo Ha HAIIUTE EKCIIEPUMEHTH,
MOXE J1a C€ 3aKIy4JH JIeKa OBOj alropuraM € 6.3 matu moop3 O CTaHAApAHHOT
anroputam u o 1.2 no 6.2 nartu no6p3 oxg A/II1 anropurmor.
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p | PER; | PER. | PERcy, | PERcs | PERus | PERy4
0.03 | 0.00571 | 0.00007 | 0.00007 0 0 0
0.04 | 0.00714 | 0.00086 | 0.00057 | 0.00057 | 0.00029 | 0.00029
0.05 | 0.01000 | 0.00257 | 0.00286 | 0.00200 | 0.00114 | 0.00086
0.06 | 0.01086 | 0.00571 | 0.00743 | 0.00371 | 0.00229 | 0.00229
0.07 | 0.02457 | 0.01429 | 0.01571 | 0.00657 | 0.00286 | 0.00286
0.08 | 0.04829 | 0.03057 | 0.03171 | 0.02171 | 0.01114 | 0.01114
0.09 | 0.07171 | 0.05086 | 0.05914 | 0.03629 | 0.01514 | 0.01486
0.10 | 0.12057 | 0.08800 | 0.09514 | 0.05543 | 0.02429 | 0.02429
0.11 | 0.18057 | 0.13629 | 0.15114 | 0.09686 | 0.04543 | 0.04514
0.12 / 0.18886 | 0.22257 | 0.15029 | 0.07914 | 0.07829

013 / |o028948| / 0.21514 | 0.10943 | 0.10629
0.14| / / / 0.28943 | 0.17200 | 0.16029
015 / / / / 0.22857 | 0.22600
016| / / / / 0.32314 | 0.30457
017 / / / / / 0.39143

TaGena 5.3: ExcriepuMeHTaIHU pe3y/ITaTH 32 BEPOjaTHOCTUTE 3 MaKeT-TPeIka 3a
Binaz =5

On pesynrarute noouenu co AJI411#2 anropuTMoT, MOXeE J1a c€ BUJIU JeKa Ce
nobuBa mogo0pyBame Ha BpenHoctute 3a PER u BE R co He3HAYUTEITHO MaJIo
HamalyBame Ha Op3uHaTa Ha JeKkoaupame (Hajronemara pasnuka e 0.84 cek. mo
nopaka). Mcro taka, co AJI4I1#3 anropuTmorT, ce 100MBaaT CKOpPO JIBaIaTy IMoJI0-
Opu BpenHoctu 3a PEERu BER cnopeneno co AJI411#2 anropurmort. IToBropHO
Op3MHaTa € CKOpO HEIIPOMEHETA.

Pesynrarure3a PER 431 PE R4 4 c€ CKOPO HICHTUYHH, T.€., 32 JIBETE MOJIH-
(uKauu Ha aITOPUTMOT, BKYITHHOT OpOj Ha HEYCIEITHH ICKOIUPaHha € CKOPO HCT.
Ho, coomHocuTe Ha OpOjOT HA epeuKu-npasHo-MHONCECMBO N peuKu-noseKe-
Kanoudamu JOOUEHH CO OBHE JIBe MOAU(DHUKAIIMY HA AIITOPUTMOT CE€ MHOTY Pa3Jiu-
yHu. Mmeno, co AJI411#3 anroputamMor ce 100MBaaT caMO HEKOJIKY HEYCIIEIIHU
JIEKOIMpama co epewka-nogeke-kanouoamu. O aApyra cTpaHa, co mpeajiokeHara
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monudukamuja Bo AJI411#4 anroputamoT 3a HaManyBamke Ha OpPOjOT Ha epeutKu-
NPA3HO-MHONMCECME0, MHOTY O] OBHE T'PEILIKHU C€ eTMMHHHUPAAT, HO ce J001Ba MHO-
ry noroyieM Opoj Ha epewku-nosexe-kanouoamu (noce6Ho 3a p > 0.08). 3aroa,
pesynrarute 3a BE R 44 ce nomanu on BE R 3. ICTO Taka, BO HEKOU €KCIIEpH-
meHTu co AJI411#4 anroputamor 3a p > 0.08 mocne Hekoja uTepanuja ce 1001Ba
MHOTY ToJIeM KapIuHasieH Opoj Ha MHOXECTBaTa CO KaHUIATH 3a ACKOJUpaAkhe U
BO HEKOU CIy4yau AypH Mopa U Jia ce CTONHpa AEKOIMPambEeTo Ha opakarta (3apaau
HEI0BOJTHO MEMOpHja 3a MpOLIeCHpakhE Ha €IEMEHTUTE). 3aToa, co MocjenHara
moudukanuja Ha AJ1411 anroputamor, co 3roieMyBame Ha p Op3uHaTa Ha JEKO-
Jpame KOHTUHyupaHo onara. Ha nmpumep, 3a p = 0.13, AJI411#4 anropuramor e
6.4 natu nocnop ox AJI411#3 anropuraMor.

p

BER;

BER,

BER:41

BER4.2

BER.3

BERy4

0.03

0.00117

0.00005

0.00004

0

0

0

0.04

0.00195

0.00047

0.00037

0.00021

0.00011

0.00007

0.05

0.00218

0.00148

0.00179

0.00096

0.00049

0.00025

0.06

0.00509

0.00302

0.00413

0.00251

0.00152

0.00087

0.07

0.01323

0.00831

0.00902

0.00339

0.00178

0.00113

0.08

0.02569

0.01778

0.01909

0.01186

0.00636

0.00378

0.09

0.03876

0.02836

0.03303

0.02115

0.00899

0.00521

0.10

0.07013

0.05131

0.05193

0.03279

0.01505

0.00906

0.11

0.11062

0.07755

0.08812

0.05017

0.02546

0.01472

0.12

/

0.10314

0.13179

0.08590

0.04704

0.02698

0.13

0.16065

/

0.12251

0.06365

0.03789

0.14

/

0.16827

0.10289

0.06789

0.15

/

0.13609

0.10059

0.16

/

0.19017

0.13277

0.17

/
/
/
/
/

/
/
/

/
/
/
/

/

/

0.17911

Tabena 5.4: ExcriepuMeHTAIHU pe3yJITaTH 3a BEPOjaTHOCTUTE 3a OMT-TpelIka 3a

Bmam =5
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Crnuxka 5.3: Cnopen6ana PER 3a B0 = 5

02 -
0,18
0,16
0,14

0,12 4

BER
o

0,08 -

0,06 -

0,04

0,02 -

0,03 0,04 0,05 0,06 0,07 0,08 0,09 0,1 0,11 0,12 0,13 0,14 0,15 0,16 0,17

‘ —%—BERs —@—BERc —+—BERc4.1 —#—BERc4.2 —#—BERc4.3 —4—BERc4.4 ‘

Cnuka 5.4: Cnopenba va BER 3a Bgp = 5
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On cute mpe3eHTUpaHu Pe3yaTaTu JOOHMEH! BO EKCIIEPUMEHTHUTE CO PA3InIHA
AJTOPUTMH 3a JIeKonupame 3a Kof (72,576) Moke fa ce 3aKiTydd JeKa 32 0BOj KOJI
co nosute AJI4I1 anroputmu ce no6uBa rojaemMo noAoOpyBame Ha Op3uHATa Ha
JEKOANpamke ¥ MHOTY TIOZ00pU PEe3y/ITaTH 3a BEPOjaTHOCTUTE 3a MAKET-TPeIIka U
OuT-rpemniKa.

HcTo Taka, o1 eKCIEpUMEHTUTE MOXKE J1a ce 3aKinyuu aeka AJl411#4 anropu-
TaMOT J1aBa Haj100pu pe3ynraru 3a BpenHocture Ha PER u BE R, nocebHO 3a
Bpe: = 4. Ho, 3a B,,,., = 5, Op3uHara Ha JACKOAMPAkE HA OBO] aJITOPUTaM
e momasia o Op3uHara Ha nekonupame Ha AJI411#3 anropuramoT W mpuToa ce
no6uBa royeM Opoj Ha epeuKu-nogeke-KaHouoamu.

Moxe na ce 3akmyun neka A J1411#4 anroputamor e Hajnob6ap 3a koaot (72,576)
3a Bhe: = 4 BO mpolecoT Ha aexomupame. Op apyra crpaHa, 3a B, = 5,
KaKoO KOMITPOMHUC TTIoMeTy Op3rHaTa U TOYHOTO JIEKOUParhe, Haj100ap aaropuram
e AJI411#3 anroputamor.

5.7 EkcnepMMeHTH CO METOAUTE 32 HAMAJYyBam-€ HA OPOjoT HA
rpelKu

Kako mTo e Beke cnomenaro Bo I'maBa 2, kaj RCBQ HeycnemHo aexoaupame co
2peuKa-npasHo-MHONICeCMa0 Ce jaByBa Kora Mpy MPEHOCOT BO HEKOj 01 OJIOKOBHUTE
Ha KOJ[MpaHara rmopaka ke ce 1mojaBar oBeke off IPEABUACHUTE B, , OUT Ipeiku.
Hekowu oj1 oBHE TpeIIKy MOXKe J1a OMIaT SITMMHHAPAHH aKO C€ TIOHUIITAT HEKOJIKY
UTEPAITUH OJT IIPOIIECOT Ha JICKOIUPARH-E M TIOTOA JICIT OJT HUB MJIM CUTE CE U3BPIIAT
CO moroyieMa BpeIHOCT Ha B,,,,. 3aroa, Bo [lormagje 2.5 mpennoxeH € MeToj
CO Bpakame 3a HamallyBame Ha OpOjOT Ha HEYCIICIIHH JCKOAUpama CO epeutKa-
npasHo-unoxcecmso. Bo 0BOj METOJ ako BO HEKoja urepauuja (Ha mpumep i'"-
TaTta) Ol JIEKOAUPAETO Ce T00Hue MPa3HO MHOXKECTBO, TOTall &k MPETXOAHH UTe-
parmu ((i — 1), (i — 2)*", ..., (i — k)™ ) ce monmmrysaar. ITotoa, npBara oj
MOHUIITeHUTe uTeparuu ((i— kz)th) Ce U3BPIIYBA CO B,ur = Biae+11mu By,u,+
2, a ceHUTE UTEepaIluy IPOIOJDKYBAAT CO cTapara BpeaHocT Ha B,,,,.. Co kopuc-
TEHE Ha OBOj METO]] 32 HaMaJlyBame Ha OpOjOT HA epeuKu-npasHo-uHOHICECHEO
no0ueHn ce moI0opyBama Ha BEPOJaTHOCTUTE 3a MaKeT-TPEIIKa U OUT-TpelIka BO
crangapaauot anroputam ([lormasje 2.5) u AJIIT anroputamot (ITornasje 3.4).
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OBue nogoOpyBama HU Ja70a HJieja 32 KOPUCTEHE Ha CIMYEH METO]I CO Bpa-
Kame M 3a HEYTNEIIHUTE JEKOUPamha CO epeuKa-nogeKe-kanouoamu, Koj € nedu-
Hupat Bo [Tornasje 3.5. Bo 0B0j MeTon, ako MpOLECOT Ha JEKOAUPAHE 3aBPIIN
CO TIOBEKe eNIEMEHTH BO PeIyIIHPAaHUTE MHOXKECTBA CO KAaHTUAATH 32 IEKOANPAHE
BO TIOCIIE/IHATA UTepalija, Torall ce MOHMIITYBaaT U MpBaTa Of] MOHUIITCHUTE
UTEpaLiU CE U3BPIIYBa CO KOPUCTEHE Ha NTOMaJla BPEAHOCT Ha B,,,, (cienHure
UTEpalny ja KOPUCTAT MPETXOAHATA BPETHOCT Ha 5;,4,)-

HanpaBeHu ce excriepuMeHTH CO KOPHUCTEH-€ Ha ciefHaTa KOMOMHalMja Ha
OBHE JIBAa METOIH CO Bpakame Bo HoBHTE A JI411 anroputmu. Axo ce mobue epeuika-
NPA3HO-MHOJICECMB0, T.€., IPA3HU pelylIupaHd MHOXKECTBA, BO HEKOja UTepalyja
OJ] TIPOIIECOT Ha JACKOAMpar-e, TOTall Ce MOHUIITYBAaT JABE UTEepauuu (WK eaHa
UTEpalmja) u pBara oj MOHUIITEHUTE UTEPAIH Ce U3BPIIYBa CO KOPHCTEHE Ha
Binar + 2. Axo mponecoT Ha JeKOAUpamke 3aBpIIU CO TIOBEKE eIEMEHTH BO MHO-
»KecTBara IMoclie MocieqHaTa uTepaluja, Torall MpouecoT ce Bpaka JIBe UTepa-
[IUU Ha3aJ ¥ MpeAnocieHaTa uTepamnja ce u3Bpirysa co B,,,, — 1. HcTo Taka,
aKo TIOCIIE BPAKAETO 32 epeuKa-npasHo-MHOICeCma8o ce T00mjaT oBeKe KaH 1-
JIaTH BO TIOCIIEHATA UTEPAIlija, TOTAll Ce MPaBH YIITE €IHO BpaKambe 3a epeuiKa-
nosere-kanouoamu. Co KOpUCTEHE Ha OBaa KOMOMHAIIM]a Ha METOAMUTE 3a HaMa-
JTyBame Ha OpOjOT Ha HEYCIEUIHH JEKOAUparma, MOBTOPEHU CE €KCIIEPUMEHTUTE
co Tperara u ueTBprara Bep3uja Ha AJI4I1 anroputamor (co kou Oea moOueHU
Haj100pH pe3ynTarn).

3a Bae = 5, CO IBETE BEP3UU Ha AJITOPUTMOT, HajI0OpU pe3yaTaTH ce 100u-
BAaaT ako BO CIIy4a] HA epeuKa-npasHo-MHONCECME0 Ce TIOHUILTAT JIBE HTEPAIIUH.
Ho, 3a B,,4; = 4 co AJI411#3 anroputmMoT nofo0pu pe3yaTaru ce 1o01uBaaT ako
BO BPaKamEeTO 32 epeuKa-npazHo-MHOHICecmao ce TIOHUIITH eIHa UTepayja.

Bo Ta6ena 5.5, Cnuka 5.5 a) (3a Bye = 4) u Tabena 5.7, Cnuka 5.6 a) (3a
Ba: = D) cmopenenn ce BepojaTHocTHTE 3a makeT-rpemka (PFERo43 packs
PER._4.4 pack) TOOMEHH CO KOPUCTEHE Ha JeUHUpaHATa KOMOWHAIIM]a HA JBaTa
METOAM CO Bpakame u BepojarHocTute (PE Ry 3, PE R4 4) 100ueHH co TpeTaTta
u yerBprarta Bep3uja Ha AJI4I1 anropuramor Ge3 Bpakame (01 Tabenure AaaeHH
BO MIPETXOMHOTO noriasje). Mcro Taka, Bo Tabemna 5.6, Cnuka 5.5 6) (B = 4) 1
Tabena 5.8, Cniuka 5.6 6) (B4 = D) CHOPEACHH CE COOABETHUTE BEPOJaTHOCTH 32
out-rpemwika (BE R4 3 pack> BE Res.4 packs BE Rey3, BER4.4), TOOMEHH BO UCTUTE
eKcriepuMeHTH. VIcTo Kako U MPeTXOIHO, CO MPEATIOKEHUTE METOAH CO BpaKambe,
HaIpaBeHH Ce EKCIIEPUMEHTH c¢ JIofieka He ce njobue BER > p.
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p PER.4 3 PER 4.3 back PER 44 PER 4.4 back
0.02 0 0 0 0
0.03 0 0 0 0
0.04 0.0006 0 0.0006 0.0003
0.05 0.0026 0.0003 0.0026 0.0017
0.06 0.0034 0.0006 0.0029 0.0026
0.07 | 0.0094 0.0037 0.0063 0.0029
0.08 0.0209 0.0114 0.0091 0.0049
0.09 0.0437 0.0263 0.0189 0.0131
0.10 0.0906 0.0617 0.0277 0.0160
0.11 0.1649 0.1140 0.0534 0.0417
0.12 0.2666 0.2020 0.0977 0.0703
0.13 / 0.2974 0.1537 0.1134
0.14 / / 0.2429 0.1860
0.15 / / 0.3631 0.2903
0.16 / / / 0.3940
0.17 / / / 0.5340

Tabena 5.5: Exciepumentanuu pesynraru 3a PE R 3a B, = 4 cou 6e3 Bpakame

PER

BER

-#-PERc4.3

P
PERc4.3_back —+PERc4.4

a)

PERc4.4_back

6 07 008 005 01 0m 01 013 01 o015 016 017

-=-BERc4.3 BERc4.3_back -<BERc4.4 -+BERc4.4_back

6)

Cnuka 5.5: PER v BER 6e3 u co Bpakame 3a B, = 4
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p BER3 | BERu3sback || BERas | BERiaback
0.02 0 0 0 0
0.03 0 0 0 0
0.04 0.0003 0 0.0003 0.0001
0.05 0.0013 0.0002 0.0013 0.0008
0.06 0.0019 0.0003 0.0017 0.0012
0.07 0.0048 0.0020 0.0033 0.0014
0.08 0.0090 0.0044 0.0049 0.0021
0.09 0.0206 0.0124 0.0103 0.0056
0.10 0.0395 0.0287 0.0136 0.0057
0.11 0.0771 0.0554 0.0279 0.0191
0.12 0.1214 0.0983 0.0515 0.0285
0.13 / 0.1449 0.0828 0.0459
014 / / 0.1294 0.0745
0.15 / / 0.2009 0.1184
016 / / / 0.1586
0.17 / / / 0.2225

Tabena 5.6: Excniepumentanuu pesyataru3a BE R 3a B, = 4 co u 6e3 Bpakame

On pesynrarute Bo Tabena 5.5 u TabGena 5.6 Moxke 1a ce 3aKJIydd JIeKa 3a
Bina: = 4 3a 1BaTa alirOPUTMU CO MPEMTIOKEHOTO Bpakame ce 100uBa moaoopy-
Bawve Ha PER u BER 3a cute BpeHOCTH Ha p. BpenHocture 3a BE R noOuenun
co AJI4I1#4 anroputaMoT CO Bpakame ce MPUOIMIKHO JBAMATH TOMAJH O] COOJI-
BETHUTE BPEAHOCTH 100MEHU 6€3 METOMIOT CO Bpakambe.



5.7. Excnepumenmu co memooume 3a Hamanysaree Ha bpojom na epewxku 103

p PER 3 PERcq3back PERc44 PER 44 back
0.03 0 0 0 0
0.04 0.00029 0 0.00029 0.00029
0.05 0.00114 0.00029 0.00086 0.00086
0.06 0.00229 0.00200 0.00229 0.00229
0.07 | 0.00286 0.00200 0.00286 0.00257
0.08 0.01114 0.00914 0.01114 0.01114
0.09 0.01514 0.01057 0.01486 0.01400
0.10 0.02429 0.01514 0.02429 0.02371
0.11 0.04543 0.03057 0.04514 0.04457
0.12 0.07914 0.05714 0.07829 0.07400
0.13 0.10943 0.07714 0.10629 0.10143
0.14 0.17200 0.12629 0.16029 0.15229
0.15 0.22857 0.17257 0.22600 0.21457
0.16 0.32314 0.26000 0.30457 0.28686
0.17 / 0.32514 0.39143 0.37486
0.18 / 0.44971 / 0.47143

Tabena 5.7: ExciepumenTtanuu pesynartaru 3a PE R 3a B,,,, = 5 co u 06e3 Bpakame

_ BER _

Y » 2 0. o 0 » 3 3
~+PERc4.3 -=-PERc4.3_back PERc4.4 —<PERc4.4_back ~+BERc4.3 -#-BERc4.3_back BERc4.4 —<BERc4.4_back

a) 0)
Cnuka 5.6: PEER v BER 6e3 u co Bpakame 3a B, = D
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p BER 43 BERc4.3 pack BER4.4 BER 4 4 pack
0.03 0 0 0 0
0.04 0.00011 0 0.00007 0.00007
0.05 0.00049 0.00015 0.00025 0.00025
0.06 0.00152 0.00080 0.00087 0.00080
0.07 0.00178 0.00087 0.00113 0.00097
0.08 0.00636 0.00437 0.00378 0.00361
0.09 0.00899 0.00463 0.00521 0.00453
0.10 0.01505 0.00724 0.00906 0.00778
0.11 0.02546 0.01437 0.01472 0.01465
0.12 0.04704 0.02592 0.02698 0.02438
0.13 0.06365 0.03212 0.03789 0.03256
0.14 0.10289 0.05622 0.06789 0.05675
0.15 0.13609 0.07500 0.10059 0.08532
0.16 0.19017 0.11002 0.13277 0.11241
0.17 / 0.13777 0.17911 0.14929
0.18 / 0.19689 / 0.19246

Tabena 5.8: ExciepumenTtanuu pesyaratu3a BE R 3a B,,,, = 5 cou 0e3 Bpakame

Ucro Taka, ox pesynrarute Bo Tabena 5.7 u Tabena 5.8 Moxe 1a ce BUAM JeKa
3a B = 5, CO MPEIOKEHOTO Bpakame, mofgoopo moaodpysame 3a PER u
BER ce nobusa co xopuctewe Ha AJI4[1#3 anroputmort. YinTe nmoseke, 3a cUTe
BpeaHoCcTH Ha P, PE R 4.3 pack, c€ IoMasu o1 PE R4 4 pack, AAKO BO €KCIIEPUMEH-
TUTE 0€3 Bpakame OBHE BEPOjaTHOCTH C€ CKOpo MueHTH4YHH. [Ipuumna 3a Toa e
3rOJIEMEHHOT KapAWHaJIeH Opoj Ha MHOXKECTBATa CO KaHAWIATH 32 JCKOAHPAhE
Bo AJI4I1#4 anroputmoT. 3aroa, HEYCIENIHUTE JICKOUPAba CO epeluKa-noseKe-
KanOudamu 3aBpIlyBaat co rojieM Opoj Ha €JIEMEHTH BO MHOYKECTBATa TOOMEHH BO
nocieaHara utepanuja. OTTyka, Co KopucTeme Ha B,,,,, — 1 BO IpBaTa MoOHUIITEHA
uTepalmja, KapaIuHAITHHOT OpOj Ha OBHE MHOXeCTBa He ce HaMmairyBa Ha 1. Ho, ako
ce KOPUCTHU B4, — 2, TOTAII TOYHATA TTOpaKa ce ucdpa og MHOKecTBara S.
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5.8 Bu3yesHa wiycTpanuja Ha eKCIIEPUMEHTHUTE

Bo oBa nornagje ucnuranu ce nepGopMaHcuTe Ha HOBO IpeiokeHnoT AJI411#3
anroputam (co mpeasiokeHaTa KOMOMHAIIM]a Ha IBaTa METOJU CO Bpakame CO KOj
ce 1o0ueHn HajnoOpu pe3ynTaTu) Mpyu ISKOUpahe Ha CIUKU MPEHECEeHU HI3 Ou-
HapeH CUMETPUYEH KaHaJl. 3a Taa LieJ1, HallpaBeHU ce ekcriepuMeHTu co Cnuka 4. 1.
Bo oBue ekcriepuMeHTH KOPHCTECH ¢ OMHApeH CUMETPHYCH KaHal W CIUKara €
KOJIMPaHa/IeKOIMpana co KOpUCTemne Ha koaoT (72,576) co para R = 1/8 u na-
pameTpuTe co Kou ce JoOueHHu Hajmoopute pesynrtatu 3a AJl4I1 anroputmure.
ExcniepuMeHTHUTE ce HallpaBeHH CO KOPHUCTEHE Ha B,,,, = 5 BO IPOIECOT Ha Jie-
KOAMpame U CICTHUTE BPEAHOCTH Ha BEPOjaTHOCTA 332 OUT-TpelIKa BO KaHAJIOT:
p=20.05p=008p=011,p=014up = 0.17 3a p > 0.17 BpenHocture
Ha BE R.4.3 pack C€ TIOTONEMH O p). Bo ekcriepuMeHTHTE KOPUCTEHHU CE€ UCTUTE
pelleHrja 3a HEYCIEIIHUTE IeKOJupama Kako 1 Bo [aBa 4.

HcTo Taka, 3a cnopenda HanpaBeHu ce ekcrepuMeHTH U co Puni-ConomoHn kof.
Bo excnepumenture co Pua-Comomon xoposute (RSC) kopucreHa e ckpareHa
Bep3uja Ha komotT RSC(127,57) [63]. Toa e kogor RSC(80,10) nepunupan Hag
nonero Ha I'anoa GF(27) co npumutuBen nonunoM p(z) = 1+ X + X7 . Osoj
ckparer RSC uma mcra para 1/8 1 mpuOImKHO BCTa JODKMHA HA IOPAKH U KOIHU
360poBu ((70, 560)) kako u pazmenyBanuor RCBQ.

Cnukure 1OOMEHH 3a pa3IiieyBaHUTE BPETHOCTH Ha BepojaTHOCTA p 3a OUT-
rpeiika Bo OMHapeH cuMeTpuyeH KaHai aajaeHu ce Ha Crnuku 5.7 - 5.11. Ha oBue
CJIVIKY TIOZT a) JaJICHH Ce CIMKUTE Jo0neHu co kopucteme Ha RCBQ co AJI411#3
QJIITOPUTMOT CO IpeUIOKeHaTa KOMOMHAIMja Ha ABaTa METOIH cO Bpakame. [lox
0) IpeTCcTaBeHu ce CIMKUTE KoaupaHu/nekoaupanu co Pun-CoaoMoH KooT.

Cnuka 5.7: Cnuku 3a p = 0.05



a)

a)

Ihasa 5. Aneopummu-3a-oexoouparse-co-4npeceyu

Cnuka 5.9: Cnuku 3a p = 0.11

Cnuka 5.10: Cnuku 3a p = 0.14
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a) 0)
Cnuka 5.11: Cnuku 3a p = 0.17

Opn criukrTe, MOXKE J1a ce 3aKIy4H JeKa 3a CUTE Pa3mIeIaHy BPESIHOCTH HA P,
cnukuTe 1o6uenu co kopucrewe Ha RCBQ co AJ1411#3 (co Bpakame) ce mouncTu
O/ COOJIBETHUTE CIIMKH JOOMEHHU cO KopucTewme Ha Pum-Comomon komot. HMcro
Taka, 3a p > .08 komupameTo/ 1ekoaupameTo Ha cnukara co Pun-ConoMoH koot
Hema cmucna (BER > p). Ho, co RCBQ co AJlI4I1#3 anroputamor 3a cute
p < 0.17 ce noouBa BE R, pacr < p (kaxo u Bo Tabena 5.8).

3akiy4ok

Bo oBaa maBa neduHMpaH € HOB aJropuTam 3a KOAUpame/1eKOUpame 3a KOJo-
BUTE Oa3upaHu Ha KBa3UTPYIIH, HAPEUCH alirOpUTaM-3a-1eKoIupame-co-4mnpecenu
(AJJ4IT anroputam unu 4-Sets-Cut-Decoding, co dyeTupu pa3nuyHd METOIU 3a
TeHEepUpamke Ha MHOXKECTBATa CO KaHIUAATH 3a nekoaupame). Co KopucTeme Ha
OBOj aJITOpUTaM 3a KoJ co parta 1/8, nexomaupameTo € 6.3 maru modp30 OTKOIKY
CO CTaHJapJHUOT aJIrOpUTaM, a 3a HEKOM BPEIHOCTH Ha p ce Jo0uBaar 24 matu
MOMaJji BPEJHOCTH 3a BEPOjaTHOCTA 3a MakeT-rpemika. lMcro Taka, neTaiHo ce
UCIIUTaHU TephOpMaHCHUTE Ha PA3TMYHUTE AITOPUTMU 32 IeKOUpae (CTaHaapI-
auot, AJIIT u AJI4I1 anropurmute) 3a Kox co para R = 1/8 u pasmienaHo e
o700pyBamkeTo Ha MepPOPMaHCUTE Ha KOAOT CO IPUMEHA Ha MPEJIOKESHUTE Me-
TOAM 32 HaAMaJTyBame Ha HEYCICITHUTE JEKOANPama BO HOBHOT airoputaMm. Ha
KpajoT O] OBaa IMIaBa MCIHUTAHU ce NMephOpMaHCUTE Ha CIyYajHUTE KOJOBU Oa-
3upaHu Ha kBazurpymnu co AJI411#3 aaropuT™MOT NMpu Koaupame/qeKoaupame Ha
CJIMKH TIPEHEeCeHU HU3 OMHApeH cUMeTpHuueH KaHaj. McTo Taka, oBUE pe3ynTaTtu
Ce CIIOPEJICH! CO COOMIBETHU pe3ynTaru nooueru co Pun-ComoMoH Ko.






I'maBa 6

Teopuckn pe3yaTaTu 3a HOBUTE AJITOPUTMH
HA CJIYYajHUTE KOAOBHU 0a3MPaHM Ha
KBa3UTPYyNH

Bo oBaa rnaBa ke Ouaar 1aieHu HEKOM TEOPUCKHU PE3YJITAaTH 32 HOBUTE AJITOPUTMH
(AIT u AJJ4IT anropuramot) Ha RCBQ kou ce mpeyiokeHu Bo oBaa Te3a.

Ke 6u/1e n3Be/IeHa TeOpHCKA TOPHA 'PAHKIIA 32 BEPOjaTHOCTHTE 3a AKEeT-TPelll-
ka (0e3 HeyCIentHuTe JIEeKOIUpama co epeuika-nogexke-kanouoamu) 3a AJlIl u
AJIAIT anroputmute. Ke Guze moKkaaHo JieKa 0Baa rOpHA IPAHMIA € BCYLIHOCT
€/IHaKBa Ha TEOpHCKaTa BEPOjaTHOCT 3a MakeT-rpemka PFE R, 3a cTaHIapAHUOT
anroputam Ha RCBQ. IIpBo, Teopucku ke Ouzae JoKakaHa ropHara rpaHulla 3a
PFER, anioroa ke Ouje u eKCIIEpUMEHTAIHO TTOTBP/ICHA.

Hcro Taka, Ha KpajoT o/ OBaa riiaBa ke OuaaT gajeHu NpuOIKHA GOPMYITH 3a
KapIWHATHUOT OpOj Ha penyIpaHOTe MHOXKECTBA CO KaHIUAATH 32 JEKOANPAHE
JOOMEHU BO MPOLIECOT Ha JEKOIUPAHE CO HOBUTE AITOPUTMH.

6.1 TeopuckaropHa rpaHuua 3a BepojaTHOCTA 32 MaKeT-rpell-
Ka Kaj HOBUTE aJITOPUTMH

dopmyna 3a TeOpHCKaTa BEpOjaTHOCT 3a MAKET-TPElIKa 3a CTaHAapIHUOT ajiro-
putam maneHa e Bo Teopema 2.1 ([30]). Ho, on moka3oT Ha oBaa Teopema, Koj €
naneH Bo [30], jacHo e ieka Bo oBaa (hopMyIIa He ce PEABUACHU HEYCICIITHUTE JIe-
KOZIUpama Cco epeuka-nogeke-kanouoamu. bpojor Ha OBHE TPELIKH MHOTY 3aBHCH
o n30paHaTra KBa3WUIpyma, O MaTepHOT 3a J0JaBambe Ha PEIyHIAHTHOCTA U OJI
JOJDKUHATA Ha MOYETHUOT KIIy4. 3aroa, MHOTY € TEUIKO 3a OBHE KOIOBH JIa Ce

109
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IpeaBUIN OpOjOT HA epeluKu-nogeke-Kanouoamu.
Bo oBa nornagje ke 6uze qokaxkano neka popmynaraza PE R, Bo Teopema 2.1

(3a ucta para Ha KOJIOT, UCTa JOJDKMHA HA OJIOKOBUTE W BPEIHOCT Ha B4, BO
MPOIECOT Ha ACKOIUpPamE) ja AaBa ropHara rpanuna 3a PE R nobuena co AL
n AJI4IT anroputmute. O UCTUTE IPUUMHU KAaKO U IIPETXOIHO, BO CJEHATA Te-
opeMa M HEj3MHUOT JI0Ka3 ke Ouje pasrienyBaHa BEpOjaTHOCTA CaMo 3a epeulKa-
NPA3HO-MHON*CECB0 U HeKOpU2UpaHa-epewka (1IeKoJupame Koe yCIEelHO 3aBpIIu-
JI0, HO JIEKO/IMpaHara opaka He € TO4Ha).

Teopema 6.1. Bepojamnocma 3a nakem-zpewixa (6e3 epeuurku-nogexe-kanouoamu )
0obuena co cmanoaporHuom aneopumam 3a oexkoouparne ha RCBQ e eopua epa-
Huya 3a eepojamuocma 3a naxem-zpeuwika ooouena co AHAIl u A/J4I1 areopum-
mume (3a ucma pama Ha Koo, Ucma OOINHCUHA HA OILOKOBU U 8PEOHOCM HA Bypq,
80 NPOYECOm HA 0eKOOUPare).

Jlokas. BepojaTHocTa jieka MaKCUMyM ¢ GuTOBH BO eeH ook D) ox r cum-
00111 HE ce TOYHO MPEHECEHHU €

t
P(pit) =) (Tka)p"(l —p)
k=0

KaJie p € BepojaTHOCTA 3a OUT-TpeliKka BO OMHApEH CUMETPUYCH KaHal.

Hacranute A; : “ke ce mojaBar MakCuMyM B,,,, TPeIIKd BO OJIOK DW” 34
ceKoe 7, ce He3aBHCHH, a BepojaTHoCTa jieka TouHnoT 6ok C'%) ke ce compiku Bo
MHOXecTBOTO H; € P(p; Baz) = 1 — ¢5.

bunejku, Bo AJII1 anroputamor, 3a aa ce 1o6ue kox co pata R, ce Kopucrar
JIBa KoJa co pata 2R, OpojoT Ha UTepalyy BO MPOIECOT HA JEKOAUPAILE € BAaTH
nomail. 3artoa, ako 3a J1aJieH KOJ BO MPOIECOT Ha JAEKOAUPAamhe CO CTAaHIAPAHUOT
aJITOpUTaM MMa S UTEPAIH, TOTAII 32 HCTHOT KOJl OPOjOT Ha UTEPAIMU BO J[BATa
HapayesIHy MpolecH Ha aekoaupame Bo AJIIT anroputmor e s/2.

Kora ce xopuctu AJIIl anropuramot, Tounuor omok L), i =1,2, .. s /2
ke mpurmara (Kako BTOp JIeJI O/l HEKOj €JIEMEHT) BO peAyLIMPaHUTE MHOKECTBA Si(l)
u Si(Q) aKo M BO JIBaTa NPOLIECH Ha JIKOMpame Togrnte 6nokosn C'0) p C'3/2+9)
(on nBara koJHM 300pa) Mpumaraat BO COOABETHUTE MHOKECTBA HZ.(U u Hi(2). Be-
pojarHocTa 3a Toj HactaH € (1 — ¢p)(1 — ¢p) 3a cexoe i, Ouzejku 1BaTa MpoLECH
Ha JIEKOIMpAe Ce HE3aBUCHH. 3aToa, BEpPOjaTHOCTA cekoj TodeH Omox L) nma
Ipunara BO pPEAyLUPAaHUTE MHOXKECTBA Sfl) 51 Si(z) 3a i = 1,2,...,5/2 ¢
(1 —gp)(1—qp))*’? = (1 — qg)°. OTTyka cieqyBa eka BEpPOjaTHOCTA 3a TIAKET-
rpemka ¢ 1 — (1 — gg)° = PER,;, xane PER; e Teopuckara BepojaTHOCT 3a
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MakeT-TPelIka, ako 3a UCTHOT KOA (KCTa para, JOKHUHA Ha OJIOKOBH U B,,,,) c€
KOPUCTH CTAaHIAPIHUOT aJITOPUTAM 32 JCKOIUPAHE.

Ho, cnopen npasuinoro 3a nexogupame Ha A/IIT anropuramor, kora e1HO o[
MHOXECTBaTa CO KaHIUIATH 3a JEKOAUPAE € Mpa3Ho, JEKOAUPAmkETO Ha Mopa-
KaTa MpOA0JIKYBa CO KOPUCTEH-€ Ha CTaHIApIHUOT aaroputaM. Bo Toj ciyuyaj
IPOLIECOT Ha IEKOANPAE K€ 3aBPILIH YCIELIHO, aKO TOYHUOT OJIOK €€ COZIPIKU BO
HEMPa3HOTO MHOXECTBO. 3aroa, BepojatHocTa 1 — (1 —¢p)® (koja e eaHaKBa Ha Be-
pojarHocta PE R; Bo Teopema 2.1) npeTrcraByBa ropHa rpaHMLIa 3a BEPOjaTHOCTA
3a makeT-rpemnika (6e3 epewku-nogexe-kanoudoamu) noouena co AJII1 anropura-
MOT.

Ha cianuen nHaumH, ce 1oOuBa uctara ropHa rpanuua u 3a AJI4I1 anropura-
MOT. Bo 0Boj anropuram nMa 4eTHUpHU MPOIECH Ha JEKOTUPALE U 3a KO CO para
R ce xopucrar yetupu ko10Bu co para 4 R. 3atoa, Bo AJI411 anroputamot umame
4eTHUpH MatH noman 6poj Ha utepauuu (s/4). Bo cure urepauuu, TO4HHOT GIOK
LW, i = 1,2,...,5/4 ce compu (kako BTOP [Ael O] HEKO] €TEMEHT) BO PELyLH-
paHUTE MHOKECTBA SZ-(I), SZ-@), Si(?’) u 554), ako Tounure Gnokopu OV, C(5/4+0)
C/2+0) g C3s/4%9) (on weTMpUTE KOAHM 360pPOBH) TIPHIAraaT BO COOJBETHHTE
MHOXecTBa 1, -(1), H® H® u HZ-(4) . HcTo Kako M mperxonHo, ropHara rpaHuLa

3 (2 s K3

3a BEpOjaTHOCTA 32 MaKeT-TPelIKa e
1= ((1=ap)(1 —g5)(1 —ap)(1 = ¢p))"/* =1~ (1 - qp)* = PER,.
bunejku mporecot Ha JIeKOaUpamke Ha Mopakara MpoaoJDKyBa U Kora Gapem
€IHO O] MHOXKECTBATa CO KaHAMIATH 3a JCKOAUpame He € MPa3Ho, OBaa Bepojar-
HOCT TIOBTOPHO € TopHa rpanuiia 3a P E R (0e3 epewku-noseke-kanouoamu) .

Co oBaa TeopeMa JJoKakaBMe JIeKa CO HOBUTE aJITOPUTMH 32 IEKOAUpamhe UMa
nogoOpyBame He caMo BO Op3MHaTa Ha IEKOAMpame, TyKy UCTO Taka HaMaJleH € U
OpojoT Ha HEYCIEIIHY JIEKOIMPama (Kora ropHaTa rpaHHIa He € JOCTHTHATA).

6.2 ExcnepuMeHTAaJHA NOTBPAA HA TEOPUCKATA TOPHA IPAHUIA
32 BEPOjaTHOCTA 32 MaKeT-IPenKa

3a ekcriepuMeHTallHa oTBp/a Ha Teopema 6.1, koja € JoKakaHa BO MPETXOIHOTO
norasje, ke T cnopeauMme BpeqHocTuTre Ha PE R, co eKCIIepUMEHTATHUTE pe-
3yarat 3a PE R 6e3 HeyCIeIHUTe ICKOANPamba CO cpeluKa-nogeKe-KaHouoamu
nobuenu Bo excriepumentute co AJIIT u A1411 anropurmure.
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6.2.1 Cuopenba3apara R =1/4

[IpBo, ke Ouaar cnopeneHu BpenHocTUTe Ha P E R, cO eKCIepUMEHTAIIHU PEe3yIi-
TaTH 32 BEPOjaTHOCTUTE 3a MAKET-TpelKa 6e3 epeuwiku-noseke-kanouoamu PER,. 4
nobuenu co AT anroputmor u PE R, 1 ToOMeHN CO CTaHAAPIHUOT alrOpUTaM
3akox (72,288) co para R = 1/4. OBue pe3ynTaru ce 3a KOJOBUTE YHHU ITapaMeTpH
ce nanenu Bo [Tornagje 3.3 u [Tormasje 2.4.2, coonBeTHO. Bo 0BUE eKCIEpUMEHTH
BO IIPOIIECOT Ha IEKOANPa-e KOpUCTEHHU ce O10koBH o 4 Hubnu (16 Outa). 3atoa,
BO (opMysara 3a TEOpHCKaTa BEpOjaTHOCT 3a maker-rpemka P FE R, BepojaTHOC-
TUTE ¢p CE MPECMETYBaaT CO KOPUCTEHE Ha ciieiHaTa popmyIa:

B
max 16
=1—P .Bmw:l_ k:l_ 16—k.
qB (p; ) k§:0 ( k)p (1-p)

BbpojoT Ha O651I0KOBM BO KOJHHUTE 300pPOBH, T.€., OPOjOT HAa UTEPAIMH BO MPOIECOT
Ha JIieKkoaupame € 18.

Bo Talena 6.1, naneHu ce ekcriepuMeHTamHUTe pesyiaratu 3a PER., u
PER,, 3aenno co BpenHocture Ha P E R; 3a pa3nuyHu BPeIHOCTH Ha Bepojar-
HOCTa 3a OUT-TpelIka p Ha OMHApeH CUMETPHYEH KaHaJl.

D PER, PER,, PER,
0.02 | 0.000209 0 0.000313
0.03 | 0.001447 | 0.000857 | 0.002188
0.04 | 0.005541 | 0.003429 | 0.005313
0.05 | 0.015319 | 0.014286 | 0.014688
0.06 | 0.034361 | 0.025714 | 0.035938
0.07 | 0.066467 | 0.057714 | 0.065000
0.08 | 0.114889 | 0.104000 | 0.112500
0.09 | 0.181424 | 0.155429 | 0.186875

TaGena 6.1: Criopenba Ha TeOpUCKaTa ropHa TPaHUIIA CO EKCIIEPUMEHTAITHUTE pe-
synraru 3a ko (72,288) co para R = 1/4
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On pesynraru nanenu Bo Tabena 6.1 Moxke 1a ce BUIIM JieKa 3a CUTE BPE/-
Hoctu Ha p, PER., < PER;, T.e., TeOpUCKaTa BEpOjaTHOCT 3a MaKEeT-TPeIKa €
ropua rpanuna 3a PE R (6e3 epewrku-nogexe-kanouoamu) noonena co A1 an-
roputMoT. McTo Taka, co copenda Ha eKCTIEpUMEHTANTHU pe3yaTaTu JOOUEHH cOo
crangapaauot anroputaMm (PE R, ;) u AJIIl anroputamor (PE R, 1) Moxe n1a ce
3aKJIy4H Jieka co kopuctemne Ha A /[T anroputmor ce jobuBaar moman 6poj Ha He-
YCHEITHH IEKOIUPAha CO 2PeUKA-NPaA3HO-MHONCECMBO U HEKOPUSUPAHA-CPEUIKd.
NmeHo, 3a cute Bpennoctu Ha p, PER, , > PER, 1.

6.2.2 Cnopenda 3a para R = 1/8

Tyxa ke OGunat cnopenenu BpeaHocTuTa Ha P E R, co eKcriepuMEeHTATHUTE pe3yil-
TaTH 3a BEpPOjaTHOCTA 3a MakeT-rpemika (0e3 epewku-noseke-kanouoamu) noou-
eHu co ctanaapaHuot anropuram, AJIIl anropuramor n AJI411 anroputamor 3a
Koz (72, 576) co para R = 1/8. Bo Iornasje 5.6, najeHu ce pe3y/aTaTure 3a OBHE
KOJIOBH U KOpUCTEHHTE napameTpu. Bo popmynara 3a PE R, 3a BepojaTHOCTUTE
(B c€ KOpUCTHU HcTaTa (popMylia, Kako U IPETXOIHO, OU/IEJKH BO EKCIIEPUMEHTHUTE
3a para R = 1/8 BO mpoIiecoT Ha IEKOUpParhe MOBTOPHO CE KOPHUCTAT OJIOKOBHU OJT
4 uu6nu (16 6uta). Ho, cera 6pojot Ha OJIOKOBU BO KOIHUTE 300pOBH, T.€., Op0joT
Ha urepauuu e 36.

Bpennoctute 3a PER; 3ae1HO cO eKCIEpUMEHTaIHUTE pe3ynratu 3a PER
(6e3 epewku-nosere-kanouoamu) Kou ce JOOUEHU CO CTAaHAAPTHUOT ANTOPUTAM
(PER4), AAIl anroputramot (PER. 1) u AI1411#1 anroputamot (PER.411)
npercraBeHu ce Bo Tabena 6.2 (3a B,,,, = 4) u Tabena 6.3 (3a B, = 5). Top-
Hara rpanuna 3a PER e copeneHa camo co pesyararute noouenu co AJ1411#1
AITOPUTAMOT, OMJICjKH BO IPYTUTE BEP3UH HA OBOj aJITOPUTAM UMa JIOTIOTHUTEITHU
METO/IY 32 HAMaJTyBamke Ha OPOjOT Ha HEYCIICIIHU JCKOUPAhA CO ePetuKa-npasHo-
MHOXMCeCmeo 1 HUBHUTE BEPOJjaTHOCTHU ce moManu ol PE R 41 1.

Co cniopen6a Ha Bpeanoctute 3a PE R; co eKCliepUMEHTaTHUTE Pe3yNITaTH 3a
PER.1 u PER. 11 MOXe na ce 3akiyuud Jeka Teopema 6.1 € TouHa u
3a para R = 1/8. VMeHO, 3a cuTe BPEAHOCTH HA P U JBETE Pa3iieyBaHH BPe/I-
HOCTH Ha B,,,,, co nBara HoBU anroputmu (Al u AJI4I1 anroputamot) 1061MeHO
e PER.1 < PER;u PER.41,1 < PER,.
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Y% PERt PERCJ PERC4.171 PERSJ
0.02 | 0.0004 0.0000 0.0000 0.0009
0.03 | 0.0029 0.0017 0.0020 0.0026

0.04 | 0.0111 0.0074 0.0086 0.0103
0.05 | 0.0304 0.0134 0.0254 0.0320
0.06 | 0.0675 0.0371 0.0600 0.0660
0.07 | 0.1285 0.0643 0.1129 0.1294
0.08 | 0.2166 0.1257 0.1906 0.2200

Tabena 6.2: Cnopenba Ha TeopHCKaTa TOpHA TPaHUIIA CO EKCITIEPUMEHTATTHUTE pe-
3ynTath 3a B., = 4 3a kon (72,576) co para R = 1/8

D PER, PER., PER.11 PER,,
0.03 | 0.00016 | 0.00007 0.00007 0.00029
0.04 | 0.00083 | 0.00057 0.00057 0.00086
0.05 | 0.00291 | 0.00229 0.00286 0.00314
0.06 | 0.00793 | 0.00514 0.00714 0.00743
0.07 | 0.01818 | 0.01286 0.01571 0.02086
0.08 | 0.03667 | 0.02829 0.03171 0.04171
0.09 | 0.06685 | 0.04400 0.05914 0.06257
0.10 | 0.11209 | 0.08029 0.09486 0.11457
0.11 | 0.17491 | 0.12171 0.15086 0.17857
0.12 | 0.25605 | 0.14314 0.22229 /

Tabena 6.3: Cnnopenba Ha TeopHcKaTa TOpHa TPaHUIIA CO EKCIIEPUMEHTATTHUTE pe-
3yntatu 3a B, = 5 3a kox (72,576) co para R = 1/8

Hcto Taka, on pesynrartutre Bo Tabema 6.2 u TaGena 6.3, moxe na ce BUIU
JIeKa 3a CUTE BPEJHOCTH Ha BEPOjaTHOCTA p 3a OUT-IpeliKa BO OMHApEH CUMETPHU-
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yeH kanan, PER,1 > PER.1u PER,1 > PER_.4 ;1. OBa mOoTBpAyBa JieKa U
3apara R = 1/8, co HOBUTE aropuTMH Ce HaMayBa OpOjoT Ha HEYCIEIIHH KO-
IMPamba Co 2PeuKa-npasHo-MHONMCeCme0 U Hekopuupana-epewxa. OBHE Pa3IuKu
ce TOroJieMH 3a IOoroJieMd BpeAHOCTH Ha p. OcBeH Toa, CO TpeTaTa M YeTBpTara
Bep3uja Ha AJI411 anropuraMot ce 1001Ba ymITe IOrojieMo Mo o0pyBame Ha rep-
dopmaHcuTE BO OTHOC HAa OPOjOT Ha HEYIELIHN AEKOAUPAmA CO epeuKa-npasHo-
MHOXHCECMBO.

6.3 Ilpudaum:xuau Gopmyiu 3a KAPAUHAJIHUOT OPOj HA peayuH-
PAaHNTE MHOKECTBA €O KAHAUIATH 32 IeKOAMPaHe

Bo [30], aBropuTe naBaat npubamkHa GopMysia 3a IpecMeTyBambe Ha KapAHMHAIHOT
0poj |.S;| Ha MHOXKEeCTBaTa CO KaHAUAATH 32 JACKOIHPAhe TOOMEHH CO CTaHAap-
HuoT anroputam Ha RCBQ. IIpubmmkaara Gpopmyrna 3a |.S;| Tue ja nobuBaar Ha
CJICJTHUOT HAYHH.

Ce pasrenyBa koj ( Ny, V) co pata Runexa L = LWL | L) e penyn-
nanTHara nopaka. Hexa IV; e 6pojor Ha mH(pOpManicKu HHOmH Bo moaonoxor L)
on r Huomm. Heka B jecrs € KapIMHATHAOT Opoj Ha MHOXKecTBara H;, 3a ¢ > 1.
AKO ce TIPETIIOCTaBH JieKa CTPUHIOBUTE TOOMEHH KaKO M3JIe3 OJf HHBEP3HHUOT aJl-
rOpUTaM Ha aJITOPUTMOT 3a KOIUPamke ce (CKOPO) CIy4ajHH, TOTalll BEPOjaTHOCTA

JieKa Ke ce 100ue CTpUHT ¢o 1 — N; HyATH HUOJIH (KaKo U3JIe3) € Sy OrtTyKa,
—iVg

HpI/I6J'II/I)KHaTa (bOpMYJ'Ia 3a (oquyBaHaTa) KapJUHAJTHOCT Ha IMMPBOTO MHOXKECTBO
Sy e:

f; ~ lgchecks

|51

= 94(r—N1)

bunejku Bo i-Tara urepanuja (3a ¢ > 1), ”UHBEP3HUOT AITOPUTaM Ha aJITrOpPUT-
MOT 3a KOJHpame ce MPUMEHYBa CO KIy4OT O]l CEKOj €JIEMEHT BO MHOXECTBOTO
Si_1 ¥ CeKOj eJIeMEHT Of MHOXeCTBOTO [;, KapAMHAIHUOT OpOj Ha MHOXKECTBATa
S; Moxe IpUOIIKHO Ja OHJie MPecMeTaH co KOPUCTEHE Ha cieHaTa Gpopmyna

Bcheck’s
[Sil = [Si1l iy -

Osue npuOIKHU GOpMYIH 32 KapIHUHATHHOT OpOj Ha MHOXKECTBATa CO KaH-
JHUAATH 32 JACKOIMpame IaBaaTr mogodpa anpoKcUMaInja, ako 3a IMpPecMeTyBambe
Ha |S;| ce KopHcTaT eKCIIEPUMEHTAIHO TOOUEHNUTE BPEAHOCTH 32 |S;_1| HamecTo
npuOIxHUTE (100MEHN BO MPETXOAHUOT YEKOp Of allpOKCHUMaIlfjara).
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Tyxka ke 6uar u3BeIeHN CIMYHU TPUOTHKHI (HOPMYITH 32 KapIUHATTHUOT Opoj
Ha peayLHpaHUTe MHOXKECTBA CO KaHIUAATH 3a Aekonupame nodueHu co AJIL
u AJI4I1 anroputmute. OBHe NPUOIMKHU GOPMYIU ce TOOMEHH CO KOPHCTCHE
Ha HCTaTa MPeTIOoCTaBKa, KaKo M MPETXOIHO, JAeKa MPoLecoT Ha (opMupame Ha
MHOYKECTBATa CO KaHIUAATH 32 JAEKOIUPABE € CKOPO CIIy4aeH.

Hexka S%l) u sz) ce MHOXKECTBaTa JOOMEHH BO mpBara uteparuja ox AJIIT an-
rOpUTaMoOT TMpen mpeasioxkeHara penykinuja Bo Yexop 4 m Yekop 5 u Heka

1 1 2 2
Sf )| = ng ) n ’Sg = ng ). Kako wTo HaroMeHaBMe HI0TOpe, Ce IMPETIIOCTAaBYBa
JleKa MHOJKECTBAaTa CO KaHIUIATH 3a IeKoIupame ce ciaydajHiu. Ako N; e Opojor
Ha uH(OpMarucku HU6IM Bo moxbnoxor LY on r HuGIM, TOram CTPHHTOBHTE

(BTOpHOT 11€1 O] €IEMEHTUTE) BO MHOXKECTBATa Sfj ), j = 1,2 moxe na Oupar
pasmienyBaHu Kako cTpuHroBu ox 4/N; Outa. 3a cekoj ctpuHr k oxm 4N, Owura,
BEpOjaTHOCTA p; JieKa k € CTPUHTOT BO BTOPHOT JEJ OJ] HEKO] €IeMEHT O MHO-
’KE€CTBOTO SF), T.e., k € Vj (anroputmot nanex Bo Ilornagsje 3.2) e:

(V)

1
p1=P{k‘€V1}:1_<1_24N1>

CiinuHO, BEpOjaTHOCTA Po IEKa CTPUHTOT k € BTOP JIeJ Of HEKOj €IIEMEHT BO MHO-
2
KECTBOTO S§ ) e:

e

1
p2:P{/€€V2}:1_(1_24N1>

Ortyka, BepojarHocTa neka k € V' = V; N Vs, T.e., AeKa eleMeHTUTe KOH BO
BTOPHOT JI€JI TO MMAaaT CTPUHTOT k Ke mpuraraar BO peyllupaHuTe MHOXKECTBA €:

P{ke VinVo} = pips = (1 B q"gl)) <1 B qn§2)> |

Kaje mro g = 1 — SNy

Crnopen Toa, nmpuOIKHaTa (3apay MPETHoCTaBKaTa 3a ClIydajHOCT) popMmya
3a (OueKyBaHHOT) KapuHaleH Opoj Ha MHOXkecTBOTO V' Bo Uekop 4 on AT anro-
PUTMOT, T.€., KapJIMHATHUOT OpPOj Ha MHOYKECTBATa CO KaHAMUJATH 32 IEKOUPAHEe

Sfl) u SF) mocJie peaynupameTo Bo Yekop S e:

‘ng)

~ ZP{k e Vinl} =2 <1 — q”(ll)> (1 — q”§2)> , j=1,2.
k
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Cera, Heka Si(l) u SZ@) ce MHOXecTBara goouenu Bo Yekop 3 (mpex penyk-
Mjara) Oj ¢-Tara UTepalrja Ha MpPOIECOT Ha JeKomupame. [IpernocraByBame
Jieka OpojoT Ha €JIEMEHTH BO Si(l) (1/1 SP) KOU c€ JOOMEHM O]l CEKOj eIEMEHT
BO COOIBETHOTO MHOXECTBO CO KaHAMJATH 3a JCKOTUPAHE O MPETXOHATA UTE-
panyja e eqHakoB. OBa 3Ha4YM JiIekKa BO MHOXXECTBOTO Si(l) (1/1 SZ@)) uMaMme Tpu-
OJVDKHO eHaKoB Opoj Ha €JIEMEHTH CO CTPUHTOBH KOM MMaaT €JHAKOB MPeUKC.

ExcniepuMeHTanHuTe pe3ynTaTi MoKaxkaa Jeka oBa e (mpuOmmkHo) TouHo. Heka
m;_1 € OpOjOT Ha eJIEMEHTH BO peAyLIMPAaHUTE MHOXECTBA CO KaHAMIATH 3a KO-

:%nn$9 2

i -
Toram, CO KOpUCTECHC HA ropHaTa nMpeTrnocTraBka, ce JI00MBa JieKa BO MHOXKECTBATA

()
n

i

=n

aupame Kou ce gobuenu Bo (i — 1)-Ta utepauuja u ‘Si(l)

SU ), T.c., MHOKecTBara V; (Bo Uekop 4),3a j = 1, 2, uma m,_, KJIacu co eJe-

’ m;_
MEHTH KOU BO BTOPHOT JIeJl UMaaT CTPUHIOBH CO UCT mpeduKce ox r(i — 1)Z Hi/IGJ'II/I.
3Hauu, eNIEMEHTUTE BO CEKOja O] OBHE KJIACH CE Pa3IMKyBaaTr caMo BO MOCIICTHUTE
r HUOIH, T.e., nonpenusHo Bo N; HuOnu, kaje mto /N; € 0pojoT Ha HHPOPMAICKU
‘IO Bo monomnokot L) on penynnantHara nopaxka. Ilpecexor V = Vi N Vs (Bo
Yekop 4) ke Ouze HEMpa3eH caMo 3a eIEMEHTHUTE O] COOJIBETHUTE KJIacH (01l ee-
MEHTH cO UCT npedukc) Bo MHOKecTBara Vi u V;. Kopucrejku ro uCTHOT MeTof,
KaKo 32 MHOKECTBAaTa BO MpBaTa uTepaluja, ce 100MBa JaeKa KapauHAIHUOT Opoj
Ha TIPECEKOT HA COOABETHUTE KJIacu o MHOXkecTBata V; u Vo mpuOImKHO e:

1 — qﬁ 1— qmi—l ,

94N

1 .
Kazie o ¢ = 1— ——. buaejku uma m;_; KIacu off IEMCHTH CO HCT npeduKc ox

(i — 1) uubmu, mpubnmKHaTa GopMyIIa 38 KapIHHATHHOT OpPOj HA PELyIIHPAHUTE
MHOXECTBA CO KaHU/IaTH 32 JICKOINparhE BO (-TaTa HTEpaIyja e:

(1) (2

n.

~miq [ 2% [1—gm | [1—¢gm | ], j=1,2

‘S»(j)

Ha cnuruen HauuH ce n3BeqyBaar U NPUOIIKHU (GOpPMYIH 3a KapAHUHATHOCTA
Ha pelylupaHuTe MHOXkecTBa joouenu co AJI411#1 anropuramor. Eauncrenara
pasiiuka e OpojoT Ha MHOXKECTBATa BO OBOj airoputaM. Bo Hero nma 4 MHOKeCTBa
HamecTo 2. Co KOpHCTeHEe Ha UCTUTE O3HAKHU Kako morope u Bo [lormasje 5.2 ce
no0uBaaar cieJHUTE NPUOIMKHU (HOPMYIIH:
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— 3a KapAWHAJIHUOT Opoj HA peAylHpPaHUTE MHOXKECTBA CO KaHIUIATH 3a Je-
KOJIMpame BO MpBaTa uTepanyja

S~ S, P{keVinVanVsn Vi)
94N: (1 _ q"§1>> (1 B q"@) (1 B q”@) (1 B q”<14)> 7
3a 3 =1,2,3,4;

— 3a KapIuHAIHUOT OpOj Ha peayIIUpPaHUTE MHOXKECTBA CO KAHIUIATH 3a Jie-
KOJIMpame BO ¢ UTepanuja, ¢ > 1

M (2

4)

n.

\ ( (3)
1—qmi—l 1—qmi—l 1—qmi71 1—qmi71

n n

X MM;—q 24Ni

‘S-(j)

j=1,23,4.

Co oBue npubmxHu popmynu ce 1061Ba 10O6pa anpoKCUMaIrja 3a KapHHa-
HHUOT OpOj Ha MHOXKECTBATa CO KaHAWUIATH 32 JICKOTUPALE TIOCIE PeayIHPAmBETO
Bo HOBUTE anroputMu 3a RCBQ. UcTo kako u kaj hopMmynuTe 3a CTaHAapAHUOT ajl-
ropurtaM, u3BeneHuTe GOpMyNH aBaaT MoA0Opa armpoKcUMaIja ako 3a mpecMe-
TyBambe Ha |S;| ce KOpUCTaT eKCIEPUMEHTATHO JTOOUCHUTE BPEIHOCTH 3a |S; 1|
HamecTo npubmpkHUTe. [Ipenu3HocTa e ckopo McTa Kako U Kaj popmynute 3a
CTaHJIApPIHUOT aropuTam fajaeHu Bo [30] (HajroneMoTo JOOMEHO OTCTAITyBamkE €
10).

Co xopucTeme Ha OBHE alpOKCUMAIIMU 32 KapAUHATHUOT OpOj HA MHOXECT-
BaTa CO KaHJUAATH 3a JCKOAUparme, MOXKE Jla ce TMPOBEPH Jalli HEKOj MaTepH 3a
JoJaBamke Ha peAayHaaHcara € mobap. OcBeH Toa, Op3uHATa HA JIEKOAUPAHE U
Op0joT Ha HEYCIICIITHU IEKOIUParha CO epeuKa-noseke-kaHouoamu, uCTo Taka, 3a-
BHUCAT oIl OpOjOT HA €JIEMEHTH BO MHOXecTBata S. Ox GpopMynuTe, N3BEICHH BO
OBa IOIJIaBje, jJaCHO € JeKa MPEAJIoKEHOTO peaylipambe Ha MHOXKECTBAaTa CoO KaH-
JUIATU 33 JEKOAUPAbE, BO HOBUTE AITOPUTMHU, 3HAYUTEITHO TO HaMalyBa OpojoT
Ha eJIEMEHTH BO MHOXECTBATA.

3akiay4ox

Bo oBaa maBa e nokaxxana Teopema 6.1 3a Teopuckara BepOjaTHOCT 3a IaKeT-
rpemka J00HMeHa cO HOBUTE aJITOPUTMH 3a KOAUpame/JeKoaupame aeGpuHupanu
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BO MPETXOJHUTE TJIaBU U C€ M3BEIACHU MPHUOIMHKHN (HOPMYIU 32 KapAUHATHUOT
0poj Ha MHOXKECTBaTa CO KaHIUAATHU 3a JEKOAMpame Tocie peayKIrjara Ha HUB-
HUTE €JIEMEHTH MPEI0KEHA BO HOBUTE anroputMu. Co Toa JaJieHu Ce TEOPUCKH
(MaTemMaTHyKy) METOIU 3a U300p Ha J0OpU MapaMeTpH BO HOBHUTE MPEIOKEHU
anroputmu 3a RCBQ. Hcro Taka, co uzBeneHuTe GOpMYIH € JOKaXaHO JIeKa CO
HOBHUTE QITOPUTMHU € JO0OHEHO o100pyBame Ha eppOpPMaHCHTE HAa OBHE KOOBH.






Inasa 7

ITapacTpodHa KBa3UIrpynHa
TpaHchopManuja u Hej3SMHA IPUMEHA BO
kpunrorpaguja

KBasurpymnure v KBa3UrpymHUTE TPAHC(HOPMALIUU CE MHOTY MTOTO/IHU 32 KOHCTPYK-
[1ja Ha KpUOTOrpadcky MPUMUTHBH, KOJOBU KOM MOIPABAaT I'PEIIKU U KOJOBU
KOU OTKpHUBaar rpemku. [IpuumHa 3a Toa € HMBHaTa CTPYKTypa, HUBHHOT TO-
aeM 0poj, CBOjCTBaTa Ha KBa3UTpyHmHHUTE TpaHchopMmauuu U.T.H. KBasurpynuure
CTPHUHT TpaH(pOPMALIMU K HUBHUTE CBOjCTBA CE PA3IIIEyBaHU BO HEKOJIKY TPYIOBH.

Bo I'maBa 1, onumana e E-tpancdopMmainujarta U pasrieaHd ce HEj3UHUTE
CBOjCTBa KOPUCHHM 3a NIpUMeHa Bo kpunrorpaduja. Kopucrejku ru napactpodure
Ha KBa3urpynute, Bo [35], Kpamex naBa uyeja 3a HoBa KBa3UTpyIHA CTPUHT TPAHC-
dbopMalrja Koja UCTO Taka MOXe J1a Oujie mpuMeHeTa Bo kpurnrorpaduja. Bo oBaa
I71aBa HUE ke neduHupaMe MoJu(HKalija Ha OBaa KBa3UrpyIHa TpaHChopMalyja.
[IpBo ke Oume omuIIaHa HOBaTa KBa3WTpyIHa TpaHCoOpMaIlja HapedeHa mapa-
cTtpodHa KBazurpymnHa Tpancdopmaiija, a motoa ke Oungar pasrieaaHd Hej3UHUTE
Kpuntorpacku cBOjCTBa.

7.1 Ilapacrpodmu
Cexoja kBasurpymnara (), *) ©UMa MHOXECTBO OJf IIET KBa3UTPYIH, HAPEUCHH a-

pactpodu. ITapactpodure Ha onepanujata * Kou ce o3HadyBaar co /, \,-, //,\\,
nedunupanu ce Bo Tabemna 7.1 .

Bacekoe f € {x,\,/,,//,\\}, (Q, f) npercraByBa KkBasurpyma.

121
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[TapacTpoduu oneparm

\y=2z <= xxz=y
T/y=z <= zxy=u=x
Toy=2z <= yxr==2
r/jy=z <= ylr=2z <= zxr=y
t\\y=z2 <= y\r=2 <= y*xz==x

TaGena 7.1: IlapacTpodute Ha KBa3UTpyIlHA ONEpalnja *

Ipumep 7.1. Hexka Q = {1,2,3,4}. Bo (7.1) nanen e npumep Ha KBa3urpyma
(@, *) ox pen 4 U HEj3UHUTE TAPACTPODH.

«|1 2 3 4 /112 3 4 \|1 2 3 4
1[1 2 3 4 1[1 2 3 4 1[1 2 3 4
212 1 4 3 212 1 4 3 212 1 4 3
314 31 2 314 31 2 313 42 1
403 4 2 1 413 4 2 1 414 31 2
(7.1)
|12 3 4 JJ11 2 3 4 W1 2 3 4
1[1 2 4 3 11 2 4 3 1[1 2 3 4
212 1 3 4 212 1 3 4 2121 4 3
313 41 2 31341 2 313 421
414 3 2 1 414 3 21 404 31 2

Moxe na 3abenexuMe JeKa He Mopa CUTe mapacTpodu Ha efHa KBa3uTpyIa
na ougar pa3nuuHu. Moxe J1a BUIUMe JieKa of1 6-Te KBa3urpynu najaeHu Bo [pu-
mep 7.1, camo Tpu ce pazimuyHn. KopucTejku ro 6pojoT Ha pa3auyHu napacTpodu
3a cexoja kBazurpymna, Bo [lornasje 7.3.1 ke naneme knacudukanmja Ha KBa3urpy-
nure of pen 4.

Bo oBaa Te3a ke TM KOpUCTHME CIICIHUTE O3HAKH 32 KBa3UTPYyITHATA OTIEpaIija
* W HEJ3UHUTE MapacTpodu:

file,y) =xxy, folz,y) =2\y, fi(z,y) =2/y,
fale,y) =z -y, fs(z,y)=2//y, fo(z,y) =2\\y.
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7.2 IlapacrpodHa kBa3urpymHa tpancpopmanuja

Heka A = {1,...,a} ea3byka o npupoauu 6poesu (a > 2)uco AT = {z1 ... x|
xr; € A, k > 1} e 03Ha4€HO MHOKECTBOTO OJf CHTE KOHEYHH CTPHHTOBH Haj A.
Toram AT = U A¥ xame A¥ = {x,... x| z; € A}

k>1
Hexa M = x5 ... x) e Bne3Hara nopaka. Heka d; e ciydajHo u3bpaH npupo-

1eH Opoj Taka mTo 2 < d; < k v HeKa [l e ciy4ajHo u3dpaH eneMeHt (uzaep) ox A.
Hcro Taka, Heka (A, *) e KBa3urpyna u fi, ..., fg ce cuTe Hej3uHu napactpodHu
OTIepaIuy.

Co koprucTeme Ha TpaHchopmanujata I, 3a u3bpanu [, d; v kBasurpymna (A, *)
ja nedunupame napacrpoHara KBa3urpymnsa tpaicpopmaunja PE = PLj 4, -
AT — AT Ha clenHMOT HaYuH.

Ha mouerok, Heka ¢ = d; Ouage nODKMHATA HA MPBUOT OJIOK, T.C.,
M, = z129 ... 2417, . Heka, s; = (d; mod 6) + 1. Co npumena Ha TpaHcop-
Mmanujara E Ha 6nokot M, co nmuaep | m KBasurpymHa omnepanuja f,, ce 1oousa
KPHUIITUPAHUOT OJIOK

Cl =Yz .- - Ygu-1Yqy = Ef81’1<3§‘1.§(,’2 . ‘rlh*lxlh)'

[Tonaramy, KOpHCTEjKH TH MIOCISIHUTE JBa cuMO0H Bo (] ce mpecMeTyBa OpojoT
dy = 4yg4 -1 + Y, KOj ja onpemyBa JOJDKMHATA Ha ciefaHuoT Omok. Heka,
@ =q +dz,so=(domod6)+1 u My=2x441...04-124. ConpuMeHa Ha
Tpancopmaumjara Ey ., Kpunrupaauor 6ok Cy e

Co=Ygut1- Ygr—1Yqy = EfSQ,yq1 (Tgra1 -+ Tgp17g,)-

Bo ommur ciry4aj, Heka 3a maieHo ¢, kpunrtupaaure oi1okou C,..., C;_1 ce
N0OMEeHM M HEeKa d; € MPEeCMETaH CO KOPUCTEHE Ha TIOCIICTHUTE JIBa CUMOOIHN BO
Oi—l: T.C., dz = 4y(h‘—1—1 + Ygi_1- Hexa q; = (¢;—1 + di, S; = (dl mod 6) +1
uM; = 24 ,41...24-124. Co npumeHa Ha Tpancdopmanmjara Ey, Ha
61okoT M; ce 1oOMBa KPUNITUPAHUOT OJIOK

Ya; 1

C; = Efs,qui_l (in—l+1 e 'xqi_lxqi)'

Cera, mapactpo¢Hara KBa3urpymnHa Tpanchopmaiiyja ce aeguHupa Ha CISAHUOT
HAYUH:

PEl,dl(M) = PEl,dl ([Ell'g N an) = Cl||02|| Ce ||Cr, (72)

kane || e koHkareHanuja Ha OnokoBu. Jla 3abeexuMe jieKa JOJDKUHATA HA IM0-
cneqHuoT 0ok M, moxe fa Ouzae nomana ox d,. Toa 3aBucu ox 6pojot Ha OyKBU
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BO Biie3HaTa nopaka. [llemarckuot npukas Ha Tpanchopmanujara PE e nageH Ha
Crnuka 7.1.

=d
428, XXX, X,

s;=d,mod 6+1| E

fs N

Y2 Vg 1V,
——

=d,

42

E

s, =d, mod 6+1 )
s> Yoy

Va1V, 1Yy,
[Ed

=dy

I’_> oo

/s,» s Vg

s| =d, mod 6+ll

Vg Yg1Vy,
= =

=d,;y

|

Cnuxka 7.1: [Tapactpodna Tpanchopmanmja PE

3a poW3BOJIHA KBa3Urpyna Ha MHOXECTBOTO A, ciydajHO M30paHH JIHICPH
ly,...l, 1 TOMKUHU dgl), e ,d§”>, nedunupame TPECINKYBakba PE,, PE,, ...,
PE, xako Bo (7.2) Taka mto P FE; onroBapa Ha JOJKMHATA dgl) u uneport l;. Ko-
pHCTejku TH OBHe TpaHC(hOpMaIyHy, ja nedurupame Tpancdopmarujara PE™ Ha
CJICIHAOT HAYHH:

PE™ = pp™ = PE,0PE, 10---0PE
(Undi™), .., (12,d87) n n—1 L

KaJie © € KOMIIO3MIIH]ja Ha MPEeCINKyBamba.
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Hanpasenu ce MHory excnepuMeHTH co P E-TpaHcdopmariijata KOPUCTE]KU
pa3IMYHA HAYWHY 32 OfIpelyBam-¢ Ha JOJDKUHATA Ha CIICTHUOT OJIOK M KBa3UTPYTI-
HaTa ornepaiuja Bo cekoja utepanyja. Co aHanuza Ha JOOMEHHUTE pe3yNaTaTH 3a-
KIy4YUBME JieKa Hajao0pu pe3yaTaTu ce JoOMBaaT JOKOJIKY 3a IpPecMeTyBame Ha
JIOJDKUHATA Ha CIEIHUOT OJIOK M COOJIBETHATA KBa3UTPYIIHA ONepalnja ce Kopuc-
TaT MOCJIEHUTE IBA CUMOOIIN O] IPETXOTHUOT KpUNTHPaH 0510K. IMEeHO, TOKOJIKY
3eMeMe caMo €ieH cMMOOJI, Toraml MoXe Ja ce Ao0ujar camo 4 BpeIHOCTH 3a
n300p Ha KBa3UIpyIHATa orepalyja, a 3a cekoja KBa3urpymna uma 6 mapactpodu.
On apyra ctpaHa, JOKOJKY C€ 3eMar MOBEKe OJl JIBa CUMOOIH 3a MPECMETYBAE
Ha JIOJDKUHATA Ha CJIETHUOT OJIOK M COOBETHATA KBAa3UTPYITHA ONepalinja, 3aKiTy-
YUBME JIeKa BO TO] CIy4aj MapacTpopHHUTE ONEpaldi HE CE€ MEHYBaaT TOBOJIHO
4ecTo. 3aToa, BO OBHE CIIydau JTOOMBME Pe3yITaTh KOou Oea Mmooy BO OJHOC Ha
dbpakTamHOCTa, T.€., He TOOMBME 3roJIeMyBamke Ha OPOjOT Ha KBa3UTPYTIH MTOTOTHU
3a nmpuMeHa Bo kpunrorpaduja (ITormasje 7.3).

7.3 Kiaacuduxkauymu Ha KBasurpynure ox pea 4 KOPHCHH
BO Kpunrorpaduja

Co xopucreme Ha rpadUIKy IpUKa3 Ha KBA3UTPYITHO MPOIIECUPAHUTE HU3HU JO0OH-
€HH CO NMPHMEHA Ha KBa3UT'PYITHUTE CTPUHT TpaHcopmarmu, JumurpoBa u Map-
KOBCKH BO [17] naBaat knacudukanmja Ha KBa3UTpynuTe of pea 4 Ha (ppaKTaaHu
u HedpakTtanmau. bpojor Ha dpakranHu KBazurpymu on pex 4 ¢ 192, a 6pojot
Ha He(pakTaaHu KBasurpynu e 384. dpakTaqHUTE KBa3UTPYIU HE CE€ MOTOAHU
3a KOHCTPYKIIMja Ha KpUNTOrpa)CKU MPUMUTUBH, OHJIEjKU THE 1aBaaT peryaapHH
(IpaBUIIHU) CTPYKTYpPH.

Co uen na ce 3rojgemMu OpojoT Ha KBa3UTPyIU MOTOAHU 32 IPUMEHA BO KPHII-
Torpaduja, BO 0Ba IOIVIaBje aJIeHU c€ HOBU KIacu(UKAI[MK HA KBa3UTPYIIUTE O
pen 4, u Toa:

— Kkiacudukayja cnopes OpojoT Ha pa3InyHU HapacTpodu;

— Kiacuukayja cnopes mapactpopHa GppakTaiHOCT.

7.3.1 Kuaacupuxkanuja cmopea Opojor Ha pa3Iu4YHH Ia-
pacTpodu

Bo oBa nornagsje pasmienanu ce cute 576 KBa3urpymu of pea 4 1 3a cexoja KBa-
3UrpyIa ONpPEAeICHO € MHOXKECTBOTO Off CHTE HEJ3MHHU mapacTtpopu. bpojor Ha
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€JIEMEHTH BO CEKOE 071 OBUE MHOXKECTBA € HAJMHOTY 0, T.€., 32 HEKOU KBa3UIPyIH
HE ce cuTe mapacTpodu pa3IuIHU.

OmnpenenyBajku ro OpOjOT HA PA3TMYHM MAPACTPO(H 3a CEKOja KBA3UTPYTIa,
MHOKECTBOTO O] CUTE KBAa3UTPyMH 0fl peA 4 ro noxenusme Ha 4 kinacu. bpojor Ha
KBa3UIPYyIH BO CEKOja O]l OBHE Ki1acu e JajeH Bo Tabena 7.2.

bp. na napactpodu | bp. Ha kBazurpynu
1 16

2 2

3 240

6 318

Bkynno 576

TaGena 7.2: bpoj Ha eleMeHTH BO KJIaCUTE criope]l 0poj Ha pa3IudHuU apacTpopu

Bo Ta6ena 7.3 nanena e motkinacudukanmja Ha mpeTxoanara. Mimeno, Bo oBaa
noTkiacuduKalyja Bo 3aBUCHOCT 07 OpOjOT Ha pa3IuYHH napacTpodu knacudu-
[IUPaHU ce oceOHO (ppakTamHUTE U HEPPAKTATHUTE KBA3UTPYIH Of pea 4.

bp. Ha ¢paxranau | bp. Ha HedpakTamHU

bp. na napacrpodu KBa3uUrpynu KBa3UIPyIIH
1 16 0

2 2 0

3 96 144

6 78 240

Bxynno 192 384

Tabena 7.3: bpoj Ha eneMeHTH BO MOTKJIACUTE CIIOpe Opoj HAa pa3IuvHH Tapa-
crpodu

On Tabena 7.3, Moke J1a ce BHIM JieKa KjlacaTa Ha (ppakTaaHH KBa3UTPYIH
on pen 4 e mogeneHa Bo 4 MOTKIACH, a Kjacara Ha HepaKTaTHU KBa3UTPYIH €
nojiesieHa camo Bo 2 notkinacu. Co cnopenda Ha Tabema 7.2 u Tabena 7.3 moxe
Jla ce 3aKIy4H JIeKa CUTe KBA3UTPYIIH CO €HA WU JBE Pa3INdHU apactpodu ce
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(dpakranHu, 1oeKa KBa3urpynure co 3 uinu 6 napactpopu Moxe 1a Ouaar gppak-
TaJHU WK He(paKTaIHHU.
CreHOTO CBOJCTBO € JOKaXKaHO CO JIeTallHa MPOBEpKa Ha CUTE KBa3UTPYIIH.

CrojcrBo 7.1. Ilapacmpogume na ¢ppaxmannume xeazuepynu 00 peo 4 ce ucmo
maxka gpakmantu.

OtTyKa, cuTe HepaKTaTHU KBa3UTPYIH of ped 4 umMaar HeppakTaaHH mapa-
cTpodu.

7.3.2 Kuacupuxkanuja cnopen napacrpodpna ¢ppakraaHocT

Co xopucTewe Ha UCTHOT TpadUuKu MMaTepH, Kako u Bo [17], HaripaBUBME CITUYHA
KJIacu(uKaIuja Ha KBa3Urpynure of pexl 4 co KopucTtemwe Ha HoBaTa P E- TpaHc-
dopmarmja Hamecto E-Tpancdopmanujata. Hosara PE(™ tpanchopmanmja ja
npUMeHNBMe Ha Hu3ara 123412341234... u ja pa3mieayBaBme (ppakTaiHara CTpyK-
Typa Ha noOueHara cimka. Bo 3aBHCHOCT oJ Taa CTPYKTypa, AeUHUpaMe HOBH
BUJIOBU Ha ()pAKTaTHA KBa3UTPYIIH.

Hepunuumja 7.1. Keazuepynume co ¢hpaxmanna cmpykmypa 0oduena no npume-
nama Ha P E-mpancopmayujama ce napexysaam napacmpoguno ¢ppaxmannu
Keazuzcpynu. Bo cnpomusHo, keazuepynama ce Hapekysa napacmpogno negpax-
manna Keazuzpyna.

HanpaBenu ce ekcriepuMeHTH cO rpadUiKu maTepH 3a cute 576 KBa3UrpyIu ox
pen 4 u onpezeneHo e neka 88 ce mapactpodro ppakranuu u 488 ce mapactpodpHo
HedpakTanHu. On eKCIepUMEeHTUTE 3aKIIyYUBMeE JieKa cuTe napactpodno dpax-
TaJIHU KBAa3UI'PYNH Ce BO KjlacaTa Ha (ppakTaJlHU KBa3UIPYyINH, HO HE cuTe (pak-
TaJIHU KBa3UT'PyNH ce napactpopHo Gppakrannu. OBa 3HAUM J€Ka KjlacaTa o CUTe
192 ¢paxramHu KBa3UrpyIu € MojesieHa BO 2 MOTKIIACH:

1) mapactpodno ppakrannu (88 KBa3Urpynu) u

2) ¢pakranuu, HO mapactpodHo HedpakTanHu (104 kBazurpymnu), HapedeHU
dpakmannu napacmpoghnuo-neppaxmannu Keazuzpynu.

Ha Cnuxka 7.2, nmpercraBeHu ce rpaduukuTe MaTepHU JOOMEHU CO KBA3HUTPY-
nata co Jiekcukorpadceku 6poj 40 koja e ¢pakranHa (a), HO HE € mapacTpoPpHO
HedpakTaiHa (0).

On apyra crpaHa, knacara o1 cure 384 HepaKTalHU KBa3UTPYITH IIETIOCHO €
coiprkaHa BO KilacaTa Ha mapacTpoHo He(paKTaTHUTE KBA3UTPYIIH.
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40 Kvazi grupa 40 Kvazi grupa

Cnuxka 7.2: ®@pakranHa, HO napactpodHo HepakTaaHa KBa3UTpyma

Bo cormacHoCT co rope-HaBeeHOTO, HallpaBeHa € ciielHaTa HoBa Kilacu(puKa-
1[Mja Ha KBa3urpymnure of pen 4:

1) xnaca Ha mapactpodHO-ppaKTaTHU KBa3UTPpynH (88 KBA3UTPYIIN);

2) kJyaca Ha (hpakTagHM napactpodHo-HedpakTanHu kBasurpynu (104 kaszu-
TpyIH);

3) knaca Ha HepakTanHU KBa3Urpynu (384 kBazurpymnm).

Co oBaa kiacudukaiija 3rojieMeH € OpojoT Ha KBa3UTPYIH MOTOAHU 3a MPH-
MeHa Bo kpuritorpaduja. MimeHo, 3a kpunrorpad)Cku e MOXKe Ja Ce KOPUCTaT
HE caMO KBa3HWTPYIHTE O Kiaca 3, TYKy U KBa3UTPyIHTE O Kiaca 2.

[Tonaramy, BO 3aBHCHOCT 07 OpOjOT Ha pa3IM4HU MapacTpodH, ONpeeseH e
OpojoT Ha eJIeMEHTH BO IMOTKJIAcuTe of mapacTpodHo-(ppakTasHu U GpakTaiHu
napacTpodHo-HedpaKkTamTHu KBa3urpynu. JlooueHure pe3yarature AajieHH ce BO
Tabena 7.4.

Co cnopenba Ha Tabena 7.3 u Tabena 7.4 Moxe J1a ce 3aKIy4H JeKa CHUTE
(dbpakTagHu KBa3UTPYIIH CO €IHA TapacTpoda ce mapactTpodHo GppaKkTaaHH, a CUTE
(bpakTaaHu KBa3Urpynu co 2 win 6 pa3iuyHu napacTpodu ce ¢ppakTaiHu mnapa-
cTpodHO - HepakTanHu kBazurpynu. Camo moTkiacata o (ppakTalHU KBa3u-
TPYIU €O 3 pa3InyHU napacTpodu COAPKU U napacTpodpHo GppakTaiHu U (pak-
TaJHU NMapacTpopHO - HEPPaKTATHU KBA3UTPYTIH.
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bp. Ha bp. nHa bp. Ha ¢paxTannu
napactpodu | mapactpodHo-ppakraaHu | mapactpopHo-HEPPAKTATHI
1 16 0

2 0 2

3 72 24

6 0 78

Bxynno 88 104

Tabena 7.4: bpoj Ha eJleMEHTH BO IOTKJIACUTE O] PpaKTAITHH KBA3UTPYITH CTIOPE]T
OpojoT Ha pa3TUYHM MapacTpodu

7.4 Auredapcku 0cOOMHM Ha mapacTpogHo ppakTaaIHUTE KBA-
3UTPyNu

Bo [45], aBropuTe naBaar MareMaTHYKHA MOJET Ha (pakTaTHOCTa HA KBa3UTPY-
IIUTE CO KOPUCTCHC HAa UACHTUTCTU. Co el ga Haj,[[eMe CJIMYCH MOACT, HO C€Tra
3a mapacTpodHara GpaKTaITHOCT Ha KBa3UTPYIUTE, TH UCITUTABME alnredapcKuTe
CBOjCTBa Ha mapacTpodHO (PpakTaHUTE KBA3UTPyIH of pea 4. 3a aa HajeMe co-
OJIBETHU HMJCHTUTETU CO KOM Ke€ C€ M3/IBOjar mapacTpoHO-ppaKTaTHUTE KBA3H-
IpyIH, pa3rieaBMe MHOTY UICHTUTETH, a IOCEOHO HICHTUTETHUTE 32 CUMETPH]a.
CYI_HTI/IHCKI/I NACHTUTCTHU 3a HAIIKMOT MOJECJI CE CICOAHUTEC:

KOMYTaTUBHOCT (Z * § = Y * ),

— koca cumerpuja ((x * y) * (y * x) = const)

neBa yyna (e x r = 1),

— JecHa nyna (x x e = x),

necua cumerpuja ((x * y) * y = x),

neBa cumerpuja (y * (y x ) = x),
— TOTaJIHA CUMETpHja (KOMYTaTUBHOCT U JIEBA CUMETPH]ja).

Kopucrejkn neranna npoBepka HajloBMe JieKa cekoja mapactpodno - ¢pax-
TajlHa KBa3urpyna o pea 4 mpurara BO MHOXKECTBOTO [ O]l KBa3UTPyIH KOU TO
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3a/I0BOJTyBAaT UACHTHTETOT T * (z * (x % (z * y))) = y ¥ BO SAHO O CICTHUTE
MHOXKECTBA O] KBa3UTPYIIU:

— Jlynu (Loops - L)
— Toranno cumerpuunu kBazurpymnu (Totally symmetric quasigroups - 7'S)

— JleBu Jlymu (Left Loops - LL) u lecHo cumerpuunu kBazurpynu (Right
symmetric quasigroups - R.S)

— Hecunu Jlynu (Right Loops - RL) u JleBo cumerpuunu kBasurpynu (Left
symmetric quasigroups - LS

— JleBu JIynu (Left Loops - L L) u Koco cumerpuunu kBazurpynu (Skew sym-
metric quasigroups - S5)

— Hecuu Jlynu (Right Loops - RL) u Koco cumerpuunu kBazurpynu (Skew
symmetric quasigroups - S.5)

— Komyrarusuu kBazurpynu (Commutative quasigroups - C') u Koco cumer-
puaHU KBa3urpymnu (Skew symmetric quasigroups - S'5).

Co xopuCTeHE Ha OBaa HOTAIH]ja, CO JUPEKTHA MPOBEPKA JOKAKAHO € CIICIAHO-
TO CBOjCTBO:

CBojcTBO 7.2. MHOodIcecmeomo 00 cume napacmpoguo-ghpakmantu Keazuepynu
PFQ 00 peo 4 modce 0a bude npemcmageHo Ha C1eOHUOM HAYUH.!

PFQ=IN[LUTSU(LLNRS)U(RLNLS)U(SSN(LLURLUC))].

Ha oBoj Haunn, 10OMeH € MaTreMaTHuYkKu MOJIET 3a mapacTpodHaTa Qpaxrai-
HOCT 1 0e3 KOpHCTeHhe Ha IpadUuKH MaTEepH MOXKE J]a Ce MPOBEPHU JaJIH JaJcHa
KBa3HIpyIia € napacTpopHo-PppakTaiHa WU HE €.

7.5 Teopercku 10Ka3 32 OTHOPHOCT O/l CTATUCTUYKHU HANAIU

3a 1a ce KOMIUIETHpA JOKa30T 3a MoA0OHOCTa Ha MapacTpodHaTa KBAa3UTPYyIHA
TpaHchopmaliija 3a mpuMeHa Bo KpunTorpaduja, moTpedHo € Ja ce TOKaxKe JeKa
Teopemara 1.2 Baxku u 3a oBaa TpaHchopmanuja. MmeHo, 3a mpuMeHa Ha eaHa
TpaHchopmanrja Bo Kpuntorpaduja MHOTY BaKHO CBOjCTBO € paMHOMEpHATa pac-
npenenda Ha MOACTPUHIOBUTE BO M3Jie3HaTa mopaka. OBa CBOJCTBO rapaHTHpa
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JIeKa Topakara KpUnTHpaHa co mapactpodHaTa KBa3UrpymnHa Tpanchopmainja €
OTIIOpHA HA CTATUCTUYKHU HAMaJad. 3aToa, BO OBa MOIVIaBje Ke ja MCIUTaMe pac-
npezendaTa Ha MOTCTPUHTOBUTE BO M3JIe3HATA TIOpaKa JOOHEHa CO KOPUCTEHE Ha
P E- tparcdopmariyjara.

Heka a30yxkata A e nedunupana kako morope. CiydajHo wu30paH
eleMeHT of MHoxkecTBoTo AF Moxe na Oume pasmienyBaH Kako clIydaeH
Bektop (X, Xo,...,X;), kame A e pamwror Ha X;, i=1,...,k. OBoj
BEKTOp Ke TO parieayBame Kako Bie3Ha mnopaka. Cera, TpaHchopmaiujara
PE = PE; 4, : AT — A" moxe na 6une nepuHupana Ha CICAHHOT HAYHH:

PEl,dl(Xh s 7Xk) = (Yl, N 7Yk‘) =

Yl = f81(laX1)7 Y} = f81(}/j—17Xj>7 .7 = 27" . 7d17

Y;]H-j = f8i+1(Yqi+j—1ani+j)7i = 1, NN 1, j = 1, cee 7di+1
(7.3)

Hexa (p1, p2, ..., Pa) € 3aKOHOT Ha pacmpenesba Ha OyKBHUTE 1, ..., a BO BIie3HATa

a
nopaka. Toa 3Hauu aeka p; > 03acekoes = 1,2,...,au E p; = 1.
i=1

IIpBo ke moKaXkeMe JeKa mocie NpuMeHaTa Ha TpaHcdopmanujata PE() na
BJI€3HA TMOpaka «, OyKBUTE BO TpaHCPOpMHpaHATa MOpaKa UMaar paMHOMEpHa
pacripezenoa.

Teopema 7.1. Bykeama Y; uma pamnomepHa pacnpeoenvoa Ha MHOMCECMEONO
A=A{1l,...;a}, me, Y, ~U({l,...,a})3a cexoet (t =1,2,... k).

/loka3. Bo 0B0j 10Ka3 KOPUCTEHHU C€ UCTUTE O3HAKU KaKO U BO KOHCTPYKIIMjaTa Ha
napactpodHaTa KBa3urpymnHa TpancQopmariiyja 1ajeHa Bo MPeTX0IHOTO MOTJIaBje.
[IpBo, na 3abenexume aeKa JIUIEPOT [ MOXKE J1a TO pa3riieyBaMe Kako CirydajHa
IIPOMEHIJIMBA KOja MMa paMHOMEpHa pacipe/iennda Ha MHOKECTBOTO A, Oujiejku Toj
¢ ciy4ajuo u3bpaH enemeHT o MHOkecTBOTO A. 3aroa, [ ~ U({1,...,a}), e,

1
P{l=1i} =—, 3a cexoe i € A.
a

Hcto Taka, muaepor | e ciaydajHa MpOMEHJIMBA Koja € He3aBUCHA of Oyksure X;
(# =1,..., k) Bo BIe3HaTa Mopaxa.
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Hexka t = 1. Co xopucreme Ha paBeHCTBOTO (7.3) U Teopemara 3a TOoTajiHa
BEPOJaTHOCT, 3a pacmpenendara Ha Y7, noOuBame

P{}/l:]} = Pa{fm(l?Xl):j}
= P =iP{fu (LX) =l =1)

a

= Y P(L0X) ==}

= 1

= Z ~P{fa (1, X1) = j}
= —ZP{Xl fo@3)}

Tyxa, f. e uHBep3HaTa KBasurpynHa Tpancdopmanuja Ha f,,, T.€. aKo
fo(u,z) = v, Toram f] (u,v) = x. Jla 3abenexume eka ako i ce MEHyBa Hajl
cHUTE BPEIHOCTH BO A ToramI 3a faieHo j, co u3pazor X; = [, (4, j) ke ce nobujar
cute BpeaHoctu o A. OTTykKa,

P{Y: = j} =~ ZP{Xl fi(.9)} sz— ,

te., Y1 ~U({1,...,a}).

[Tonatamy 10Ka30T Ke IO H3BEIEME CO KOPUCTCHE Ha HHAYKIHUja.
Heka Y, ~U({1,2,...,a}). C1u4HO KaKO U IPETXOAHO, KOPHCTEjKM aeKa f .,
e mapactpodHara Tpancopmanuja kopuctena o (r + 1) uexop, pacnpenenbara
Ha Y, ja ompeaenyBaMe Ha CJICTHUOT HAYHH.

P{YT'H - j} - P;{fsrﬂ(Yth—l-l) - j}
- ZP{Y; = Z-}P{fsw-l(y;“?)(er) = ]’Y; = Z}

i=1
a

= P (6 Xe) = 1Y =)

i=1

Bo cornacHocT co aedunummjara Ha mapactpodHara TpaHcopmalija gajaeHa co
(7.3), MmOxe 1a 3aKITydnMe JIeKa CITy4ajHUTE MPOMEHINBH X, 1 U Y, C€ HE3aBUCHH.
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KopucTtejku ro oBa Bo IpeTX0IHOTO paBEHCTBO, J0OMBaMe

a

P{Y;url :]} == le{f8r+l<i XT+1) :j}

- _ZP{XTH forin (i, 5)}

a

, .

Kako u nperxonHo, f; ¢ MHBEep3HATa KBasUIPyIHa TpaHchopMauuja Ha f, ;.
RN

Bo nocnennoto paseHcTBo, ro kopuctume daktor aexa X, = fi . (4,7) ke ru

IPUMH CUTE BpeHOCTH 01 A Kora j € UKCHO, a ¢ € MCHYBa HaJl CUTE BPSAHOCTH

ox A, Te.
d P{Xpp=f 60 =) pi=1
i=1 =1

Ha oBoj HauuH, 1oKakaBMe JieKa Y; MMa paMHOMEpHA pacipesaenda Ha MHOXKECT-
BoTO A, 3a cexoe t > 1.

On Teopema 7.1 Moxe a TO M3BEAEME CICIHUOT 3aKIy4doK. Ako M € Ak
u C = PE; 4 (M), Toram Gykeure Bo nmopakara C' ©MaaT paMHOMEpHA pacIpe-
nenba, T.e., BepojaTHOCTa OyKBaTa ¢ Jla ce MojaBu Ha OUII0 KO€ MECTO BO CTPHHIOT

Ce—,3acekoei € A.
a

Teopema 7.2. Hexa M € A" e npouseonen cmpune u C = PE™ (M). Toeaw
m-mopkume 00 Oyxkeu 6o C umaam pammomepna pacnpedenba 3a m < n.

Joxas. Hexa (Y™ v\ ... v") = PE™(X,,X,,..., X}). Teopemara ke ja
JIOKa)KeMe CO KOPHCTCH-¢ Ha MHAYKIMja. Jla MPeTIoCTaBUMe JeKa TBPACHETO ¢

TouH0 3a N = 7, Te., (Y1, Y1) ... Yt(f;l)) ~U({1,2,...,a}})3acexoe 1 <1< r

u cexoe t > 0. Cera, neka n = r + 1. Ke ja pasmiename pacnpenentara Ha

(Yt(fr"fl) Y;S:;l) . Yt(ﬁrl)) 3a cexoe 1 < ! < r+ 1 ¥ npou3BoOIHO {.

(r+1) r+1 r+1 r+1 r+1 r+1
P{Yt t(-i-l) Y;( ) = yt(—‘,—Q )7-- Y;(H ) = t(+z )}

(r+1) r+1) (r+1) r r+1
= P{Yt §+1 f8t+2< t+1 Yt(+%> yt(+2 )a S

(r+1) r r+1
f5t+l( t+1— 17}/;(+l)) :yt(+l )}7
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Kazie f,, € mapactpouara onepaiuja KOpUCTEHA BO YE€KOPOT j U f;j € Hej3uHaTa
WHBep3Ha Tpancopmammja, 7 =t + 2,...,t + (. [lonaramy,

(r+1) r+1 r+1 r+1 r+1 r+1
P{Y;Jrl y§+1 ) Y;t(Jrz )= t(+2 )7---7Yt(+l ) = yi-s—l )}

r+1) +1 +1 r r+1
= P{Y;(H = yt+1 ) f8t+2(yt+1 ) Y;(Jr%) yt(+2 ), .

( +1) ( +1) ( ) ( +1) ( +{§t+l( t:—Jlrlh }/tS:l)) ygjl)}
= P{Ytﬂ Yi+1 Yt+2 = st+2 (yt+1 » Yiq2 )5

(r) _ (r+1) | (r+1)
LY = stH(yt—l—l 1 Yet )}

r+1) r+1) r+1 r+1
= P{Yt( B t:l_ }P{Y;Jﬂ st+2 (?Jt(Jr—ilr )7?Jt(+—|2r )>7 cee

r r+1 r+1
LY = s

(r+1)

ITocnennoTo paBeHCTBO ce N0OMBA CO KOPUCTEmE HA (DAKTOT AeKa Y, | ' € He-

3aBHCHA O] BEKTOPOT (Yt(+27 . ,Y;(H) Ounejkn Y;(H, ce Y;(H) HE Ce KOPHCTAT 3a

(r+1)
nobuBame Ha Y, | .

Co KopHCTEhe Ha WHIYKTHBHATA MPETIIOCTAaBKA Yt(ﬁr VU ({1,2,...,a}),

(Yt(l%, . ,Yt(ll)) ~U({1,2,...,a}"!) on nperxomuuor uspas nobusame aeka

1 1
r+1 r+l r+1 r+1 r+1 r4+1
P{Ytg-l ) yzg—l-l ) }/t(—&-Q ) y,§+2 )7...,}/;3_1 ):yt(—‘rl )}:a_:_

Co oBa JOKaxaBMe JeKa (Y,;(fl),YtSf% Yt+z) ~ U({1,2,...,a}!) 3a cexoe
Il <nucekoet > 0.
Co Teopema 7.2 mokaxaBMe JeKa Mmopakara KpHIITHpaHa cO mapactpodHara

KBa3UIpyIHa TpaHcopMallja € OTIIOPHA HAa CTATUCTUYKHU Hala/Iu.

7.6 ExcnepMMeHTAJHU pe3yJTaTH

HanpaBuBMe MHOTY €KCTIEGPUMEHTH CO IIJT JIa TH MIYCTPHpaMe HAIIUTE TEOPETCKU
pesynraru. Bo oBa nornasje naneH e eaen npumep. CiydajHo € m30paHa mopaka
M co 1,000,000 6ykBu ox a3dykara A = {1,2, 3,4} co pacnpenenbda Ha GyKkBUTE
nanena Bo Tabena 7.5 .
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1 2 3 4
0.70 | 0.15 | 0.10 | 0.05

Tabena 7.5: Pactipenenta Ha OyKBUTE BO BJI€3HATA MOpakKa

Kopucrena e kBaszurpynara (7.4) v Hej3UHUTE MapacTpodu.

(7.4)

B~ W N | oy
N s = W
W o= NN
B~ W NN | W
— N W R

Co npuMeHa Ha Tpanchopmarmjara PE®) Ha nopakara M, ce 1o61uBa Kpuri-
tupanara nopaka C = PE®)(M). Bo cexoja PE-Tpanchopmanuja, 10JKMHATA
Ha MPBUOT OJIOK € d; = 3, a modyeTHUoT juaep e l; = 1.

Pacnpenenbara na OykBute BO m3ne3nara nmopaka C' e ganeHa Bo Tabena 7.6.

1 2 3 4
0.2505 | 0.2498 | 0.2502 | 0.2494

Tabena 7.6: Pactipenen6a Ha OyKBUTE BO M3JI€3HATA MTOpaKa

On BepojatHocTHTE BO Tabena 7.6, jacHO € neka pacmpeaendata Ha OyKBHUTE
BO M3JIe3Hara nopaka C' € paMHOMEpHa.

Pacnipenenbute Ha mapoBHTe, TPOJKUTE M YeTBOPKUTE onl OykBu Bo C' mpeT-
craBenu ce Ha Ciuka 7.3, Cnuka 7.4 u Cnuka 7.5. Ha Cnuka 7.3, mapoBure ce
MPETCTaBEHU Ha T-0CKaTa BO Jiekcukorpadpceku penocien (‘117 — 1,/12" — 2, ...,
'44" — 16). Ha ciiuuen Hauns, Ha Civka 7.4 u Ciinka 7.5 MpuKakaHHu Ce TPOjKUTE
Y YETBOPKUTE 0J] OYKBH.

On Cnuka 7.3 u Cnuka 7.4 MoXe Jia ce 3aKiIy4yu JieKa Mocje TPU MPUMEHHU
Ha P F-tpancdopmanujara, mapoBUTE U TPOJKUTE 01 OyKBU BO M3JIE3HATA MOpaKa
uMaar paMHOMEpHa pacrpezenda, Kako MTo € U ToKaxaHo Bo Teopema 7.2. Hcto
taka, Ha Cirka 7.5 Moke J1a ce BUJIM JIeKa pacripesenoara Ha 4eTBopkuTe Bo C' He
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¢ paMHOMEpHa, HO CeIaK oBaa pacmhpeesnda e modiucka 10 paMHOMEpHa pacripe-
nenda CropeieHo co pacmpeendoaTa Ha YeTBOPKHUTE BO BJIE3HATA MOPAKa.

—————————————

input output

Crnuka 7.3: Pacnipenen6a Ha mapoBuTe o1 OyKBH BO BlIe3HATa U U3JIE3HATA TTOpaKa

input output

Cnuka 7.4: Pacnipenen0a Ha TpOjJKUTE BO BIIe3HATA U U3JIe3HATA MOpaKa
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Cnuxka 7.5: Pacripenen0a Ha 4eTBOPKHTE BO BIIE3HATA M M3JIE3HATA TIOpaKa

Bo Teopema 1.4 (koja e nokaxkana Bo [2]), bakeBa u JlumutpoBa qokakyBaar
jieka BepojaTHocTuTe Ha (n + 1)-Topkute o 6yksu Bo 3 = E™ () ce nosenenu
BO a KJacH Kane a = |A|, ako (p1,pa, ..., Ps) € 3aKOHOT Ha pacrpesnenda Ha Oyk-
BUTE BO BJIC3HHOT CTPHHT WU MPHUTOA D1, P2, - .., P, CC PA3IUYHU BEPOjaTHOCTH,
T.e., p; # p; 3at # j. Ilputoa, cexoja Kiaca COIpXKU a” €IEeMEHTH CO UCTU

. ) . : 1
BEpOjaTHOCTHU U BEPOjaTHOCTA Ha cekoja (n + 1)-Topka Bo i-Tara Kiaca e —Di, 38
a
1=1,2,...,a. Axop;, =p;, =+~ =p;,3aHexon 1 < ¢1; < --- <1, < a, TOraIl
) 1
KIIACHTE CO BEPOJATHOCTH —Pj; = —Pj, = +*+ = —p;, ke OMJAT CIIOCHH BO C/(HA
a a a

KJaca co va' eneMeHTH. KopucTejku I OBHE pe3yaTarH, aBTOPUTE MpeJyiaraatr u
QITOPUTAM 32 KPUIITOAHAJIH3a.

ExcniepuMeHTaIHO IPOBEPUBME J1aJIM OBaa TEOPEMa BayKU Kora ce IPpHUMEHYBa
P E-tpanchopmanujara. Pacnpenen6ara Ha mapoBUTE MOCHE €lHA TPUMEHa Ha
P E-tpanchopmanujara e npukaxana Ha Cnuka 7.6 a). Ha Cnuka 7.6 6), npet-
CTaBeHa € pacrpernendara Ha MapoBUTE TOCTe enHa NpuMeHa Ha E - Tpancdop-
manujara. Moxe na ce Buau aeka Ha Ciuka 7.6 6) BepojaTHOCTHTE Ha TapOBUTE
ce MoJIeNIeH! BO 4 KJIacH KaKo IITO € U MmokaxaHo Bo [2]. Ho na Ciuka 7.6 a) He
MOXe J1a c€ 0JJBOjaT HEKaKBH KJIacH Ha BepojaTHOcTUTe. OBa 3HAUM JeKa ajropuT-
MOT 3a KpUITOAHAIM3a MPEJIOKEH BO [2] HE MOXKe Jja ce IPUMEHH KOTra Blle3HaTa
Hopaka € KpunTHpaHa co Kopucreme Ha P E-tpancdopmanujara. OTTyka, MOXe
Jla 3aKJIy4MMe JieKa opakara Kpunrupana co P E-TpaHcopmaliyja € mooTmnopHa
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Ha CTaTUCTHUYKHU HaIlaau.

Cnuxka 7.6: Pacnpenen6ara Ha mapoBuTe 011 OyKBH BO U3JIE3HUTE MOPAKH TOOHEHU
co PE-u E-tpancdopmaryja

Jla 3a0enexumMe J1eKa 3a peIeBaHTHU CTATHCTHUYKH aHAJIHM3H, MOPa J1a UMaMe
JIOBOJTHO JIOJNITA BJie3Ha TOpaka. MIMEHO, BO €KCIIEPUMEHTHUTE, BEPOjaTHOCTUTE
Ha N-TOPKUTE CE NMPECMETYBaaT Kako penaruBHU ¢ppekdenimu. Ho, penarnBHara
¢dpekdeHImja Ha eIeH HaCTaH TeXH KOH Bep0jaTHOCTa Ha HACTAHOT CaMoO aKo H-
MaMme JIOBOJTHO TOJIeM MPHUMEPOK. 3aroa, PeNeBaHTHU CTATHCTHYKH aHAIU3U HE
MOXe J1a OuJaT HarpaBeH! 3a KpaTku rnmopaku. OTTyka, HEBO3MOXHO € J1a ce Ha-
NpaBU CTAaTUCTUYKY HamaJ Ha HEJOBOJHO JIONTa Bie3Ha rmopaka. Jla 3abenexime
JIeKa aKo eJIcH Hararad ()aTv ¥ KOHKaTeHUpa rojeM Opoj Ha KPaTKU IMOPaKU KPHII-
Tupanu co ucta PE™-tpanchopmanuja, Toj ke 1o6ue mo7ra Iopaka ¥ MoXe 1a
NPUMEHH CTaTUCTUYKH Hama]. Ho, Hamanot ke 61ie HeBO3MOXKEH aKo IOYECTO ce
MEHyBaaT KBAa3HUTPYIHTE KOPUCTEHH BO KPHNTHpameTo co PE™- Tpanchopma-
nuyjara.

Bo [47], aBropuTe 3akiny4yBaar jeka F-tpaHchopMaliijara MOXe Ja ce mpu-
MEHYBa BO KpunTorpaduja Kako QpyHKIH]ja 3a KpUNTUpame, Ouzejku 6pojoT Ha
KBa3UTpyIH € orpoMen (mocrojar noseke o 10°%°% kpasurpynu kora |A| = 256)
W 3aTo0a HarajoT co rpyoda cuna (brute force) e Henpudaraus.

Axo P E-tpancdopMalnidjata c€ KOPUCTH BO aJTOPUTAM 3a KPUINTHPAE, TO-
raii TajHUOT KiIyd Ke Ouie Tpojkara (x, [, d;). Bo Toj ciyd4aj, Hamagor ’co rpyoda
cujia” € UCTO TaKa HEBO3MOXKEH, OM/IejKM OCBEH KBa3WIpyIHATa olepanuja * u
JHUIEPOT [, KIIy4OT ja COAPKH M TOJDKUHATA HA MPBHOT OJIOK d; KOja BiIMjae U Ha
JIMHAMUKAaTa co KOja ce MEeHyBaaT mapacTpogure.
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3akay4yok

Bo oBaa raBa e neduHupana HoBa KBazurpymnHa Tpanchopmanuja (P E-TpaHc-
(dopMmarja) U HalIpaBeHH Ce JIBE HOBU KiIacH(PHUKAIMKA HA KBA3UTPYIUTE O PEl
4 xopucHu Bo kpunrorpaduja. Mcrto Taka, 1aeH € MaTeMaTudKyd MO 3a Ia-
pactpodHara ppakTaIHOCT HA KBa3UTPYNHTE U ce JoKkaxkanu Teopema 7.1 u Teo-
pema 7.2 3a paMHOMEpHATa pacrpeenoa Ha HOACTPHHTOBUTE BO ITOpakara Jo0neHa
CO HOBaTa KBa3WIPyITHA TpaHCHOpMAaIHja.

Co cymupame Ha T0OUEHUTE pe3yaTaTh MOXKe J1a 3aKITydyuMe JIeKa:

— mapactpodHO (hpaKkTaTHUTE KBA3UTPYIH HE Tpeda J1a ce KOPUCTAT 3a JTU3ajH
Ha Kpunrorpadcku NpUMUTHBH, OUIC]KH THE UMAAT (PpaKTATHU CTPYKTypa
¥ CBOjCTBa Ha CUMETpPH]a;

— JneduHUpaH € MaTeMaTU4KH MO 3a OJIeNyBamke Ha mapacTpodHo (pak-
TaJIHUTE KBA3UTPYIIH;

— mapacTpodHaTa TpaHcdopmalija € MOMoroJHa 3a Ju3ajH Ha Kpunrorpadg-
CKHU IPUMUTHBH, OU/I€jKH Taa ro 3rojeMyBa OpojoT Ha KBa3UTPyIH KOPUCHH
BO Kpurrorpaduja.

Ha xpaj, o1 cuTe M3HEeCeHH pe3ylITaTh BO OBaa IJ1aBa MOXKE Ja C€ 3aKIIy4H JeKa
P E- tpancdopmanujara e monoOpa (yHKuMja 3a Kpunrtupame o £ - Tpancdop-
Maryjara.






3akiayuok

KBazurpymnure u KBa3urpynmHute Tpanchopmaiinu ce MHOTY TIOTOIHU anre0apcKu
CTPYKTYPH 32 KOHCTPYKIIHja Ha KpUNTOTrpaCKU MPUMUTHBH, KOJAOBU 332 OTKPH-
Barb€¢ Ha TPEINKH M KOJAOBU KOM TIOMpaBaar rpemku. [IpuunHu 3a Toa ce: CTpy-
KTypaTa Ha KBa3UTPYIUTE, HUBHUOT TojieM Opoj, CBOjCTBaTa Ha KBa3UTPYIHUTE
TpaHcpopmanuu u pyro. JloceramHuTe UCTpa)xKyBamba 3a HUBHATa IPUMEHA KaKo
BO 00J1acTa Ha KOIUPAWkETOo, Taka U BO 001acTa Ha KpumnTorpadujara 1agoa roiem
NpUJOHEC BO HOBUTE JOCTUTHYBama BO OBHE oOmacTu. OBaa JJOKTOpPCKA JAMUCEp-
Talyja € yITe eACH NMPUIOT KOH MPUMEHaTa Ha KBa3UTPYIHUTE U KBa3UTPYITHUTE
TpaHc(hopManry BO OBHE JIBE OOJIACTH.

Hajronem nen on nucepraiiyjata € MOCBETEH HA CIIy4ajHUTE KOJOBU Oa3UpaHu
Ha KBa3urpynu npeanoxenu on Januno [muropocku, Cmuie MapkoBcku u Jbyt-
4o Komapes. OBue KOIOBH MPETCTaBYBaaT KPUIITO-KOJOBH KOH TIOIIPABAAT IPEIIKU
¥ TIPUTOA KOPHUCTAT aJITOPUTMU 332 KpUIITHPAE/ JEKPUTITHPAEHE BO CAMHOT IPOLIEC
Ha KOJMpAamke U JICKOAMpame. 3aroa, THE OBO3MOXKYBaaT HE caMO KOpEKIHja Ha
ofpesieH Opoj Ha TPEIIKH BO MIPaTeHUTE MMOIaTOIH, TYKY UCTO Taka 00e30e1yBaaT
u 0e30eaHOCT Ha MHpopManuuTe. AKO WH(pOpMaIHjaTa € KOAUpaHa CO KOPHC-
TEHE Ha OBUE KOJIOBH, TOTAIl MPUMATETIOT MOXE Jia ja JeKoAupa U Ja ja qooue
opUrMHaiHaTa WH(pOpMaIKja caMo aKo TOj/Taa 3Hae TOYHO KOM IMapaMeTpu Ouie
KOPHCTEHH BO MPOLECOT HA KOAUPAkE, TypH U aKO KOMyHHUKAITUCKUOT KaHal € 0e3
npedyku. 3apaau ce morojemara rnorpeda oj MpeHocC Ha MOAATOLUTE KOj BO UCTO
BpeMe ke Ouje u epukaceH u 6e30e1eH, CIydajHUTE KOAOBH Oa3UpaHH Ha KBa3H-
TpyNH Cce MPEIU3BUK 32 HOBU UCTPAKYBamba.

HanpaBenu ce MHOTY eKCIIEpUMEHTH CO LeJ Jla ¢€ UCTIUTaar nephopmMaHcuTe
Ha OBHE KOJIOBH M MCTPaKyBaHO € Kako M300pOT Ha MapamMeTpuTe BO HHUBHHOT
JIN3ajH BIIMjae Ha HUBHUTE niephopmancu. Op T0OMEHUTE pe3yJITaTH 3aKITyIHBME
JieKa neppoMaHCUTE Ha OBHE KOJOBH MHOTY 3aBHCAT OJ1 M300POT Ha KBa3urpymara
U JpyTuTe MapaMeTpy BO HUBHUOT au3ajH. On ekcrnepuMeHTalHaTa cropenda
Ha nepopMaHCUTE Ha OBHE KOJIOBH CO KOJIOBH, TIO3HATH 10 CBOjaTa MPaKTUYHA
NpUMEHA 33 CKJIaUpamke U MPEHOC Ha TOIaTOIH (KaKo IITO ce KOAOBHUTE Ha Pu-

141
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Munep u Pun-Conomon), mpousese 3aKiIyq40KOT JIeKa U KOJOBUTE Oa3upaHu HA
KBa3UTPYITM MOXKAT JIa HajIaT ITUPOKa MPAKTUIHA IPUMEHA 0COOCHO 3apajf HUB-
HuTe Kpunrorpadcku cBojctBa. Ho, 0TBOpeHO 0cTaHa ImpalameTo 3a 3a0p3yBamke
Ha TMPOLECOT Ha JCKOAUpPake Ha OBHE CIy4YajHU KOJOBH, INITO CE MOKAKa KaKO
royieMa cliaboCT MPH U3BEIyBAHETO HA EKCIIEPUMEHTHUTE.

Co men ma ce pemM HajrOIIEMHOT MpoOIeM Ha CIIy4ajHUTE KOJIOBHTE Oa3u-
paHM Ha KBa3HUTPYTIH, T.€., 7]a ce 3a0p3a MPOIIeCOT Ha IEKOUPALE, TIPEITI0KEHH Ce
JIBa HOBU aJITOPUTMHU 3a Koaupame/aexonupame. Co IpBHOT NPEASIOKEH alropu-
TaM, HapedeH alropuram-3a-aexoaupame-co-npecenu (Cut-Decoding nnu AJIIT
aNropuTaM), MOCTUTHATO € TOJIeMO MOA0OpyBame Ha Op3WHATA HA JIEKOAUPAHE.
[TpuToa He ce HamaseHu 100pHTe epPOpMaHCH Ha OBHE KOJOBH BO OJJHOC Ha Be-
POJaTHOCTHUTE 3a MAaKET-TPEIIKa U OUT-rpemka. 3a Koj co pata 1/4, nexogupameTo
Ha mopakuTe co kopucrewe Ha AJII1 anroputaMoT € 4.5 nmatu moOp30 OTKOJIKY CO
KOPUCTEHE Ha CTAH/IapIHUOT aJITOPUTaM 3a JIEKOIUPaE.

JlobueHoTo 3a0p3yBame Ha MPOLECOT Ha JeKOTUPAEe CO KOPHCTEHE Ha HO-
Buotr AJIIl anropuram, oTBOpr HOBO mpamiame: [lanmm co HOBa MonuduKaimja
Ha OBOj aJTOPUTaM MOXeE Jla C€ MOCTUTHE TOT0JIEMO HaMallyBame Ha KaHAH[Ia-
THUTE 32 ICKOIMPAHE BO CEKOja OJI HTEPALMUTE M CO TOA J1a CE TIOCTUTHE ITOTOJIEMO
3a0p3yBame Ha JexoaupameTo? OTTyKa, mpousies3e uiejara 3a HoBa MonU(pUKa-
rja Ha AJIIT anroputaMor, Koja € HapedeHa alropuTaM-3a-IeKoIupame-co-41pe-
cenu (4-Sets-Cut -Decoding mnmu AJI411 anropuram). Bo npBuyHHMTE excriepu-
MEHTH CO OBOj aJITOpUTaM JOOMBME TTOTOJIEMO 3a0p3yBamhe Ha MPOIIECOT Ha JIEKO-
JMpar-e, HO TTOJIOIIH PE3YNITaTH BO OJHOC HAa BEPOjaTHOCTUTE 32 TAKET-TPEIIKa ’
out-rpemika. 3aToa, HaPaBeHU Ce JOMOTHUTEIHU TPH BEP3UU HA OBO]j AITOPUTaM
(AJJ4TT#2, AJ14ATT#3 u AJI4TT#4 anropuTMH) co 1en Ja ce nodue mogodpyBame Ha
neppopMaHCUTE M BO OTHOC HAa BEPOjaTHOCTHUTE 32 TOUYHO JEKOAHPAILE, a IPUTOA
Jla ce 3apKu oAo0pyBameTo Ha Op3uHara. Co aHanmm3a Ha pe3ylTaTuTe T00u-
€HH Off ToJIeM Opoj Ha eKCIIEPUMEHTH HAlPaBeHU CO PA3IMYHHUTE AJITOPUTMH 32
JIEKOJTUpambe, 3aKIYyUeHO € JieKa 3a Koa co parta 1/8 co HoBute anropurmu (AT
u AJI4I1 anroputmuTe) ce 10OMBa roieMo Noo0pyBamke Ha Op3UHATa Ha JIeKO-
JMpamke U MHOTY OO0 pe3yiITaTH 3a BEpPOjaTHOCTUTE 32 MaKeT-Tpelka U Out-
rpemka. MimeHo, 3a oBoj xox A/II1 anroputamort, 3a ope/ieH! BpeTHOCTH Ha Be-
POjaTHOCT p 3a OUT-rpelIKa BO OMHAPEH CUMETPUUEH KaHall, € 5.2 matu moop3 of
crangapaauoT. Joneka co AI411 anroputMute aeKkoaupameTo € 6.3 matu moop30
OTKOJIKY CO CTaHJIapJHUOT aJIFOPUTaM, a 32 HEKOM BPEAHOCTH Ha p ce JoOUBaar u
24 matv moMaJj¥ BepOjaTHOCTH 3a MaKeT-TPelKa.

3a IOTMOIHUTEITHO MO00PyBakbe Ha BEPOjaTHOCTHTE 32 YCIEIIHO ICKOANPAhEe
ne(UHUPAHN Ce HEKOJIKY HOBH METOJIM 32 HAMAITyBamkhe HA HEYCIICITHUTE JCKOIH-
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pama co JBaTa TUIa Ha TPELIKU (epeluKa-npasHo-MHOMCECME0 U epeuKa-nogexe-
kanouoamu). Co mpuMeHa Ha KOMOWHAIM]ja O]l OBHE MPEIJIOKEHUTE METOIU BO
HOBHTE aJITOPUTMH 32 KOAUPaAH-e/AeKOINpamhe eMMMUHUPAHU Ce JIe] Ol HeyCIelll-
HUTE JEKOAMpama U JOOMEHH c€ MHOTY MOJ00pHU pe3yaTaTd 3a BEpPOjaTHOCTUTE
3a makeT-rpemka u Our-rpemka. IIpuroa, Op3uHaTa Ha JAEKOAMPAEHETO € CKOPO
HEIPOMEHETA.

Kako 3a0kpyXyBame Ha HCIUTYBAaKkETO Ha NepGopMaHCUTE Ha OBHE KOJOBH,
HaMpaBeHU Cce eKCIIEPUMEHTH CO Pa3IMYHU JOJDKUHU Ha MIOPAKUTE, IIPU UCTa paTa
Ha KOJOT, CO IIeN Ja ce MpUKake Kako MpoMeHaTa Ha JOJKMHATa Ha TOpPaKUTe
BIIMjaHUeTO Ha nepdopmancuTe. Bo AM3ajHOT M NPETXOAHUTE UCTPAXKYBaa CO
KOJIOBUTE Oa3upaHu Ha KBa3UTPYIH KOPUCTEHA € caMo a30yKara o1 HUOJIH 1 KBa3H-
rpynu of pea 16. Bo oBaa nucepraiiyja HICIUTAHU c€ U TEpPOPMAHCUTE HA KOJO-
BUTE KOU BO MPOIIECUTE Ha KOAUPAHE U JEKOAUPAHE KOPUCTAT KBA3UTPYTIH O PE.
4 v pen 256 (Bo crangapaauoT U AT anropuramor). McTo Taka, HanpaBeHU
Ce eKCIIEPHUMEHTH BO KOM OBME KOJJOBU C€ KOPHUCTAT 33 KOJUPAE/IEKOAUpame
Ha CJIMKM NPEeHECeHW HU3 OMHapeH cuMmeTpuueH kaHaji. llpuToa, KopucTeHH ce
HEKOJIKY pa3iudHu (BO 00ja U LpHO-0€IM) CIUKH U CIIOpEeNeHH ce nepdopman-
CUTE Ha CTaHJApHUOT aJITOPUTaM 3a Koaupame/nexonupame, AJlI1 anropuramor
u xonosute Ha Pun-ComoMoH 3a komoBu co para 1/4. On nobueHute pe3ynratu
3aKJIy4yUBMeE JIeKa 3a OBaa para co Kopucrewme Ha HoBUOT A/IIT anropuram ce no-
OMBaaT 1ojacHU JEKOJUPAHH CIUKU OTKOJIKY CO CTAHJApPHUOT ajropuram u Pua-
Conomon komoBute. Mcrto Taka, HampaBeHa € cropenda Ha neppopmMaHcUTE Ha
ClIy4yajHUTE KOIOoBU Oasmpanu Ha kBaszurpynu co AJI411#3 anropurmor u Pun-
Conomon kop co pata 1/8 mpu nexkoaupame Ha CIUKUA MPEHECeHU HU3 OMHapeH
cumeTpudeH kaHain. Onx moOMeHuTe pe3yiTaTu 3aKIy4rBMe JIeKa U 3a OBaa paTa
CJIy4ajHHOT Kozt co HOBHOT AJI411#3 anropuram aBa MojacHU CIHMKH (32 CUTE pa3-
IJIeJJaHN BEPOjaTHOCTH 3a OUT-TpeIiKka BO OMHAPEH CUMETPHYCH KaHa).

Kako oTBOpeHO mpaiame 3a MOHATOMOLIHM UCTPa)KyBamka OCTaHyBa HCIH-
TYBaWbETO Ha MepPopMaHCUTE HA CIydyajHUTE KOAOBU Oa3upaHu Ha KBAa3UTPYIHU
3a TIOpaky MPEHECYyBaHW M HU3 APYTH KaHAIU CO MPEYKH, Kako Ha MpUMep 3a
npeHoc Hu3 [aycoB kaHan. Ox ciaMkuTe JOOMEHU MO JEKOTUPAETO CO OBHE KO-
JIOBU TIPOU3JIETOA HEKOU MJEH 3a Ne(UHHpame Ha (GUITPU 32 MPOUYUCTYBAkHE HA
nobuenure cnukd. lcro Taka, ocTaHyBa OTBOPEHO IMpAIllal€TO U 3a IMpHUMEHa
Ha JPYTY KBa3UTPYINHU TpaHCHOpPMALMK WU JPYTU alTOPUTMU 33 KPUIITHpame/
JNEKPUNTHPAke BO AITOPUTMUTE 3a KOAUpame U JACKOIUpame Ha OBHE KPHUIITO-
KO/I0BH 0a3upaHu Ha KBAa3UTPYIIH.

OcBeH eKkCIepUMEHTAIHUTE Pe3yaTaTu 3a HOBUTE aJTOPUTMHU KOM CE TpEl-
JIOKEHU BO OBaa Te3a, JaJIeHU C€ M HEKOM TEOPUCKH pE3yiTaTh CO KOM C€ IMOT-
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Bp/lyBa NOA00pYBambeTO Ha ep(HOPMaHCUTE HA CIy4YajHUTE KOJOBU Oa3HUpaHu Ha
kBazurpynu. V3Benena e popmyia 3a ropHaTa rpaHHIIa 32 BEPOjaTHOCTA 32 MMaKeT-
rpellka Kaj HoBUTe alropuTMu. IIpuToa, mokaxaHo € eKka oBaa rOpHa I'paHuLa €
e/HaKBa Ha TEOpPHCKATa BEPOjaTHOCT 3a MaKeT-TPellka 3a CTaHJapAHUOT alIrOpH-
tam. OBaa TEOPHCKH U3BEICHA TOPHA TPAHHUIIA € M eKCIIEPUMEHTAIHO MTOTBP/ICHA.
Hcro Taka, onpesienieHu ce MpuOMmKHU GOPMYITH 32 KapJUHAIHUOT OpOj Ha MHO-
’KeCTBaTa Co KaHAM/ATH 3a JICKOAUPAHE MOCIIE HUBHOTO PEYIINPAHE TPEITI0KEHO
BO HOBUTE aroputMu. Co Toa e MOoKakaHo JIeKa CO HOBUTE aJIFOPUTMHU ce J00HBa
3HAUUTEJTHO HaMalyBame Ha OpPOjOT Ha €JIEMEHTH BO MHOXKECTBATa CO KaHIUIaTH
3a IEKOJIMpare, Off IITO HajJMHOT'Y 3aBHCH Op3uHaTa Ha Jexoaupame. OBue Teo-
PHCKH pe3yJTaTd MOXKE J1a C€ UCKOPUTAT ¥ KaKO MaTeMaTH4KH METOJ 3a H300p Ha
J00pY TTapaMeTpH BO JTU3ajHOT Ha KOJIOBHTE.

Kako nmpusior KoH npyuMeHaTa Ha KBa3urpyInuTe U Bo obiacTa Ha Kpunrorpadu-
jata, BO oBaa aucepranuja J1euHUpaHa € HOBa KBa3UIPyIHa CTPUHI TpaHCHOp-
Mallija HapeueHa napacTpogHa KBa3urpymnsa tpaicopmanuja (mum P E- TpaHc-
¢dopmanmja). Co KopucTeme Ha OBaa TpaHc(hopMalrja HalpaBeHa € HOBA Kia-
cuduKanyja Ha KBa3UTPYIHUTE BO 3aBUCHOCT O] HUBHATA mMapacTpodHa Gpakra-
HocT. HampaBenn ce aBe HOBM KiacH(UKauM Ha KBa3sHTpynmuTe o pen 4:
1) knacudukanuja criopes OpojoT Ha pa3IMYHU mapacTpodu; u 2) Kinacupukammja
criopen napactpodna gppakrannoct. Ha oBoj HauuH, 3rojeMeH € OpojoT Ha KBa3u-
IpyIU Of1 pel 4 KOou ce MOTOAHM 3a AU3ajH Ha KpUnTorpagcku NpuMHUTUBH. McTo
Taka, UCIIUTaHHU ce anrebapcKUTe CBOjCTBA HA MapacTpoPHO (pakTalIHHUTE KBa-
3UTPYINH U TPEAIOKEH € MaTeMaTHUKH MO 3a mapactpodHaTa GpakTaaTHOCT.
JlaneHu ce HEKOJIKY CBOJCTBA KOM CE€ KOPUCHHM 3a mpuMmeHa Ha P [E- TpaHcgop-
Manujata Bo kpunrorpaduja. JlageH € U TEOpeTCKU J0Ka3 JieKa Mocie n MpH-
MeHH Ha P E- TpanchopmanyjaTa Ha IpOU3BOJIHA MTOpakKa, pacrpenendara Ha m-
Topkute on OykBu (m = 1,...,n) e pamHomepHa. Kiacu Ha BepojaTHOCTUTE
BO pacmpenesbara Ha (n + 1)-TOpKHTE HE ce M3BOjyBaaT Kako BO ciydaj Ha F-
tpanchopmanujara. Ho, Bo 0BOj cirydaj MOkeOHM MOCTOM HEKOja 3aBHUCHOCT Off
MOBUCOK €I, IITO € OTBOPEHO Mpallame Ha Koe ke ce 6apa 0JroBop BO UAHUHA.
Osga 3nauu ieka ako P - TpaHcdopmalmjaTa ce KOpUCTH Kako (PyHKIIHM]ja 3a KPHII-
TUpame, Toram 100ueHnTe MUuppPUPaHU TTOPAKK CE OTTIOPHU HA CTATUCTUYKH Ha-
naau kora P - Tpancopmanujara € npuMeHeTa JoBosieH O0poj matu. Op cute
M3HECEHU PEe3yaTaTH MOXe Ja ce 3aKiayuu faeka P - tpancdopmalijarta e mojo-
Opa ¢yHKIMja 3a KPUNTHPAKE OJ] MPETXONHO neduHupanara F-TpaHchopmaim-
jara. 3aToa, MOHaTaMy MOJKE Jla C€ pa3MUCITyBa 3a JU3ajH Ha mu(pyBad BO KOj 3a
KPHUIITUPAkE Ha IOPAKUTE Ke ce KOpUCTU HoBara P F/- Tpancdopmanyja.

Ha xpajot Moxe 11a ce 3aKTy4yH IeKa aHaJIM3UTE O] HAITPABEHUTE NCTPAKyBakha
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JIaJICHN BO OBaa ANUCEPTAIfja 1aBaaT HOBU U OPUTHHAIHY PE3y/ITaTH BO HACOKA HA
MpUMEHaTa Ha KBa3UIpyIuTe Kako BO 001acTa Ha KOJUPAkETo, Taka U Bo o0iacta
Ha kpuntorpadujara. Pesynrarure 1oOMeHN 01 OBHE HCTPaXKyBama ce KOMITaTH-
OWJIHM CO HajCOBPEMEHHTE MCTPa)KyBarma BO OBaa OOJIACT M JaBaar CBOj HAay4eH
IPUIOHEC BO PEIIABAKBETO HA TPOOJIEMHUTE TIOBP3aHU CO IPUMEHATa Ha KBa3HIPY-
IHUTE BO TEOpHjaTa Ha KOAUPamke U BO KpUNTorpadujara, Kako €HU O BOACUKHUTE
TPEH/I0BH BO MHQoOpMarnkara. Temara € akTyelnHa U € BO CKJIQJ CO UCTPaXyBa-
haTa KOM MHTEH3MBHO C€ OIBMBAAT, KAKO BO PEIIABAK-ETO HA MHOTYTE€ OTBOPEHU
TEOPUCKH MPEIN3BUIIM, TaKa U BO JU3ajHUPAHETO HA TPAKTUYHU aIUTUKALUK 32
ToueH U 6e30eneH npeHoc. McTo Taka, 1oOMEHHUTE PE3yATaTH OTBOPHja MHOTY
npallama 3a MOHATAMOIIIHU UCTPaXyBamba, Yue peliaBame OU UMajIo MpaKTHIHA
BPEIHOCT BO CKJIATUPAHETO W KOPEKTHHUOT NMPEHOC Ha IMOJATOLHUTE, Kako M BO
3roJIeMyBam-€TO Ha HUBOTO HA 3aIITHTA HA UCTHTE.
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Chapter 1

Quasigroups and Quasigroups string
transformation

Quasigroups and quasigroup transformations are very useful for construction of
cryptographic primitives, error detecting and error correcting codes. The reasons
for that are: the structure of quasigroups, their large number, the properties of
quasigroup transformations and others. In this thesis we consider some applica-
tions of quasigroups in cryptography and coding theory. Therefore, in this chap-
ter, we will give the definitions and properties of the quasigroups and quasigroups
string transformation that we will use in the next chapters. More for quasigroups
and their mathematical background are given in [6, 11, 36, 81].

1.1 Quasigroups

A quasigroup (Q, *) is a groupoid, i.e., a set Q with a binary operation * : Q> — Q,
satisfying the law:

Vu,v € Q) 3z, y € Q) (rxu=v&uxy=0) (1.1)

In fact, (1.1) says that a groupoid (@, ) is a quasigroup if and only if the
equations = * u = v and u * y = v have unique solutions z and y for each given
u,v € Q.

In the sequel we assume that the set Q is a finite set. The cardinality |@| of this
set is called an order of the quasigroup. The main body of the multiplication table
of a quasigroup is a Latin square over the set Q.

Given a quasigroup (@, *) a new operation \ called a parastrophe, can be de-
rived from the operation x* as follows:

169



170 Chapter 1. Quasigroups and Quasigroups string transformation

THxy=zy=1\z (1.2)
Then the algebra (), *, \) satisfies the identities:

e\(rxy) =y and zx*(z\y) =y, (1.3)

and (@, ) is also a quasigroup.
Further on, we give some properties of quasigroups.

Definition 1.1. 4 quasigroup (Q, *) is commutative if it satisfies the identity
T kY =Yk T (1.4)
Definition 1.2. 4 quasigroup (Q, %) is skew symmetric if it satisfies the identity
(x *y) * (y * ) = const. (1.5)

Definition 1.3. 4 quasigroup (Q, ) is a left loop if it has an identity element e € Q)
such that
VzeQ)(exz=ux) (1.6)

Definition 1.4. 4 quasigroup (Q,*) is a right loop if it has an identity element
e € Q) such that
Vze)(xxe=ux) (1.7)

Definition 1.5. 4 quasigroup (Q, ) is a loop if it has an identity element e € Q)
such that
VrxeQ)(zrxe=x=ex1) (1.8)

Let note that (Q, %) is a loop iff it is a left loop and right loop.

Definition 1.6. 4 quasigroup (Q, ) is a right-symmetric quasigroup if it satisfies
the identity

(xxy)*xy==x. (1.9)
Definition 1.7. 4 quasigroup (Q, %) is a left-symmetric quasigroup if it satisfies

the identity
yx*(y*xx)=zx. (1.10)

Definition 1.8. A4 quasigroup (Q, *) is a totally symmetric if it is a commutative
and a left-symmetric quasigroup (or a commutative and a right-symmetric quasi-

group) .
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1.2 Quasigroups string transformation

Quasigroup string transformations are defined on a finite set () (i.e., an alphabet
()) endowed with a quasigroup operation x, and they are mappings from Q7 to
Q*, where Q7 is the set of all nonempty words on (). Two quasigroup string
transformations are defined ([46]). Let [ € () be a fixed element, called a leader.
For every a;,b; € QQ, E;— and D,— transformations are defined as follows:

. b1 = l *  aq

El(al(lg .. .an) = (blbz . bn) ~ { bz _ bi_l - 2<i<n (111)
- et = | *x

Di(aray . ..a,) = (c1e2...¢,) & { ¢ = i, * an 2<i<n (1.12)

By using the identities (1.3) we have that:

Theorem 1.1. For each M € Q% and each leader | € Q D;\(E;.(M)) = M =
E(Di\(M)), i.e, Ey . and D\ are permutations on Q*, mutually inverse.

For given quasigroup operations %1, *s, . . . , %, on the set () we can define map-
pings Ey, Fs, ..., E,, in the same manner as previous by choosing fixed elements
l1,l5, ..., 1, € @ (such that F; is corresponding to *; and [;). Then

7777777

where o is the usual composition of mappings (n > 1).
Similarly, we can define composition D™ of quasigroup transformations D;,
Ds, ..., D, with leaders [y, s, . .., ,, respectively:
D(n) — Dl(:) I = Dn (e] Dn—l o---0 _Dl

,,,,,

Example 1.1. Let Q = {0, 1,2,3} and (Q, %) and its parastrophe (@, \) be the
quasigroups given on (1.13).

(1.13)

W N = O %
(SIS ] )
S W N ==
—_— O W NN
N — O W W
W N = O
—_— N W OO
N W O ==
W O = NN
S = N W W
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102100000001111121022010130=a
113000000001230130020011211_1%4@)
121111111112033033311123123=E})(a)
130123012302210032123021203=E})(a)
100132231002011102310023110=Ej(a)

o O o O

(07

Table 1.1: Consecutive E-transformations

Leta=102100000001111121022010130andl =20is
a leader. Then four successive applications of the E-transformation are given in
Table 1.1.

Strings obtained by four consecutive applications of D-transformations, Dy \,
on the last string in Table 1.1 g = Eé?‘*) (), are given in Table 1.2.

100132231002011102310023110=23
0[130123012302210032123021203= Dy,\(8)
0[121111111112033033311123123= g?w)
0/113000000001230130020011211= g?w)
0/102100000001111121022010130= g«@

Table 1.2: Consecutive D-transformations

From Table 1.2 we can conclude that o = D((;f\) (B) = Défl\) (Eé{g ().

1.3 Some properties of quasigroup string transformations

In [47] authors proposed a transformation E(™ as an encryption function and
proved the following theorem.

Theorem 1.2. Let o = ayay...ar, € QT be an arbitrary string and f = E™ (a).
If 'k is a large enough then m-~tuples in 3 are uniformly distributed for m < n.
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Theorem 1.2 states that after n applications of E-transformation on an arbitrary
message, the distribution of the substrings in the obtained message is uniform. This
property is very important for application of some transformation in cryptography.
Namely, the uniform distribution of the substrings in the encrypted message guar-
antees the resistance to statistical attacks. In the same paper, the authors remarked
that the distribution of the substrings of length m is not uniform for m > n. Since,
the distribution of these substrings is not uniform it can be used for attack on the
encrypted message in order to discover the original message.

In [2] authors found the distribution of (n + 1)-tuples after application of E(™-
transformation and proved the following theorem and corollary.

Theorem 1.3. Let (p1,pa, ..., ps) be the distribution of letters in an input string
a and let py,pa,...,ps be distinct probabilities, i.e., p; # p; for i # j. The
probabilities of (n + 1)-tuples in output message f = E™(a) are divided in
s classes. Each class contains s" elements with the same probabilities and the

1
probability of each (n + 1)-tuple in i-th class is —p;, fori =1,2,...,s.
STL

Corrolary 1.1. If p;, = pi, = -+ = p;, forsome 1l < i3 < --- < 1, < Sin
1
Theorem 1.3, then the classes with probabilities —Divy —Pisr--r —Pi, will be
S S S

merged in one class with vs" elements.

In the same paper ([2]) authors gave a proof for a more general form of these
results, i.e., they found the distribution of m-tuples (m > n) after application of
E™_transformation. This generalization of the previous results is given in the
following theorems.

Theorem 1.4. Let (p1,ps,...,ps) be the distribution of the letters in an input
string v and let K be the number of all distinct products p;, . ..p;, . foriy,is,. ..,
im—n € A. Then the probabilities of m-tuples (m > n) in output message
B = E™(a) are divided in K classes. The m-tuples in a class have the same
probabilities.

Corrolary 1.2. Let r be a number of different probabilities pi, ps, . . . , ps of letters
in the alphabet A. If all products p;, ...p;, _, are distinct then the number of
classes is C. ", where Uf is the total number of k-combinations with repetitions
of r-element set.

From the proof of the previous theorem (given in [2]) follows that the proba-

bility of m-tuples is —pY'py* ... p'" where ny + ny + - - - +n, = m — n. Also,
STL
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theorems for number of elements in each class are proven. Using these theoreti-
cal results, authors in the same paper gave the following algorithm for statistical
attack.

Let the message M be encrypted using encryption algorithm based on E(™-
quasigroup transformation for fixed n and let the obtained message C' = E™ (M)
be send. Let an intruder catch the encrypted message C' and s/he knows that en-
cryption algorithm based on E(™-quasigroup transformation is used. If we sup-
pose that the distribution of the letters (p1, ps, . . ., ps) in language used in original
message is known, then the intruder can do a statistical attack using the algorithm
given in Table 1.3.

The first two letters from the original message M can not be find in this way,
but they can be easily found by questing (if it is important for the message).

For application of this algorithm the message C' must be long enough in order to
obtain relative frequencies of (n+ 1)-tuples as much as closer to their probabilities
in the language. The real statistical analysis cannot be done if C' is a short message.
Then the decrypted message M; will not correspond to the original message M.

Algorithm of statistical attack

Input: An encrypt message C' and the distribution (py, pa, . . ., Ps)
of the letters in language.

Output: The original message M.

Step 1. Find the relative frequencies (statistical probabilities) of letters, pairs,
3-tuples and so on, until you obtain distribution which is not uniform.
Let say that n is the smallest number such that (n + 1)-tuples are not
uniformly distributed.

Step 2. Process whole message C' in the following way.
Take the first (n + 1)-tuple and find its relative frequency f.

T 1
2.1. Find i such that | f — —p;| = min |f — —p;|.
s" s™

1<j<s

2.2. Decrypt this (n + 1)-tuple with the letter i.

2.3. Take the next (n + 1)-tuple and find
its relative frequency f and go to step 2.1.

Table 1.3: Algorithm for statistical attack



1.4. Classification of quasigroups of order 4 by fractality and linearity 175

1.4 Classification of quasigroups of order 4 by fractality and
linearity

Using an image pattern, Dimitrova and Markovski give a classification of quasi-
groups of order 4 in [17] as fractal and non-fractal. This classification is made
in the following way. The authors start with a periodical sequence 123412341...
of length 100 and apply 100 times F-transformation given in (1.11) with given
leaders. They present the transformed sequences visually using different color for
each symbol 1,2,3,4. In this way, they obtain an image pattern for each quasigroup
and then analyze the structure of these patterns. If the pattern has a fractal struc-
ture, the related quasigroup is called fractal. In the opposite case, the quasigroup
is called non-fractal. The number of fractal quasigroups of order 4 is 192 and the
number of non-fractal quasigroups is 384. In Figure 1.1 we present an example
for image pattern of a fractal (a)) and a non-fractal (b)) quasigroup.

ARk

gLl iy

= S
¥

Figure 1.1: Fractal and non-fractal quasigroup

In [21], the authors give a representation of a quasigroup as vector valued
Boolean functions. A quasigroup (@, *) of order 2" can be represented by a vec-
tor valued Boolean function f : {0,1}*" — {0,1}" on the following way. Let
represent an arbitrary x of the quasigroup as binary vector x = (x1, 2, ...,x,) €
{0,1}"™. Then, for each z,y € Q

rxy = f(x1,...,20,) = ([1(T1,. - Ton), oo, fulT1, ..., T2p))
where we take
= (T1,%2 .., ZTn), Y= (Tpi1, Tni2y---,Ton)

and

fi : {0,1}*" — {0,1}
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are the corresponding components of f.

Using this Boolean representation, in [21], the quasigroups are divided into two
classes: linear quasigroups and non-linear quasigroups by Boolean representation.
Let (Q, %) be a quasigroup of order 2™ and let

f([Eh Ce ,l’gn) = (fl(l'l, e ,C(]Qn), ey fn(xh e ,Ign))

be its corresponding representation as vector valued Boolean function. The two
types of quasigroups are defined as follows.

Definition 1.9. The quasigroup is linear if all functions f; fori = 1,2,...n are
linear polynomials.

Definition 1.10. The quasigroup is non-linear if there exist function f; for some
1 =1,2,...n which is not linear.

There are 144 linear and 432 non-linear quasigroups of order 4. Non-linear
quasigroups are divided into two subclasses: partial (or weak) non-linear and pure
non-linear quasigroups. Partial non-linear are quasigroups such that there exist at
least one component that is linear Boolean function and at least one component
that is non-linear Boolean function. The quasigroup is pure non-linear if all its
components are non-linear Boolean functions.



Chapter 2

Error-correcting codes based on
quasigroups

In this chapter we will describe Random Codes Based on Quasigroups (RCBQ).

We will explain the way of adding the redundant information, the algorithms of
coding and decoding. RCBQs are proposed by Danilo Gligoroski, Smile Markovski
and Ljupcho Kocarev in [30]. These codes have several parameters and they are

a combination of cryptographic algorithms and error-correcting codes.

A usual way to obtain error-correcting codes resistant to an intruder attack con-
sists in application of some of the known ciphers on the codewords, before sending
them through an insecure channel. Then two algorithms are used, one for error-
correcting codes and another for obtaining information security. The concept of
cryptcoding combines the processes of encoding and encryption in one algorithm.
RCBQs are crypt-codes. Namely, they are defined by using a cryptographic al-
gorithm during the encoding/decoding process and they allow not only correction
of certain amount of errors in the input data, but they also provide an informa-
tion security, all build in one algorithm. If the data are encoded with these codes,
then the recipient can decode the original data only if s/he knows exactly which
parameters are used in the process of encoding, even the communication channel
is without noise. Here, we are considering RCBQs as error-correcting codes, and
consequently we do not analyze its cryptographic properties.

RCBQs are designed using algorithms for encryption/decryption from the im-
plementation of TASC (Totally Asynchronous Stream Ciphers) by quasi-
group string transformations [27]. These cryptographic algorithms use the alpha-
bet () and a quasigroup operation * on () together with its parastrophe \. We
will give description of these codes using quasigroups, but from the definition of
the algorithms it is clear that in their design other algorithms for encryption and
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decryption can be used. In the code design authors use the alphabet of nibbles
Q = {0,1,...,9,a,b,c,d,e, f}. But, here we will give the encoding and de-
coding algorithms for a more general case where we use a-bit letters instead of
nibbles.

In my master thesis [89] and [68] we investigated the influence of the code
parameters on the code performances and we proposed a method for reducing the
unsuccessful decodings. Here, we briefly give some of these results. Also, in this
chapter we will investigate the influence of the length of the messages on the code
performances.

2.1 TASC u EdonZ

The concept of TASC was introduced in [27]. That cryptographic concept is the
corner stone for the random codes based on quasigroups. Therefore in this section
we will briefly describe these ciphers.

TASC is a new concept of a stream cipher, different to the concepts of syn-
chronous and self-synchronized stream ciphers.

Definition 2.1. 4 synchronous stream cipher is one in which the keystream is gen-
erated independently of the plaintext message and of the ciphertext. The encryp-
tion process of a synchronous stream cipher can be described by the equations

Oi+1 = f(Uia k’)> Zip = g<0i: k)7 C; = h(2i7m1)7

where o is the initial state and may be determined from the key k, f is the next-
state function, g is the function which produces the keystream z;, and h is the output
function which combines the keystream and plaintext m; to produce ciphertext c;.

Definition 2.2. A4 self-synchronizing or asynchronous stream cipher is one in which
the keystream is generated as a function of the key and a fixed number of previous
ciphertext digits. The encryption function of a self-synchronizing stream cipher
can be described by the equations:

o; = (Ci_l,ci_l_,_l, ceey Ci—l), Zi = g(O’Z‘, ]C), C; = h(zi,mi),

where oy = (c_j,C_141,...,C_1) IS the initial state, k is the key, g is the function
which produces the keystream z;, and h is the output function which combines the
keystream and plaintext m; to produce ciphertext c;.
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Definition 2.3. 4 totally asynchronous stream cipher is one in which the keystream
is generated as a function of the intermediate key and all previous plaintext letters.

The encryption function of a totally asynchronous stream cipher can be de-
scribed by the equations:

ROHD = f(k(i), m;), c; = h(k(i)>mi)

where k) is the initial secret state of the key, k") are intermediate keys, f is the
key next-state function, and h is the output function.

The decryption function of a totally asynchronous stream cipher can be de-
scribed by the equations:

/{?(Hl) _ f/(/{?(i), Ci)7 m; = h/(k‘(i)a Ci)'

From the definition, it is clear that the totally asynchronous stream cipher
gives cipher text c; that depends on all previous plain text letters mg, my, ..., m;.
The authors of RCBQ give one possible implementation of TASC by using quasi-
group string transformations, called EdonZ. EdonZ works with the alphabet () =
{0,1,...,9,a,b,c,d,e, f} of nibbles, whose elements are 4-bit words. The en-
cryption function uses the quasigroup (@, *) and the decryption function uses its
parastrophe (@, \), as well as the operation & of eXclusive OR (XOR) on 4-bit
variables. The encryption/decryption functions of EdonZ, by its algorithms, are
given in Figure 2.2.

We must note the following property of EdonZ. Let M = M;M,...M;, be a
representation of the message M into sub-blocks M; where My = my...m;,, My =
My, ---Miy, ..., and let C' be the cipher text of M. Then C' = CC5...C), where
each C; is a cipher text of the corresponding plain text M;. This property means
that even EdonZ is a stream cipher, we can process the input plain text in smaller
parts (blocks) and the final cipher text does not depend on the chosen division of
M into blocks (before encryption). This property is used in the introduction of the
redundant information in the process of coding of RCBQ.

The main characteristic of TASC is that the error propagation is unbounded
and propagates until the end of the stream. However, by adding some redundant
information in the stream, the correction of some errors can be done. That is in
fact the main idea behind TASC Error Correction.

2.2 Description of coding

First we divide the sequence of bits, obtained from the information source, into
messages (blocks) of Nyo.r, bits. We map each of the 2™vteek blocks in codeword
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of length N > Nblock bits.

Let M = myms...m; be a block of Ny, = la bits, where m; € () and () is
the alphabet of all a-bit symbols (so, () has 2¢ letters). First, we add a redundancy
of v a-bit zero symbols and produce a block L = LWL® L) = [, L,...L,, of
N bits, where L(® are sub-blocks of r symbols from Q and L, € Q. Note that
N = ma, m = [+ v and m = rs. After erasing the redundant zeros from each
L, the message L will produce the original message M. In this way we obtain
an (Npoer, N) code with rate R = Ny /N. The codeword is produced after
applying the encryption algorithm (given in Figure 2.2) on the block L. For that
aim, previously, a key k = kiks ...k, € Q" should be chosen. The obtained
codeword of M is C' = C1(C5...C,,, where C; € Q.

The coding process is schematically presented in Figure 2.1.

Nyjoer bits
M my | my | my m
Message expansion with zero
symbols as redundancy
Li| Ly| | Lol |Luo| LmL Lyco| Lo | | Ln
L(?)( L(;)K ~ LN -

v '
c c@ Cc®

Figure 2.1: Coding with standard algorithm
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2.3 Description of decoding

After transmission through a noise channel (for our experiments we a use binary
symmetric channel), the codeword C will be transformed to a received message
D =DWDA D) = Dy D,...D,,, where D are sub-blocks of  symbols from
@ and D; € (). The decoding process consists of four steps:

(1) procedure for generating the sets with predefined Hamming distance,

(#7) inverse coding algorithm,

(7ii) procedure for generating decoding candidate sets, and

(1v) decoding rule.

Encryption Decryption
Input: Key k = k1ko ...k, and || Input: The pair
L:LngLm (alag...as,klkg...kn)
Output: codeword Output: The pair
C’:CngCm (6162...65,K1K2...Kn)
Forj=1tom Fori=1ton
X + Lj; K; + k;;
T + 0; Forj=0tos—1
Fori=1ton X, T < aji1;
X ki x X; temp + Ky;
T+ ToX; Fori =nto2
ki +— X; X < temp \ X;
kn < T T+ ToX,;
Output: C; <+ X temp +— K;_q;
Ki 1 < X;
X < temp\ X;
K, «T;
cjy1 + X;
Olltpllt: (6102 ...Cg, K1K2 e Kn)

Figure 2.2: Algorithms for encryption and decryption
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Generating sets with predefined Hamming distance — The probability that max-
imum ¢ bits in D® are not correctly transmitted is

P(p;t) = i (r,j)p’“(l —p)

k=0

where p is the probability of bit-error in a binary symmetric channel. Let B,
be an integer such that 1 — P(p; Bya.) < g, where ¢ (0 < ¢p < 1) is given.
Consider the sets

Hi - {O{|Oz € Qra H(D(l)ao‘) < Bmax}v

fori =1,2,...,s, where H(D®, q) is the Hamming distance between D) and
o. Then, with probability at least 1 — g5 the block C'¥) is an element of the set H;,
fori =1,2,...,s. The cardinality of the sets H is

ra ra ra
Bcecszl
o=t (1) (5) 4 ()

and the number B.,..ts determines the complexity of the decoding procedure: to
find the element C'¥) in the set H;, less than or equal to Bepecrs checks have to
be made. Clearly, for efficient decoding the number of checks B j...s has to be
reduced as much as possible.

Inverse coding algorithm — The inverse coding algorithm is the decrypting al-
gorithm of TASC given in Figure 2.2.

Generating decoding candidate sets —The decoding candidate sets Sy, Si,...,
S, are defined iteratively. Let So = (ki ... kn; A), where A is the empty sequence.
Let S;_1 be defined for i > 1. Then S; is the set of all pairs (J, wyws . . . w;.q;) Ob-
tained by using the sets S;_; and H; as follows (w; are bits). For each (5, wyws, . . .
Wra(i—1)) € Si—1 and each element o € H;, we apply the inverse coding algorithm
(i.e. algorithm for decryption given in Figure 2.2) with input (a, 3). If the output
is the pair (7, d) and if both sequences y and L") have the redundant zeros in the
same positions, then the pair (6, wiws . . . Wya(i—1)C1C2 . . . Cra) = (6, W1 W3 . . . Wya;)
is an element of .S;.

Decoding rule — The decoding of the received message D is given by the fol-
lowing rule:
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* If the set S; contains only one element (d; ...d,,w; ... W) then L =
Wy . . . Wyes 18 the decoded (redundant) message. In this case, we say that we
have a successful decoding.

* If the decoded message is not the correct one then we have an uncorrected-
error.

* In the case when the set S contains more than one element, we say that the
decoding of D is unsuccessful (of type more-candidate-error).

* Inthe case when S; = () forsome j € {1,..., s}, the process will be stopped
(and then we say that error of type null-error appears). We conclude that for
some i < 7, DY contains more than B,,,,, errors, resulting in C; ¢ H;.

Theorem 2.1. [30] The packet-error probability of these codes is

PER, =1—(1— qp)".

From the proof of this theorem given in [30], it is clear that in the probability
P E R, the more-candidate-errors are not provided.

2.4 Choosing parameters for optimal RCBQ

Error-correcting codes based on quasigroups have several parameters, and we have
investigated the influence of the code parameters on the code performances. Since
they are designed using quasigroup string transformations on messages extended
by introduced redundancy, we have pointed out how

— the pattern of the redundancy
— the length of the initial key
— the chosen quasigroup

affect the code performances. In these experiments we use the alphabet of nibbles.

We have made experiments in the following way. First, we extend input mes-
sage using different patterns for redundant zero nibbles, and after that we encode
the extended message and transmit it through a binary symmetric channel with
probability p of bit error. The outgoing message is decoded and if the decoding
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process is completed successfully (the last set S of candidates for decoding has
only one element), the decoded message is compared with the input message. If
they differ in at least one bit (uncorrected-error appears) we compute the number
of incorrectly decoded bits as Hamming distance between the input and the de-
coded message. Experiments showed that this type of package error occurs rarely.

In our experiments we also calculate the number of incorrectly decoded bits
when the decoding process finishes with more-candidate-error or null-error. Then,
that number is calculated as follows.

When null-error appears, i.e., S; = (), we take all the elements (without re-
dundant symbols) from the set S;_; and we find their maximal common prefix
substring. If this substring has k bits and the length of the sent message is m bits
(k < m), then we compare this substring with the first £ bits of the sent message.
If they differ in b bits, then the number of incorrectly decoded bits is m — k + b.

If a more-candidates-error appears we take all the elements from the set S;
and we find their maximal common prefix substring. The number of incorrectly
decoded bits is computed as previously.

The total number of incorrectly decoded bits is the sum of all previously men-
tioned numbers of incorrectly decoded bits.

We compute the probability of packet-error as

#(incorrectly decoded packets)

PER =
#(all packets)

and the probability of bit-error as

#(incorrectly decoded bits in all packets)

BER =
R #(bits in all packets)

The experimental results are presented in the tables below. In each table we
give:

— theoretical probability of packet-error (PE R;);

— experimental probability of packet-error without errors of type more-candi-
dates-error (PER, 1);
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— experimental probability of packet-error with all unsuccessfully decoded
blocks (PERy);

— experimentally obtained probability of cumulative bit-error (BERy).

We made experiments for different values of bit-error probability p of binary
symmetric channel and B,,,,, = 3 and B,,,,, = 4 until BER,; < p. For B, > 4,
the experiments do not terminate in real time.

2.4.1 Redundancy pattern

We made experiments for 6 different patterns for redundant zero nibbles for code
(72,288) with rate R=1/4. In these experiments we have used the quasigroup given
in Table 2.1 (and its parastrophe given in Table 2.2), the initial key £ = 01234 and
the 6 patterns given in Table 2.3.

*x|0 1 2 3 4 5 6 7 8 9 a b ¢ d e f
0|3 ¢ 2 5 f 7 6 1 0 b d e 8 4 9 a
110 3.9 d 8 1 7 b 6 5 2 a ¢ f e 4
211 0 e ¢ 4 5 f 9 d 3 6 7 a 8 b 2
316 b f 1 9 4 ¢ a 3 7 8 0 2 ¢ d 5
414 5 0 7 6 b 9 3 f 2 a 8 d e ¢ 1
5/!f a 1 0 e 2 4 ¢ 7 d 3 b 5 9 8 6
6|2 f a 3 ¢ 8 d 0 b e 9 4 6 1 5 7
71¢ 9 ¢ a 1 d 8 6 5 f b 2 4 0 7 3
8|c¢c 7 6 2 a f b 5 1 0 4 9 e d 3 8
91b ¢ 4 9 d 3 1 f 8 ¢ 5 6 7 a 2 0
al9 4 d4d 8 0 6 5 7 ¢ 1 f 3 b 2 a c
b|7 8 5 ¢ 2 a 3 4 ¢ 6 0 d f b 1 9
c|5 2 b 6 7.9 0 e a 8 ¢ f 1 3 4 d
dla 6 8 4 3 e ¢ d 2 9 1 5 0 7 f b
e|ld 1 3 f b 0 2 8 4 a 7 ¢ 9 5 6 e
f|8 d 7 b 5 ¢c a 2 9 4 ¢ 1 3 6 0 f

Table 2.1: Quasigroup of order 16 used in the experiments
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N0 1 2 3 4 5 6 7 8 9 a b c¢c d e f
08 7 2 0 d 3 6 5 ¢c e f 9 1 a b 4
10 5 a 1 f 9 8 6 4 2 b 7 ¢ 3 e d
211 0 f 9 4 5 a b d 7 ¢c e 3 8 2 6
3/b 3 ¢ 8 5 f 0 9 a 4 7 1 d e 6 2
412 f 9 7 0 1 4 3 b 6 a 5 e ¢ d 8
513 2 5 a 6 ¢ f 8 e d 1 b 7 9 4 0
6|7 d 0 3 b e ¢ f 5 a 2 8 4 6 9 1
71/d 4 b f ¢ 8 7 ¢ 6 1 3 a 2 5 0 9
819 8 3 e a 7 2 1 f b 4 6 0 d ¢ 5
91]f 6 ¢ 5 2 a b ¢ 8 3 d 0 9 4 1 7
al4d 9 d b 1 6 5 7 3 0 e ¢ f 2 8 a
bla ¢ 4 6 7 2 9 0 1 f 5 d 8 b 3 ¢
c|6 ¢ 1 d e 0 3 4 9 5 8 2 a f 7 b
d{c a 8 4 3 b 1 d 2 9 0 f 6 7 5 e
e|5 1 6 2 8 d e a 7 ¢ 9 4 b 0 f 3
fle b 7 ¢ 9 4 d 2 0 8 6 3 5 1 a f

Table 2.2: Parastrophe of the quasigroup given in Table 2.1

In the patterns, given in Table 2.3, with 1 we denote the place of a message
(information) symbol, and with 0 the redundant zero symbol.

patt.1

patt.2

patt.3

patt.4

patt.S

patt.6

1000 1000
1000 1000
1000 1000
1000 1000
1000 1000
1000 1000
1000 1000
1000 1000
1000 1000

1100 1100
0000 1100
1100 0000
1100 1100
0000 1100
1100 0000
1100 0000
0000 0000
0000 0000

1100 1100
1000 0000
1100 1000
1000 0000
1100 1100
1000 0000
1100 1000
1000 0000
0000 0000

1100 1100
1100 0000
0000 1100
1100 1100
0000 0000
1100 1100
1100 0000
0000 0000
0000 0000

1100 1000
0000 1100
1000 0000
1100 1000
0000 1100
1000 0000
1100 1000
0000 1100
1000 0000

1100 1100
1000 0000
1100 1100
1000 0000
1100 1100
1000 0000
1000 1000
1000 0000
0000 0000

Results obtained with the first pattern are given in Table 2.4. They show that

Table 2.3: Patterns of redundancy
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this pattern gives many unsuccessfully completed decodings with more-candidates-
error. But, we have to note that the cardinality of the sets .S; in the process of
decoding is small, so the decoding process takes much less time than for the other

patterns.

Bmaa:

=3

p

PER,

PER,

PER,

BER,

0.02

0.004314

0.004392

0.1185916

0.008851

0.03

0.019674

0.019153

0.1329925

0.016889

0.04

0.055435

0.055659

0.1720190

0.036934

0.05

0.118838

0.117728

0.2258065

0.071293

Bmax

=1

0.03

0.001447

0.000792

0.6057028

0.084506

0.04

0.005541

0.004896

0.6107431

0.085522

Table 2.4: Experimental results for patt.1

Bmam

=3

p

PER,

PER,

PER,

BER;

0.02

0.004314

0.004248

0.0060484

0.003320

0.03

0.019674

0.020449

0.0225374

0.010699

0.04

0.055435

0.054147

0.0559476

0.025255

0.05

0.118838

0.116431

0.1183036

0.053244

Bmaz

=4

0.03

0.001447

0.000500

0.2425000

0.221236

0.04

0.005541

0.004902

0.2504456

0.225082

From the results for the second pattern (presented in Table 2.5) we can see

Table 2.5: Experimental results for patt.2
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that for B,,,, = 3 with this pattern, we get better results than with the first one.
For B,... = 4, the decoding process often ends unsuccessfully with a more-
candidates-error, although this pattern has a sufficient number of zero nibbles at
the end. Also, for B,,,, = 4 with this pattern we received larger values of BE R,
compared with the results for the first pattern.

Results obtained with the third pattern are given in Table 2.6. The probabilities
of packet-error and bit-error for this pattern are much smaller than for the previous
two patterns.

Bmaz =3

p

PER,

PER,

PER;

BER;

0.02

0.004314

0.003888

0.0050403

0.00268

0.03

0.019674

0.018073

0.0191532

0.00949

0.04

0.055435

0.052275

0.0531394

0.02529

0.05

0.118838

0.119599

0.1201037

0.05558

Bmax

=4

0.03

0.001447

0.001658

0.0129353

0.00969

0.04

0.005541

0.005484

0.0170968

0.01128

0.05

0.015319

0.021759

0.0323283

0.02188

0.06

0.034361

0.037812

0.0484375

0.03051

0.07

0.066467

0.065333

0.0756667

0.04645

0.08

0.114889

0.119062

0.1281250

0.07662

Table 2.6: Experimental results for patt.3

Results for the fourth considered pattern are given in Table 2.7. The fourth
pattern has enough zero symbols after blocks with information nibbles and at the
end of the message, but again experimentally obtained probabilities of packet and
bit error are good only for B, = 3.
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Bmax

=3

p

PER,

PER

PER;

BER;

0.02

0.004314

0.005112

0.0115927

0.006317

0.03

0.019674

0.020593

0.0273617

0.014002

0.04

0.055435

0.056596

0.0623559

0.030743

0.05

0.118838

0.118159

0.1250000

0.061019

Bmax

=4

0.03

0.001447

0.002273

0.1859091

0.147449

0.04

0.005541

0.006364

0.1959091

0.149223

Table 2.7: Experimental results for patt.4
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Experimental results for PE R, (Table 2.8) obtained by the fifth pattern are
similar to the results obtained by previous pattern, except the results for the prob-
abilities of bit-error, that are better.

Bmax

=3

p

PER,

PER;,

PER;

BER,

0.02

0.004314

0.005184

0.0113767

0.003302

0.03

0.019674

0.019441

0.0247696

0.011202

0.04

0.055435

0.058179

0.0631480

0.029845

0.05

0.118838

0.121039

0.1257201

0.063158

Bmaa:

=4

0.03

0.001447

0.000625

0.2534375

0.047635

0.04

0.005541

0.005000

0.2606250

0.052908

0.05

0.015319

0.012188

0.2596875

0.053342

0.06

0.034361

0.030938

0.2615625

0.063424

Table 2.8: Experimental results for patt.5
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Bmax

=3

p

PER,

PER;

PER;

BER;

0.02

0.004314

0.003672

0.0054723

0.002928

0.03

0.019674

0.020521

0.0221774

0.010418

0.04

0.055435

0.056164

0.0581077

0.026228

0.05

0.118838

0.120679

0.1221198

0.054786

Bmax

=4

0.03

0.001447

0.001667

0.0456667

0.038995

0.04

0.005541

0.006333

0.0533333

0.045074

0.05

0.015319

0.013333

0.0590000

0.048574

0.06

0.034361

0.035000

0.0800000

0.063222

0.07

0.066467

0.063667

0.1103333

0.082676

Results obtained with the sixth pattern (given in Table 2.9) show that this pat-
tern gives good results for B,,,, = 3 and p < 0.05 and B,,,,, = 4 and p < 0.07.

Table 2.9: Experimental results for patt.6

——pattl -=-patt2

patt3

—pattd

a)

Figure 2.3: PE R, and BE R, for all six patterns and B,,,,, =

—patt5

patté

——pattl —=patt2

patt3 —<pattd

b)
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[
—_—
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——x
P P
——pattl -=-patt2 patt3 “<patt4 —k-patt5 patt6 —+-pattl -=-patt2 patt3 —<pattd —+patts patté

Figure 2.4: PER, and BE R, for all six patterns and B,,,,, = 4

From the experimental results for all six proposed patterns (presented in Fig-
ure 2.3 for B,,,, = 3 and Figure 2.4 for B,,,, = 4), we can conclude that the
best results for PER and BER are obtained for the third pattern, especially for
Biar = 4.

2.4.2 Key length

The theoretical probability of packet-error given in Theorem 2.1 is determined
under the assumption that the code is perfectly random (i.e., the r-tuples are uni-
formly distributed in each codeword with length N, » < N). Therefore, in that
theorem the more-candidates-errors are not provided. In Theorem 1.2 it is proved
that if we apply ¢ quasigroup transformations on a string, we obtain string where
n-tuples of letters are uniformly distributed for n < t. In the design of these codes,
the length of the key k& determines how many quasigroup transformations will be
applied in forming of a codeword. Therefore, a longer key of the code gives a
”more random” code. This means that the results of experimental PE R will be
closer to the theoretical values for PER, i.e., the number of more-candidates-
errors will be reduced. So, we made experiments with the third pattern (which
give the best results) with key length of 10. From the results given in Table 2.10
we can see that in some experiments more-candidates-errors have not appeared
(in this case, in the table the values of PE R, ; and PE R, are given in bold), and
if they appear, their number is very small (maximum 5 in experiment with 3500
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messages and therefore we do not need to make experiments with longer key). We
can conclude that when we use a longer key, we can obtain better results for PER
with almost the same duration of the decoding process.

Bonas = 3

» | PER, | PER., | PER, | BER,
0.02 | 0.004314 | 0.004752 | 0.004752 | 0.002093
0.03 | 0.019674 | 0.018433 | 0.018433 | 0.008493
0.04 | 0.055435 | 0.055588 | 0.055588 | 0.026289
0.05 | 0.118838 | 0.117584 | 0.117584 | 0.054876
Bonaw = 4
0.03 | 0.001447 | 0.002188 | 0.003125 | 0.001359
0.04 | 0.005541 | 0.005313 | 0.005938 | 0.003429
0.05 | 0.015319 | 0.014688 | 0.015938 | 0.009279
0.06 | 0.034361 | 0.035938 | 0.035938 | 0.022396
0.07 | 0.066467 | 0.065000 | 0.066563 | 0.040647
0.08 | 0.114889 | 0.112500 | 0.113125 | 0.064852

Table 2.10: Experimental results for key length 10

On the other hand, the key length is not unique parameter which has influence
on the PER. Namely, we made an experiment with key length of 10 and the
first pattern, but the number of more-candidates-errors was not smaller than the
previous case with the shorter key. Hence, we can conclude that each parameter
in this code design has great influence over the performances, 1.e., the parameters
are mutually dependent.

2.4.3 Choosing of a quasigroup

We also did experiments with several quasigroups, which showed that the choice
of the quasigroup does not affect only the values of PE'R and B E R, but they have
a great influence on the speed of decoding. This confirms again that the choice of
all parameters of these codes affects the performances of the code.
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First we did experiments with the cyclic quasigroup (i.e., the group) of order 16
and the key length of 10. Decoding for the third pattern was too slow. So, we did
experiment with the first pattern for a binary symmetric channel with p = 0.02 and
Binar = 3, and we received PER, = 0.734087 and BE R, = 0.460359 (that is
much worse than PER; = 0.1186, BE R, = 0.0089 obtained with the quasigroup
in Table 2.1).

After that we made experiments with quasigroup of order 16 obtained as a
direct product of quasigroups of order 2. Experimental results obtained with this
quasigroup are worse than the results for cyclic group. For the first pattern, p =
0.02 and B4 = 3 we got PER, = 0.99424 and BE R, = 0.80869.

The cyclic group and the direct product of quasigroups of order 2 are examples
of'so called fractal quasigroups, that produce biased sequences. The quasigroup in
Table 2.1 is an example of so called non-fractal quasigroups. The results obtained
using this quasigroup were quite satisfactory.

From the previous examples, we can conclude that the choice of quasigroup
has enormous influence over the performances of the code.

In the paper [15] the coefficient of period growth is analyzed. It represents
how many times the period has grown (in average) after one application of the
quasigroup transformation. At the end of this paper two examples of quasigroups
of order 16 are given, one with a very high and one with a very low coefficient of
period growth. We made experiments using these two quasigroups and the third
pattern. From the obtained experimental results [68] we concluded that there is
very small difference in the values of PE'R and BE R, although the difference in
the coefficients of period growth of these quasigroups is large. It seems that the
coefficient of period growth has no big influence on the performances of the code,
but this should be checked by using more quasigroups.

From the experiments, we can conclude that the best results for RCBQ(72,288)
were obtained by the third pattern, the key length of 10, the quasigroup given in
Table 2.1 (together with its parastrophe) and B,,,. = 4. Therefore, the further
improvements of RCBQs will be compared with the results obtained for these
parameters.

2.5 Method for decreasing the number of null-errors

All previous experiments with different patterns, key lengths and quasigroups al-
low us to see how these parameters affect on the number of more-candidates-
errors. Changing these parameters does not have great influence on the number of
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null-errors. Their number is determined with the theoretical probability of packet-
error (given in Theorem 2.1), and that probability does not depend on these param-
eters.

Unsuccessful decoding with null-error occurs when in some of the sub-blocks
of encoded message, more than predicted B,,,, bit errors appear during transmis-
sion. Therefore, it is clear that some of these errors can be eliminated if we cancel
a few of iterations of the decoding process and we reprocess all of them or part
of them with a larger value of B,,,,. With this procedure only part of these un-
successful decoded messages will be eliminated since we cannot know exactly in
which iteration the correct sub-block does not enter in the set of candidates for de-
coding and exactly how many transmission errors (B4 + 1, Bpaz + 2 or more)
occur in this sub-block. Moreover, the cancellation of the iterations slows down
the decoding, and the number of elements in sets S; can become too large leading
to unsuccessful decoding of type more-candidates-error.

To show this, we repeat the experiments with the third pattern in the following
way. If we get an empty set in some iteration (for example i**) of decoding, the two
previous iterations ((7 — 1) and (i — 2)'") are canceled. After that we reprocess
the (i — 2)™" iteration with B,,.; = Bmas + 1, and the next iterations continue
with the old value of B,,,, . If an empty set appears again in the same iteration
(i iteration), then we stop the process and decoding ends unsuccessfully. But if
an empty set is obtained in a next iteration ((i + 1), (i +2)™ ...) then the above
procedure is repeated for that iteration again.

In Table 2.11 we give the percentage of eliminated unsuccessful decodings
with null-error using described modification in the decoding process. We can
conclude that this modification gives a significant elimination of null-errors and
the decoding process is only slightly slower.

2.6 The influence of the length of the messages on the code per-
formances

In this section we examine the influence of the length of the messages on the per-
formances of error-correcting codes based on quasigroups. For this purpose we
made experiments for codes with the same rate but different lengths of messages.

In the known error-correcting codes, the probabilities of bit-error and packet
error decrease when the length of the message increases. In this section we will
show that it is not the case for error-correcting codes based on quasigroups. In
Theorem 2.1, the theoretical packet-error probability is given by the following
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Bz =3
Percentage of
p | eliminated null-errors

0.02 16.67 %
0.03 18.33 %
0.04 15.01 %
0.05 18.30 %
Bz =4

0.03 0.00 %
0.04 17.65 %
0.05 2.86 %
0.06 14.88 %
0.07 14.29 %
0.08 10.26 %

Table 2.11: Percentage of eliminated unsuccessfully decoding with null-error

formula
PER, =1—(1—gqg)°.

From this formula, it is clear that for a larger number s of blocks in the codeword
the packet-error probability is larger. This follows from the fact that in this case
we have more iterations in the process of decoding and in each iteration the correct
block should be in the corresponding set S. If the message M is longer, then in
order to obtain the same rate R, the number of blocks in the redundant message
must be larger and codeword is longer than for shorter messages. So, the num-
ber of iterations in the decoding process is bigger and we get larger packet-error
probability. We check this result experimentally.

In Section 2.4, we gave experimental results, for different patterns of redun-
dancy, for code (72,288) with rate R = 1/4 for binary symmetric channel. We
concluded that the best results are obtained by the third pattern, the key length of
10, the quasigroup given in Table 2.1 (together with its parastrophe) and B,,,, = 4.
For comparison we have made experiments with same quasigroup, key and rate
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for code (144,576) with twice longer messages. In these experiments we used the
following pattern:
1100 1100 1000 0000 1100 1000 1000 0000 1100 1100 1000 0000 1100 1000 1000
0000 0000 1100 1100 1000 0000 1100 1000 1000 0000 1100 1100 1000 0000 1100
1000 1000 0000 0000 0000 0000.

The obtained results for PE R and B E R for different values of bit-error prob-
ability p of binary symmetric channel and B,,,, = 4 are presented in Table 2.12
and Table 2.13.

p | PER,(72,288) | PER,(144,576)
0.03|  0.00313 0.00343
0.04|  0.00594 0.01200
0.05|  0.01594 0.03200
0.06|  0.03594 0.06800
0.07|  0.06656 0.13200
0.08| 0.11313 0.22114
0.09|  0.18875 0.32571

Table 2.12: Experimental results for packet-error probability

p | BER,(72,288) | BER,(144,576)
0.03|  0.00136 0.00228
0.04|  0.00343 0.00750
0.05|  0.00928 0.01746
0.06|  0.02239 0.04121
0.07|  0.04065 0.08373
0.08|  0.06485 0.14621
0.09| 0.11357 0.21843

Table 2.13: Experimental results for bit-error probability
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From the results in Table 2.12 and Table 2.13 we can conclude that the packet-
error probability and bit-error probability for the code (144,576) are approximately
twice larger than for the code (72,288). In Table 2.14 the probabilities p,,ore Of
more-candidate-errors and probabilities p,,,;; of null-errors for these two codes
are given (Pimore + Pnut = PER).

RCBQ(72,288) | RCBQ(144,576)
p Prall Pmore Prull Pmore
0.03 | 0.00219 | 0.00094 | 0.00343 0
0.04 | 0.00531 | 0.00063 | 0.01200 0
0.05 | 0.01469 | 0.00125 | 0.03143 | 0.00057
0.06 | 0.03594 0 0.06800 0
0.07 1 0.06500 | 0.00156 | 0.13200 0
0.08 | 0.11250 | 0.00063 | 0.22114 0
0.09 | 0.18688 | 0.00188 | 0.32571 0

Table 2.14: Probabilities of more-candidate-errors and null-errors

From the probabilities presented in Table 2.14, we can see that we have more
unsuccessful decoding of type more-candidate-errors in the process of decoding
for the code (72,288). While, in the experiments for the code (144,576), except
for p = 0.05, these errors do not occur. The reason for this is the smaller number
of redundant zero nibbles for the code (72,288). Actually, we do not have enough
redundant zero blocks at the end of the redundant message L. These zero blocks
are needed for putting off the incorrect blocks from the sets .S in the last iterations
of the decoding process. On the other hand, the number of unsuccessful decodings
with null-error, which is provided in the theoretical probability, is approximately
twice smaller for the code with twice shorter codewords.

These differences in the number of unsuccessful decoded messages, especially
in the number of more-candidates-errors, are greater if we take much shorter code-
words, for example, the code (36,144). For these short codes the number of more-
candidate-errors is larger due to the small number of redundant zero blocks in the
patterns of redundancy.
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To confirm this statement we also made experiments for the code (36,144) with
rate R = 1/4. In these experiments we use the pattern: 1100 1100 1000 0000 1100
1100 0000 0000 0000, the same key k = 0123456789, value of B,,,, = 4 and the
same quasigroup, as in the previous experiments. The obtained results for PER,
BER, puuu and py,or for different values of bit-error probability p are presented
in Table 2.15 and Table 2.16. Note that for this code, for p > 0.05, the equality
Pmore + Pnutt = PER 1s not valid since in these experiments we obtained a few
unsuccessful decodings with uncorrected-error (decoding process ends with one
candidate in the last iteration, but the decoded message is not correct).

p | PER,(36,144) | BER,(36,144)
0.03|  0.02057 0.01646
0.04|  0.02286 0.01769
0.05|  0.02543 0.02082
0.06 |  0.03471 0.02948
0.07|  0.04814 0.04109
0.08|  0.08071 0.07189
0.09|  0.10757 0.09838

Table 2.15: Experimental results for PR and BE R for code (36,144)

p Prull Pmore
0.03 | 0.00086 | 0.01971

0.04 | 0.00257 | 0.02029
0.05 | 0.00743 | 0.01800
0.06 | 0.01814 | 0.01629
0.07 1 0.03186 | 0.01614
0.08 | 0.06057 | 0.01914
0.09 1 0.08971 | 0.01657

Table 2.16: Probabilities of more-candidate-errors and null-errors for code
(36,144)
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Comparing the results for p,,;; and p,or given in Table 2.14 and Table 2.16
we can see that for the shortest code (36,144) the probabilities for null-errors are
the smallest, but the probabilities for more-candidate-errors are the largest. Also,
we can note that probabilities p,,.;; for the code (36,144) are approximately twice
smaller than p,,,;; obtained for the code (72,288) which follows from the formula
for the theoretical packet-error probability. In the experiments with code (36,144),
for p < 0.06 the number of more-candidate-errors is much larger than the number
of null-errors. For this values of p the values of PF R are worse than for the code
(72,288) (Table 2.12 and Table 2.15). On the other hand, for the code (36,144) and
p = 0.06, the number of the null-errors is more than twice larger than the number
of more-candidate-errors. For these values of p, the values of PE R become better
for the code (36,144) than for the code (72,288).

Comparing the results for PER,(36,144) and BER,(36,144) we can con-
clude that for this code the values of BER are closer to the values of PE R than
for the other codes. The reason for that is the small number of redundant zeros
in the first blocks of the pattern. Therefore, the messages in the last non-empty
decoding candidate set have a small common prefix and the bit-error is greater.

Conclusion

In this chapter we investigate the properties and the performances of the random
codes based on quasigroups. We consider the influence of all parameters on the
decoding process and the number of successful decodings. We give some ideas
and conclusions how to choose the code parameters in order to improve the code
performances. Also, we define a new method for decreasing the number of null-
errors.






Chapter 3

Cut-Decoding algorithm

Random codes based on quasigroups have several parameters and in the previous
chapter we have investigated the influence of the code parameters on the code
performances. From the experiments we conclude that the speed of the decoding
process is one of the biggest problem for these codes. Depending on the chosen
pattern for redundant zero symbols, the decoding process is slow in some itera-
tions since the number of elements in the sets S is very large. If we distribute the
redundant zeros more uniformly, then the number of elements in the sets S will
not be very large, but many more-candidate-errors will appear. Therefore, in the
patterns we need to put more redundant zeros at the end. In fact, finding good
equilibrium for placing the redundant zeros is an open problem. Experimentally
we discovered several enough satisfactory patterns.

In order to improve the decoding speed, we define a new coding/decoding
algorithm called Cut-Decoding algorithm. Since the decoding of RCBQ is ac-
tually a list decoding, the speed of the decoding process and the probability of
correct decoding depend on the size of the lists with the possible candidates for
decoded message. Therefore, in the new Cut-Decoding algorithm that we propose,
we make modifications in order to reduce the number of decoding candidates in all
iterations of the decoding process. In this algorithm, we use two transformations
of the redundant message with different parameters, and the candidates for the de-
coded message are obtained using the intersection of the corresponding sets .S. In
such a way the decoding process is 4.5 times faster than the original one for code
(72,288). Also, we consider some other modifications of the decoding algorithm
for decreasing the packet-error probability (PFE R) and the bit-error probability
(BER).

201
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3.1 Description of coding with Cut-Decoding algorithm

In Cut-Decoding algorithm, instead of using a (Nyocr, V) code with rate R, we
use two (Npjock, IV /2) codes with rate 2R, that encode/decode a same message of
Nblock bits.

First we add redundant zero symbols in the message M = mi;ms...m; (in
the same way as in the standard coding algorithm) and we produce a redundant
message L = LWL® . L¢/? = [ L,...L,,; of N/2 bits, where L are sub-
blocks of r symbols from () and L; € (). For coding we apply the encryption
algorithm (given in Figure 2.2) twice on the same redundant message L using
different parameters (different keys or quasigroups). In this way we obtain the
codeword of the message as concatenation of the two codewords of N /2 bits.

The coding process is schematically presented in Figure 3.1.

Nijoy bits

M my | my | my m

Ll LZ Ll‘ Lr+l Ll‘+2 Lr+r Lm/?—r+l Lm/g,ﬁ.z m;

- \ =

Y
‘ L62)

%J

Ji0)

— ~— —
c ) 2+ c®

Figure 3.1: Coding with Cut-Decoding algorithm
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3.2 Description of decoding with Cut-Decoding algorithm

After transmitting through a binary symmetric channel, we divide the outgoing
message D = DDA DG where D are sub-blocks of r symbols from the
alphabet (), in two messages DY) = DWW DR D62 and D?) = Dls/2+1)
D/2+2) _ D() with equal lengths and we decode them parallel with the corre-
sponding parameters. In Cut-Decoding algorithm we make modification in the
part (7i7) of the decoding process, i.e., in the procedure for generating decoding
candidate sets. In the new algorithm we generate these sets in the following way.

Step 1. Let S = (&Y .. k%;A) and S = (&2 .. kP \) where A is the
empty sequence, k; = k%l) kY and ko = k:EQ) ... k) are the initials keys

used for obtaining the two codewords.
Step 2. Let Si(i)l and Si(i)l be defined for ¢ > 1.

Step 3. Let two decoding candidate sets Si(l) and Si(?) be obtained in the both
decoding processes, in the same way as in the standard RCBQ.

Step 4. Let ‘/1 = {U}l’LUQ R wmi](& wiwy . .. wrai) € S,L(l)},
Vo = {wiws . . . Wyai |(6, w1w3 . . . W) € 52(2)} andV =V, NV

Step 5. For each (§, wiws ... w,q;) € Si(l), if wiws ... wee ¢V then
SZ-(I) — Si(l) \ {(0, wiwy . .. wy4) }. Also, for each (5, wiws . . . Wpq;) € Si(Q),
ifwlwg v oo Wras ¢ V then 81(2) — 51(2) \ {(5, wiwsy . . . wrai)}-

(* Actually, we eliminate from SZ.(l) all elements whose second part does not
match with the second part of an element in the SZ.(Q), and vice versa. In the

next iteration the both processes use the corresponding reduced sets Sl-(l) and
5. %)

Step 6. If i < s/2 then increase ¢ and go back to Step 3.
The decoding rule in Cut-Decoding algorithm is defined in the following way.

» After the last iteration, if the reduced sets SS)Q and Sg)Q have only one el-
ement with same second component w . .. Wyqs/2, then L = wy ... w42
is the decoded redundant message. In this case, we say that we have a suc-
cessful decoding.
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* If the reduced sets SS(}; and SS(% have more than one element, after the last
iteration, we have more-candidate-error.

« Ifwe obtain SV = 0, S # Por S =0, S™ £ @ in some iteration then
the decoding of the message continues only with the nonempty set Si(2) or
Si(l), correspondingly, by using the standard RCBQ decoding algorithm.

* In the case when SZ-(l) — $® = () in some iteration, then the process will be

)

stopped (null-error appears).

In experiments with the new method of decoding, we noticed a significant
reduction in the number of elements in the sets S and we achieve big improvement
in the speed of the decoding process. Namely, the new method of decoding is 4.5
times faster for code (72,288). In Table 3.1 we give one example of the average
number of elements in the sets Si(l) and Si(z), in each iteration, before and after
the reduction given in Step 4 and Step 5 of the new method of decoding. These
average numbers are obtained for 1000 decodings. As it is expected, the proposed
reduction significantly decreases the number of elements in the decoding candidate
sets, that can be seen from Table 3.1 (after the second iteration the number of
elements in the reduced sets is approximately 20 times smaller).

The problem in Cut-Decoding algorithm is that for obtaining code with rate
R we need a pattern for code with twice larger rate. But, it is hard to make good
pattern for larger rates, since the number of redundant zeros in these patterns is
smaller. Therefore, with this decoding method we obtain worse results in the
number of unsuccessful decodings of type more-candidate-error, but the number
of unsuccessful decodings with null-error is smaller.

To resolve the problem of greater number of more-candidate-errors we pro-
pose one heuristic in the decoding rule for elimination of this type of errors. Na-
mely, from the experiments with RCBQ we can see that when the decoding pro-
cess ends with more elements in the reduced decoding candidate sets in the last
iteration, almost always the correct message is in these sets (as second part of an
element in the both sets). So, in this case we can randomly select a message from
the one of the reduced sets in the last iteration and it can be taken as the decoded
message. [fthe selected message is the correct one, then the bit-error is 0, so BER
will also be reduced. In the experiments we have made with this modification we
got that in around half of the cases, the correct message is selected.
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No. No. elements in | No. elements in iteration | No. elements in
Si(l) SZ-(Q) reduced sets

(before reduction) (before reduction) Si(l), Si(z)

1 10.4 9.9 1.6
2 244.2 244.2 18.2
3 178.5 181.9 8.1
4 79.7 80.5 4.4
5 693.5 695.1 34.8
6 343.9 339.5 14.2
7 140.6 139.3 6.2
8 60.8 61.5 34
9 1.1 1.0 1.0

Table 3.1: Average number of elements in the decoding candidate sets before and
after reduction

3.3 Comparison of standard and Cut-Decoding algorithm for
rate R =1/4

In Section 2.4 we presented the experimental results for standard algorithm of
RCBAQ for codes (72,288) with rate R = 1/4. From the results obtained for differ-
ent patterns of redundancy, different lengths of the initial key and different quasi-
groups, we concluded that the best results for these codes we got for the following
parameters:

— the pattern of redundancy: 1100 1100 1000 0000 1100 1000 1000 0000 1100
1100 1000 0000 1100 1000 1000 0000 0000 0000,

— the key £ = 0123456789 of 10 nibbles, and
— the quasigroup given in Table 2.1.

Therefore, we will compare the results obtained by these parameters with suit-
able results for the new Cut-Decoding algorithm. We have made experiments us-
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ing the new algorithm for codes (72,288) over the alphabet of nibbles and transmis-
sion through a binary symmetric channel. In the experiments with Cut-Decoding
algorithm we have considered 17 different patterns of redundancy for code (72,
144) of rate R = 1/2, different lengths of the initial keys and different quasi-
groups of order 16.

Also, we consider the differences in the performances of the codes when in the
two process of coding/decoding, in Cut-decoding algorithm, we use only differ-
ent keys or different keys and different quasigroups. It is clear that the pattern of
redundancy should be the same in both coding processes, due to the reduction of
the elements in the decoding candidate sets (introduced in the Step 4 and Step 5).
Namely, if different patterns are used then we cannot make intersection of the sets
S in Step 4. In this section, we will present only the best results.

3.3.1 Experiments with different keys

First, we made experiments using only different keys in the two process of cod-
ing/decoding and the same quasigroup. As we mention above, we consider 17
different patterns for adding redundancy. The best results we obtained for the
following parameters:

— the pattern of redundancy: 1100 1110 1100 1100 1110 1100 1100 1100 0000,
— two different keys k1 = 01234 and ko = 56789 of 5 nibbles, and
— the quasigroup given in Table 2.1.

We also tried with keys of length of 10 nibbles but the results were similar.

Let PE R, be the probability of packet-error and BE R, be the probability of
bit-error obtained with the new Cut-Decoding algorithm. As previous, PE R, and
BER, are suitable probabilities for standard RCBQ. The results for PE R, and
PER.(BER,and BER,), for different values of bit-error probability p of binary
symmetric channel and B,,,,, = 4, are given in Table 3.2 (Table 3.3) and presented
in Figure 3.2 (Figure 3.3).

We conclude from the results, given in Table 3.2 and Table 3.3, that we obtain
approximately the same results for the values of PER and BE R with both de-
coding algorithms. Moreover, we note that for p > 0.05 we have slightly better
values of PE R with the new Cut-Decoding algorithm.
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» | PER, | PER,
0.02 | 0.00125 | 0.00171
0.03 | 0.00313 | 0.00257
0.04 | 0.00594 | 0.00514
0.05 | 0.01594 | 0.01714
0.06 | 0.03594 | 0.02657
0.07 | 0.06656 | 0.06171
0.08 | 0.11313 | 0.10800
0.09 | 0.18875 | 0.15886

Table 3.2: Experimental results for packet-error probability
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Figure 3.2: Comparison of PER
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p

BER,

BER,

0.02

0.00076

0.00011

0.03

0.00136

0.00083

0.04

0.00343

0.00302

0.05

0.00928

0.01134

0.06

0.02239

0.01943

0.07

0.04065

0.04243

0.08

0.06485

0.07512

0.09

0.11357

0.11621

Table 3.3: Experimental results for bit-error probability
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Figure 3.3: Comparison of BER

From the results for BE R we can see that the differences between BE R, and
BER, are very small for all values of p. For some p we have slightly better values
for BE R with the standard algorithm, and for other p - with the new algorithm.
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3.3.2 Experiments with different keys and different
quasigroups

We have made experiments for code (72,288) with the new method of decoding
using two (72,144) codes with different keys and different quasigroups. First, we
made experiments using the quasigroup given in Table 2.1 and the quasigroup,
with high coefficient of period growth, given at the end of the paper [15]. In these
experiments we used the same pattern for rate R = 1/2 and By, = 4. In this
case, we obtained slightly better results using two different keys of 10 nibbles
(k1 = 0123456789 and ky = 5432897610) than using the keys of 5 nibbles. In
Table 3.4 we present the results for packet-error probability PE'R,. 5 and bit-error
probability BE R, » obtained for these parameters.

» | PER., | BER.,
0.02 | 0.00143 | 0.00053
0.03 | 0.00314 | 0.00150
0.04 | 0.00571 | 0.00299
0.05 | 0.01400 | 0.01013
0.06 | 0.03000 | 0.02183
0.07 | 0.06314 | 0.04544
0.08 | 0.09857 | 0.07198
0.09 | 0.16086 | 0.11839

Table 3.4: Experimental results for packet-error and bit-error probabilities for dif-
ferent quasigroups and different keys

Comparing the results in Table 3.2 and Table 3.3 with the results in Table 3.4 we
can conclude that the values of PER,. » and BE R, 5 are similar with the previous
values of PE R, and BFE R, obtained using same quasigroup in the both processes.
Also, we made experiments using two different quasigroups and same key in the
two coding/decoding processes, but we did not obtain better results.

Nevertheless, if we use the cyclic group of order 16 in one of the processes
then the results for PER and BE R are much worse. For example, for p = 0.02
we obtained PER = 0.18314 and BER = 0.05432.
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3.4 Method for reducing null-errors in Cut-Decoding algorithm

In Section 2.5 we defined a method for decreasing the number of unsuccessful de-
codings with null-error by backtracking. We showed that in RCBQ with standard
algorithms, some of these errors will be eliminated if we cancel few iterations of
the decoding process and we reprocess part of them with a larger value of B,

In this section we apply this idea in the new Cut-Decoding algorithm when a
null-error appears (i.e. the both reduced sets are empty). We made experiments
with returning two or three iterations back and using B,,,, + 1 or B,,,, + 2 in the
first of canceled iterations (the remain iterations use the previous value of B,,,;).
We must note that with this backtracking in some cases we obtain more-candidate-
error instead of null-error.

The best results are obtained with two iterations back and B,,,,. + 2 in the first
of the canceled iterations. The percentages of eliminated unsuccessful decodings
with null-error are given in Table 3.5. These results are obtained by applying
this modification on the unsuccessful decodings with null-error in the experiments
presented in Table 3.2 and Table 3.3. We can conclude that this modification gives
good percentage of eliminated null errors in Cut-Decoding algorithm.

Percentage of
D eliminated null-errors
0.03 28.57%
0.04 20.37%
0.05 24.00%
0.06 23.17%
0.07 27.23%
0.08 25.37%
0.09 22.64%

Table 3.5: Percentage of eliminated unsuccessful decoding with null-error

Very important for this modification is that we have only significantly small
decreasing of the decoding speed. Also, by eliminating some of the null-errors we
obtain better results for BER.

In Table 3.6 and Table 3.7 we compare the values PE R, and BE R, from Table
3.2 and Table 3.3, obtained by Cut-Decoding algorithm without backtracking and
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values PE R o1 and BE R, Obtained by using backtracking (two iterations
back and B, + 2).

p | PER:. | PER pack
0.03 | 0.00257 | 0.00257
0.04 | 0.00514 | 0.00514
0.05 | 0.01714 | 0.01429
0.06 | 0.02657 | 0.02171
0.07 | 0.06171 | 0.04857
0.08 | 0.10800 | 0.08200
0.09 | 0.15886 | 0.12543

Table 3.6: Experimental results for PE R with and without backtracking

p | BER. | BER:pck
0.03 | 0.00083 0.00077
0.04 | 0.00302 | 0.00165
0.05 | 0.01134 | 0.00510
0.06 | 0.01943 0.00892
0.07 | 0.04243 | 0.02194
0.08 | 0.07512 | 0.03795
0.09 | 0.11621 0.05383

Table 3.7: Experimental results for BE R with and without backtracking

From the results in Table 3.6 and Table 3.7, we can conclude that for larger
values of p we have greater improvement of PE R. Also, using this modification
we achieve approximately twice better values of BER for all p. This happens
since in the cases when the null-error will not be eliminated by backtracking, the
empty reduced sets can occur in some higher (later) iteration, so the bigger part of
the message will be decoded and the value of the bit-error will be smaller.
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We also try this modification in the case when only one of the sets Si(l) or
Si(z) is empty in some iteration. But in these experiments we did not obtain better
results than in the previous case when one decoding process continues with the
standard algorithm if the other set is empty. In that case, the decoding often ends
successfully, especially when the empty set appears in some of the last iterations.

3.5 Method for reducing more-candidate-errors

As we mention above, in our initial experiments with Cut-Decoding algorithm we
obtained worse results for the number of unsuccessful decodings of type more-
candidate-error, but the number of unsuccessful decodings with null-error was
smaller. To resolve the problem of greater number of more-candidate-errors, we
introduced one heuristic in the decoding rule for elimination of this type of er-
rors. In this heuristic we randomly select one element from the reduced decoding
candidate sets in the last iteration and we take its second component as decoded
message. Also, from the results in the previous section we can see that using the
backtracking method for decreasing the number of null-errors in Cut-Decoding
algorithm, good improvements of PE'R and BE R are obtained.

In this section, we propose a similar modification with backtracking, in Cut-
Decoding algorithm, for decreasing the number of more-candidate-errors. If the
decoding process ends with more-candidate-error, then in order to obtain one can-
didate for decoded message, we reprocess some iteration with smaller value of
B Namely, when decoding ends with more elements in the last reduced de-
coding candidate sets, then we cancel a few of iterations and we reprocess the first
of canceled iterations using smaller value of B,,,,. The next iterations use the
previous value of B,,.;.

We have made experiments using this modification in Cut-Decoding algorithm
for the code (72, 288) with the code parameters that gave the best results for this
algorithm, i.e. the pattern: 1100 1110 1100 1100 1110 1100 1100 1100 0000,
the keys k1 = 01234, ky, = 56789 and the quasigroup given in Table 2.1. We
considered improvements of the probabilities for successful decoding obtained by
this method using different number of canceled iterations and using B,,,, — 1 or
B0 — 2 in the first canceled iteration.

We obtained the best results, if we cancel the last two iterations and we use
B,.. — 1 in the first of the canceled iterations. In Table 3.8 and Table 3.9 we
compare the values of PE R, and BER, (from Table 3.2 and Table 3.3) obtained
without backtracking and values of PE R pack_more aNd BE R pack more Obtained
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using backtracking for more-candidate-errors.

p PER. | PER, pack-more
0.02 | 0.00171 0.00029
0.03 | 0.00257 0.00086
0.04 | 0.00514 0.00343
0.05] 0.01714 0.01543
0.06 | 0.02657 0.02600
0.07 | 0.06171 0.05971
0.08 | 0.10800 0.10543
0.09 | 0.15886 0.15743

Table 3.8: Experimental results for P E'R without and with backtracking for more-

candidate-errors

p | BER. | BER: back.more
0.02 | 0.00011 0.00001
0.03 | 0.00083 0.00051
0.04 | 0.00302 0.00253
0.05 | 0.01134 0.01085
0.06 | 0.01943 0.01932
0.07 | 0.04243 0.04208
0.08 | 0.07512 0.07495
0.09 | 0.11621 0.11583

Table 3.9: Experimental results for B E' R without and with backtracking for more-

candidate-errors

From the results in Table 3.8 and Table 3.9 we can conclude that using this mod-
ification for reducing the number of more-candidate-errors we have improvement

of PER and BER, for all values of p.
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Improvements for packet-error and bit-error probabilities obtained with the
both methods for reducing errors by backtracking, give us an idea to use a com-
bination of these two methods. So, we made experiments using the both methods
with backtracking, for null-errors and for more-candidate-errors. In these experi-
ments, when we obtain null-error (i.e., empty sets in some iteration of the decoding
process), we cancel two iterations and we reprocess the first of canceled iterations
using B, + 2 = 6. On the other hand, if the decoding process ends with more
elements in the last sets SS% and Sg;, then we go two iterations back and we re-
process the (s/2 — 1)-th iteration with B, — 1 = 3. In one decoding process
we make only one backtracking (for null-error), since when we make more than
one we obtain too large cardinality of the sets .S in some iteration. An exception
to this rule is the following case. If after the backtracking for null-error we ob-
tain more candidates in the last iteration then we make one more backtracking for
more-candidate-error.

Let denote by PER, pocko and BE R,y the packet-error probability and
bit-error probability obtained in this case. In Table 3.10 we compare PER,,
PER. pack, PE R packmore and PE R, pack 2, and in Table 3.11 we compare BER,.,
BE Rc,back: BE Rc,back,more and BE Rc,backj-

From the results in Table 3.10 and Table 3.11, we can see that for smaller values
of p, we obtain better results with the backtracking for more-candidate-errors, due
to the fact that for smaller p the larger number of unsuccessful decodings ends
with this type of error. On the other hand, for larger values of p we have larger
number of null-errors. Hence, for these p, better improvements are obtained using
the method by backtracking for null-errors. Also, we can conclude that with the
proposed combination of the methods by backtracking for both types of errors we
obtain best improvement for the values of PER and BER for all p. Moreover,
the values of BE R, p,c1_2 are more than twice smaller than BER,.

3.6 Cut-Decoding algorithm with longer messages

In Section 2.6 we examined the influence of the length of the messages on the per-
formances of error-correcting codes based on quasigroups. There we showed that
the packet-error probability and bit-error probability for the code (144, 576), with
longer messages and codewords, are approximately twice larger than for the code
(72, 288). Also, we have seen that in the experiments for code (72,288) we obtain
more unsuccessful decodings of type more-candidate-error. But, this type of er-
rors does not occur (except for p = 0.05) in the experiments for the code (144,576).
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p PER. | PER  pack | PER: pack-more | PE Rcpack.2
0.02 | 0.00171 | 0.00171 0.00029 0.00029
0.03 | 0.00257 | 0.00257 0.00086 0.00029
0.04 | 0.00514 | 0.00514 0.00343 0.00314
0.05 | 0.01714 | 0.01429 0.01543 0.01200
0.06 | 0.02657 | 0.02171 0.02600 0.02000
0.07 | 0.06171 | 0.04857 0.05971 0.04486
0.08 | 0.10800 | 0.08200 0.10543 0.08114
0.09 | 0.15886 | 0.12543 0.15743 0.12486
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Table 3.10: Experimental results for PE R without and with the methods by back-

tracking

p BER. | BER:pack | BERcback-more | BERcpack-2
0.02 | 0.00011 | 0.00011 0.00001 0.00001
0.03 | 0.00083 | 0.00077 0.00051 0.00024
0.04 | 0.00302 | 0.00165 0.00253 0.00142
0.05 | 0.01134 | 0.00510 0.01085 0.00507
0.06 | 0.01943 | 0.00892 0.01932 0.00869
0.07 | 0.04243 | 0.02194 0.04208 0.02017
0.08 | 0.07512 | 0.03795 0.07495 0.03459
0.09 | 0.11621 | 0.05383 0.11583 0.05378

Table 3.11: Experimental results for B E R without and with the methods by back-

tracking

In this section, we will examine whether this happens in the experiments with the
new Cut-Decoding algorithm.

In Section 3.3 we gave experimental results obtained by Cut-Decoding algo-
rithm for code (72,288) with rate R = 1/4. For comparison we made experiments
with the same quasigroup, the same keys of 5 nibbles and the same rate for code
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(144, 576) with twice longer messages and codewords. We obtained the best re-
sults with Cut-Decoding algorithm for a code (144, 576) using the pattern: 1100
1110 1100 1100 1110 1100 1100 1110 1100 1100 1110 1100 1100 1110 1100 1000
0000 0000. In the experiments with this code, unsuccessful decodings of type
more-candidate-error do not occur. But, as with the standard algorithm, the num-
ber of null-errors is greater.

p | PER.(72,288) | PER.(144,576)
0.02]  0.00171 0.00000
0.03|  0.00257 0.00114
0.04|  0.00514 0.00800
0.05| 0.01714 0.02914
0.06|  0.02657 0.05657
0.07|  0.06171 0.11029
0.08|  0.10800 0.17886
0.09|  0.15886 0.28286

Table 3.12: Experimental results for packet-error probability

p | BER.(72,288) | BER,(144, 576)
0.02]  0.00011 0.00000
0.03|  0.00083 0.00080
0.04|  0.00302 0.00621
0.05|  0.01134 0.02186
0.06|  0.01943 0.04516
0.07|  0.04243 0.08534
0.08|  0.07512 0.13512
0.09|  0.11621 0.22163

Table 3.13: Experimental results for bit-error probability
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From the results in Table 3.12 and Table 3.13 we can conclude that, as with
the standard algorithm, the packet-error probabilities and bit-error probabilities
for the code with longer messages and codewords are larger than for the code with
shorter. This is not true only for p = 0.02 and p = 0.03, since for these values of
p the number of null-errors is very small. Namely, for p = 0.02 and p = 0.03, the
number of null-errors is the same for both codes (for p = 0.02 this number is 0).
But, for these values of p, in the experiments with the code (72,288), we obtain few
unsuccessful decodings of type more-candidate-error. For the code (144,576), we
obtained that the probability of occurrence of more-candidate-error is 0, for all
values of p.

3.7 Experiments with quasigroups of order 4 and order 256

In this section we investigate the performances of the random codes based on
quasigroups when quasigroups of order 4 and order 256 are used in coding/decoding
processes. Then the messages and the codewords are strings of 2-bit letters or 8-
bit letters (bytes), correspondingly. We have made several experiments with the
standard method of coding/decoding and with Cut-Decoding algorithm defined
above.

In Section 2.4 we investigated the performances for code (72,288) with the
standard algorithm, for a binary symmetric channel. There we made experiments
using alphabet Q = {0,1,...9,a,b, ¢, d, e, f} of nibbles and different quasigroups
of order 16. We obtained the best results for the quasigroup given in Table 2.1, key
of 10 nibbles and the pattern of redundancy: 1100 1100 1000 0000 1100 1000 1000
0000 1100 1100 1000 0000 1100 1000 1000 0000 0000 0000. In Section 3.3 we
compared these results with the best results obtained by Cut-Decoding algorithm
with alphabet of nibbles.

Now, we made experiments with both algorithms (standard and Cut-decoding)
in which we use quasigroups of order 4 and order 256 instead of quasigroups of
order 16. We made simulations for a binary symmetric channel with different pat-
terns for redundancy, different keys, different length of the blocks in the decoding
process and several quasigroups of order 4 and order 256. In the experiments we
considered the packet-error probability, the bit-error probability and the number
of null-errors and more-candidate-errors.
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3.7.1 Experiments with quasigroups of order 4

Using image pattern, Dimitrova and Markovski (see [17]), give a classification
of quasigroups of order 4 as fractal and non-fractal quasigroups. In [21], the au-
thors give a classification of these quasigroups as linear and nonlinear by Boolean
representation. We investigate the performances of RCBQ with messages of 2-
bit symbols using quasigroups from different classes of these classifications. We
make experiments using fractal quasigroups; non-fractal and weak non-linear; and
non-fractal and pure non-linear quasigroups.

In the experiments with quasigroups of order 4, we obtained the worst results
using fractal quasigroups. Namely, if we use a fractal quasigroup in the algorithms
for encryption/decryption (given in Figure 2.2), we obtain many unsuccessful de-
codings with more-candidate-error, even for B,,,, = 3. On the other hand, in
the experiments with non-fractal and weak non-linear quasigroups or non-fractal
and pure non-linear quasigroups the values of packet-error probability and bit-
error probability are similar, with slightly better results for a non-fractal and weak
non-linear quasigroup.

Although the codes with nibbles and the codes with 2-bit symbols are two dif-
ferent codes, in this section we will compare the results obtained for code (72,288)
with rate 1/4 for the both alphabets. For B,,,, = 3, we obtained better results in
the experiments with 2-bit symbols, compared with experiments with nibbles. But,
for larger values of B,,,., we have a lot of unsuccessful decodings with more-
candidate-error in all experiments for codes with 2-bit symbols (with standard
algorithm and with Cut-Decoding algorithm).

The best results for code (72,288) using alphabet of 2-bit symbols and the stan-
dard algorithm were obtained for the following parameters:

— the pattern of redundancy: 111000 111000 110000 000000 111000 110000
110000 000000 110000 110000 000000 000000 111000 111000 110000
000000 111000 110000 110000 000000 110000 000000 000000 000000,

— the key £ = 012301230123213023103210 of 24 symbols, and

— the quasigroup (3.1) (non-fractal and weak non-linear quasigroup).
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In Table 3.14 and Table 3.15 we compare the best results of PER and BER
for the both codes (72,288) (with 2-bit symbols and nibbles) using the standard
algorithm and B,,,, = 3. There, PER, > and BFE R, 5 are packet-error and bit-
error probabilities for the code with 2-bit symbols, and PE R and BE R, - for the
code with nibbles (from Table 2.10 for B,,,, = 3) .

» | PER,,| PER,
0.02 | 0.00171 | 0.00475
0.03 | 0.00849 | 0.01843
0.04 | 0.02429 | 0.05559
0.05 | 0.05429 | 0.11758
0.06 | 0.09886 | 0.21314
0.07 | 0.15743 | 0.32971

Table 3.14: Experimental results for packet-error probability for B,,,, = 3

From the results in Table 3.14 we can conclude that for B,,,, = 3 the values
of PER, > are approximately twice better than the values of PER,. The same
conclusion is true for the values BE R, and BER,, given in Table 3.15. The
better results for the number of null-errors for the code with 2-bit symbols follows
from the formula for theoretical packet-error probability given in Theorem 2.1.
This theorem provides only this type of errors. But, in the experiments with the
codes with 2-bit symbols we obtained a few unsuccessful decodings with more-
candidate-error, even for B,,,, = 3. Therefore, the experimental probabilities
PER,, are greater than the theoretical PE R, given in Theorem 2.1.
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» | BER,,| BER,
0.02 | 0.00121 | 0.00209
0.03 | 0.00486 | 0.00849
0.04 | 0.01491 | 0.02629
0.05 | 0.03467 | 0.05488
0.06 | 0.05917 | 0.10655
0.07 | 0.09941 | 0.16738

Table 3.15: Experimental results for bit-error probability for B, = 3

Also, we made experiments using Cut-Decoding algorithm for code (72,288)
with 2-bit symbols. In these experiments we obtain the best results using the fol-
lowing parameters in the code design:

— the pattern of redundancy: 111100 111100 111000 111000 111100 111000
111000 111100 111000 111000 110000 000000,

— two different keys k; = 012301230123213023103210 and
ko = 321023102130012301230123 of 24 symbols, and

— the quasigroup (3.1).

The obtained results for packet-error and bit-error probabilities for different
values of bit-error probability p of binary symmetric channel and B,,,, = 3 are
presented in Table 3.16.

Comparing the suitable probabilities in Table 3.14 (Table 3.15) and Table 3.16
we can conclude that for the code with 2-bit symbols Cut-Decoding algorithm
gives slightly better results for PE'R and BE R than the standard decoding algo-
rithm. Also, for these codes the decoding process with Cut-Decoding algorithm is
twice faster than with the standard algorithm.
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» | PER., | BER.,
0.02 [ 0.00114 | 0.00059
0.03 | 0.00714 | 0.00354
0.04 | 0.02057 | 0.01232
0.05 | 0.04886 | 0.02965
0.06 | 0.09200 | 0.05493
0.07 | 0.15000 | 0.09566

Table 3.16: Experimental results with Cut-Decoding algorithm for B,,,,, = 3

3.7.2 [Experiments with quasigroups of order 256

Further on, we made experiments with alphabet of bytes (8-bit symbols) using
different patterns, keys and quasigroups of order 256. In these experiments, with
both decoding algorithms (standard and Cut-Decoding) we obtained almost the
same values for PER and BER as for codes with alphabet of nibbles.

In Table 3.17, we give an example of it. These results are obtained for codes
(72,288) with following parameters:

— in the standard algorithm - the pattern of redundancy: 10 10 10 00 00 10 10
0000 10 10 00 00 10 10 00 00 00 and the key &k = 0123456789 of 10 bytes,

— in Cut-Decoding algorithm - the pattern: 11 10 10 10 10 10 10 10 00 and
the two different keys k1 = 0123456789 and ky = 5432897610 of 10 bytes.

In the both experiments we used same quasigroup of order 256. In Table 3.17,
we compare packet-error and bit-error probabilities obtained with the standard al-
gorithm and Cut-Decoding algorithm for the codes with 8-bit symbols (bytes) and
nibbles .

From the results in Table 3.17 we can conclude that with both decoding al-
gorithms we obtained almost the same values for PER and BER for the both
alphabets.
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PER BER
algorithm nibbles | bytes | nibbles | bytes
standard 0.1131 | 0.1100 | 0.0649 | 0.0749

Cut — Decoding | 0.1080 | 0.1029 | 0.0751 | 0.0838

Table 3.17: Experimental results for packet-error and bit-error probabilities
for p =0.08, Bu: = 4

Conclusion

In this chapter we define new coding/decoding algorithm for the random codes
based on quasigroups. In such a way we obtained 4.5 times faster decoding pro-
cess for a rate 1/4. We define a new method for decreasing the number of more-
candidates-errors and we propose a combination of the both methods for decreas-
ing the number of unsuccessful decodings. With this combination we obtain better
values of the probability for successful decoding. Also, we investigate the perfor-
mances of these codes when quasigroups of order 4 and order 256 are used in
coding/decoding process.
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Application of RCBQ for decoding images

In this chapter we investigate performances of random codes based on quasigroups
for decoding images transmitted through a binary symmetric channel. For that
aim we made experiments using the standard coding/decoding algorithm and Cut-
Decoding algorithm. Experimental results are compared with suitable results ob-
tained with Reed-Solomon codes.

4.1 Modifications of the algorithms for their application in de-
coding images

In Chapter 2 we have defined the standard algorithm for RCBQ, and in Chapter 3
we have proposed new Cut-Decoding algorithm for these codes. In the both ver-
sion of the decoding rule there are two types of unsuccessful decodings: null-error
and more-candidate-error. When null-error appears then the decoding process
ends early and we have only a part of the message that is decoded. In the case of
more-candidate-error we have more than one candidate for the decoded message.
For application of RCBQ for coding/decoding images we have to resolve these
cases of only-part and non-unique decoded message. So, in the experiments with
the both algorithms we use the following solutions for the unsuccessful decodings.

Unsuccessful decoding with more-candidate-error. Since, in the experi-
ments with Cut-decoding algorithm we have a problem with greater number of
more-candidate-errors, we have proposed a heuristic for elimination of these type
of errors. Namely, if more-candidate error appears then we randomly select a
message from the reduced sets in the last iteration and we take it as the decoded
message. Now, we apply this heuristic in the experiments by images with the both

223
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algorithms for RCBQ.

Unsuccessful decoding with null-error. In the cases when null-error ap-
pears, i.e., S; = () in the standard algorithm (or the two reduced sets Si(l) and SZ»(Q)
are empty in Cut-Decoding algorithm), we take the strings without redundant sym-
bols from all elements in the set S;_; (or Si(i)l and Sg)l) and we find their maximal
common prefix substring. If this substring has k& symbols then in order to obtain
decoded message of [ symbols we take these £ symbols and we add [ — k zero sym-
bols at the end of the message. In the experiments with images we notice that this
type of error makes the most visible changes in the decoded images. Therefore, in
the experiments with Cut-Decoding algorithm we used the method by backtrack-
ing for decreasing the number of unsuccessful decodings with null-errors defined
in Section 3.4.

4.2 Experiments

We made experiments with a few (color and black-white) images. Here, we present
the results obtained by the image given in Figure 4.1. In our experiments we use a
binary symmetric channel with the following values of bit-error probability: p =
0.03, p = 0.06, p = 0.09 and p = 0.12. We consider only these values of p since
for the smaller p there are no visible changes in the decoded images. On the other
hand, for p > 0.12 coding does not have sense (bit-error probability is bigger than
p). Also, we take step 0.03 between the chosen values of p in order to obtain visible
differences in the decoded images.

For each value of p, we consider the image after transmission through the chan-
nel in the following cases:

a) without using any error-correcting code,
b) using RCBQ with the standard algorithm,

¢) using RCBQ with Cut-Decoding algorithm (with backtracking in case of
null-error),

d) using Reed-Solomon code.

All experiments are made for the code (72,288) with rate R = 1/4. In the ex-
periments we use the alphabet of nibbles @) = {0,1,...,9,a,b,¢,d, e, f} and the
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Figure 4.1: Original image

quasigroup given in Table 2.1. In the both algorithms for RCBQ we use the pat-
terns, the keys and the lengths of the blocks that gave the best results. Experiments
are made using B,,,, = 4 in the decoding process.

In our experiments with Reed-Solomon codes (RSC) we used a shortened ver-
sion of RSC(63,27) ([63]). It is the code RSC(48,12) defined over the Galois field
GF(2°%) with primitive polynomial p(z) = 1 + X + X (and it has the same good
properties as general RSC). This shortened RSC has the same length of the code-
words (288bits) and the same rate (1/4) as the considered RCBQ.

4.2.1 Experimental results for PER and BER

Using Matlab, we converted the image given in Figure 4.1, first in matrix of bytes,
then in sequence of nibbles. In that way, we obtained a list of 16756 messages
of 18 nibbles (72 bits). In this subsection we will consider the obtained values of
packet-error and bit-error probabilities, and in the next subsection we will present
the obtained images.

First we transmit these messages through the binary symmetric channel with-
out using any error-correcting code. Since the errors in the channel appear ran-
domly and independently, each bit has equal chance to be transmitted incorrectly.
Therefore, in this case in almost all messages there is at least one incorrect symbol
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and the values of PER = 1 — (1 — p)™ are not less than 0.9 for all values of
bit-error probability p in the binary symmetric channel.

Further on, we made experiments for the same values of p and the same im-
age, but using RCBQ (with the standard algorithm and with Cut-Decoding algo-
rithm with backtracking in case of null-error) and Reed-Solomon code as error-
correcting codes. In these experiments, first we encode the messages with the
corresponding coding algorithm. After transmission through the binary symmet-
ric channel we decode the outgoing messages using the corresponding decoding
algorithm (standard, Cut-Decoding or Reed-Solomon). In this way, some of the
errors (occurred during transmission) are successfully corrected. Experimental re-
sults for packet-error probabilities (P E R) and bit-error probabilities (B E R) for
different values of bit-error probability p are given in Table 4.1 and Table 4.2. In
these tables PE R, and BER; are the probabilities obtained using the standard
algorithm, PE R, p,cx and BER,. .. using Cut-Decoding algorithm with back-
tracking and PER,.; and BE R, the probabilities obtained with Reed-Solomon
code.

p | PER, | PERcyack | PERys
0.03 | 0.0018 0.0032 0.0003
0.06 | 0.0338 0.0266 0.1157
0.09 | 0.1813 0.1282 0.7116
0.12 | 0.4719 | 0.3620 0.9748

Table 4.1: Experimental results for packet-error probability

p | BERs | BERcpack | BER:s
0.03 | 0.0011 0.0010 0.0001
0.06 | 0.0251 0.0112 0.0241
0.09 | 0.1379 0.0570 0.1625
0.12 | 0.3715 0.1742 0.2565

Table 4.2: Experimental results for bit-error probability
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From the results given in Table 4.1 we can see that P E R obtains the smallest
value for Reed-Solomon code only for p = 0.03. While, for p > 0.06, RCBQs
give much better results, especially with our Cut-Decoding algorithm.

From Table 4.2, we can see that the differences between the results for BE R,
and BER, are not so significant. The reason for that lies in the construction of
RCBQ. Namely, in these codes, when a bit is incorrectly decoded, then almost all
consecutive bits are incorrectly decoded. Consequently, we obtain empty decod-
ing candidate set in some iteration and only a part of the message is decoded. Also,
we can conclude that the differences between the results for BER, and BE R, pck
are more significant. Namely, for p > 0.06, BE R, p.c 1S approximately twice
smaller than BE R,. This happens since in the experiments with RCBQ), the bit-
error is the largest when the decoding ends with null-error. In our experiments
with Cut-Decoding algorithm we use the proposed method by backtracking for
decreasing this type of errors. As we explain previously, with this method we de-
crease BE R even when the null-error will not be eliminated, since the bigger part
of the message can be decoded with the backtracking. Notice that these results and
conclusions are similar with the suitable results (given in the previous chapters)
when we encode/decode messages instead of images.

Also, we can notice that for RCBQ with the standard algorithm and Reed-
Solomon code, coding/decoding does not have sense for p > 0.09 since
BER > p. But, for p = 0.09, RCBQ with Cut-Decoding algorithm still give
BER, poer. < p. For p = 0.12, we obtain worse B E R than p with all considered
algorithms.

4.2.2 Visual illustration of the experiments

Here, we will give visual illustration of the results, i.e., all transformation of the
image given in Figure 4.1 obtained in our experiments.

Images obtained for the considered values of bit-error probability p in the
binary-symmetric channel are presented in Figures 4.2 - 4.5. In these figures the
images in a) are obtained after transmission through the channel without using
any error-correcting code. In b) and c¢) we give the images obtained using RCBQ
with the standard and Cut-Decoding algorithm, respectively. And in d) the images
coded/decoded with Reed-Solomon code are given.
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Figure 4.3: Images for p = 0.06 )
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The images given in Figures 4.2 - 4.5 visually present our conclusions for the
values of packet-error probability given above. Namely, for p = 0.03 the im-
ages obtained using the both algorithms for RCBQ (Figure 4.2 b) and Figure 4.2
c¢)) are similar. But, for p > 0.06 the images obtained using RCBQ with our
Cut-Decoding algorithm are cleaner than the images obtained using the standard
RCBQ and Reed-Solomon code.

From the figures, we can see that for all considered values of p (except for
p = 0.03 and p = 0.12) the images obtained using RCBQ with Cut-Decoding
algorithm are cleanest.

Also, as we note above, for p = 0.12 coding/decoding of the image does not
have sense, since BER > p and therefore the image in Figure 4.5 a) is more visi-
ble than the other images in the same figure.

Figure 4.4: Images for p = 0.09
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Figure 4.5: Images for p = 0.12

From the previous discussion we can conclude that RCBQs with Cut-Decoding
algorithm (with backtracking) have better performances than the other considered
algorithms for decoding images transmitted through a binary symmetrical channel.

4.2.3 Patterns of the non-decoded part of messages

As we explain above, in the experiments with the both algorithms of RCBQ we
put zero symbols in the place of the non-decoded part of the message when the de-
coding process ends with null-error. In fact, these zero symbols are the horizontal
lines that can be seen in Figures 4.2 b) — 4.5 b) for standard RCBQ and Figures 4.2
¢) — 4.5 ¢) for Cut-Decoding algorithm. On the other hand, the images obtained
without using error-correcting codes (Figures 4.2 a) — 4.5 a)) do not have these
lines, but the entire images have points that are incorrectly transmitted symbols.
Using the fact that these horizontal lines are the most visible changes in the
images decoded with RCBQ, we can make the images clearer. Since we know
the shape of the changes, analyzing the surrounding pixels we can correct the un-
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successful decoded pixels. Using these ideas we can define a filter for correcting
images decoded with RCBQ and we can obtain much clearer images. This is one
of the open problems for further research.

Conclusion

In this chapter we make modifications of the decoding algorithms for random
codes based on quasigroups for their application in decoding images. We investi-
gate performances of these codes for coding/decoding images transmitted through
a binary symmetric channel. Also, we compare these results with suitable re-
sults obtained with Reed-Solomon codes. From the obtained results we concluded
that RCBQs with Cut-Decoding algorithm (with backtracking) have the best per-
formances for decoding images transmitted through a binary symmetric channel.
Also, we give ideas for defining filters for further correction of the decoded im-
ages.






Chapter 5

4-Set-Cut-Decoding algorithms

As we mentioned before, the decoding speed is the biggest problem for random
codes based on quasigroups defined in [30]. In Chapter 3 we have defined new
Cut-Decoding algorithm in order to improve the decoding speed of RCBQ. The
modified decoding processis 4.5 times faster than the original one for code
(72,288). This improvement of the decoding speed gave us an idea for using inter-
sections of more sets .S; in order to obtain greater increasing of the decoding speed.
In Cut-Decoding algorithm we use two transformations of the redundant message
with different parameters, and the candidates for the decoded messages are ob-
tained by using intersection of the corresponding decoding candidate sets. Now,
we make a modifications of that algorithm where we use four transformations of
the redundant message. With this new algorithm, called 4-Sets-Cut-Decoding al-
gorithm we obtain greater improvement of the decoding speed. Also, for improv-
ing the packet-error and bit-error probabilities we have defined several methods
for generating reduced decoding candidate sets.

In this chapter we propose the new 4-Sets-Cut-Decoding algorithms and we an-
alyze the performances of different decoding algorithms of RCBQ (the standard,
Cut-Decoding and 4-Sets-Cut-Decoding algorithms) for a code with rate R = 1/8.
Also we consider the application of the methods for reducing the number of un-
successful decodings in the new proposed algorithms.

5.1 Coding with 4-Sets-Cut-Decoding algorithms

In this modification of Cut-Decoding algorithm instead of (Nyeer, N) code with
rate R, we use four (Ny,cx, IV /4) codes with rate 4 R, that encode/decode a same
message of Nyjocr bits.

233
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So, in the process of coding we apply the encryption algorithm, given in Fig-
ure 2.2, on the same redundant message L four times using different parameters
(different keys or quasigroups) and we obtain the codeword of the message as
concatenation of the four codewords of NV /4 bits.

5.2 First version of 4-Sets-Cut-Decoding algorithm
(4-Sets-Cut-Decoding algorithm#1)

After transmitting through a binary symmetric channel, we divide the outgoing
message D = DM D@ D) in four messages D' = DM DR DG/ D2 =
D(5/4+1)D(s/4+2)...D(8/2), D3 = D(s/2+1)D(s/2+2)m D(33/4) and D* = D(3s/4+1)
DGs/4%2) | D) with equal lengths and we decode them parallelly with the corre-
sponding parameters. Similarly, as in Cut-Decoding algorithm (with two sets), in
each iteration of the decoding process we reduce the decoding candidate sets ob-
tained in the four decoding processes. In this new modification of Cut-Decoding
algorithm named 4-Sets-Cut-Decoding algorithm, we generate decoding candidate
sets in the following way.

Step 1. Let SV = (& . kN, ., S8 = (W kP:N), where ) is the
empty sequence, and k; = kﬁl) e k:g), vy by = k§4) ... kS are the initials
keys used for obtaining the four codewords, respectively.

Step 2. Let Sﬁ)l, s Sﬁ)l be defined for i > 1.

Step 3. Let four decoding candidate sets Si(l), ey Si(4) be obtained in the four
decoding processes, in the same way as in the standard RCBQ.

Step 4. Let V) = {wjws ... Wygi| (0, wiws . . . Wyg) € Si(l)}, -
Vi = {wiws . . . Wyt |(6, 0105 . . . Wy0) € SPYand V = ViNVan V5NV,

Step 5. For each j =1,2,3,4 and for each (J,wiws...wyei) € S, if
WiW3 . . . Wy.q.q & V then Si(j) — SZ»(j) \ {(0, wiws . . . W)}
(* Actually, for each j = 1,2,3,4, we eliminate from Si(j ) all elements
whose second part does not match with the second part of an element in all
other three sets. In the next iteration the four processes use the corresponding

reduced sets Si(l), SZ(Q), SZ@, 554)*),

Step 6. If i < s/4 then increase ¢ and go back to Step 3.
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The decoding rule in the new 4-Sets-Cut-Decoding algorithm is defined in the
following way.

5.3

After the last iteration, if all reduced decoding candidate sets Si}i, Sgi, SSZ’

53(2 have only one element with same second component w; . . . Wy.q.5/4,

then L = w; ... W;.q.5/4 18 the decoded redundant message. In this case, we
say that we have a successful decoding.

If the reduced sets Si}i,..., Si;li have more than one eclement, after the last
iteration, then we have more-candidate-error. In this case we apply the same
heuristic as in Cut-Decoding algorithm (we randomly select a message from
the reduced sets in the last iteration).

If we obtain only one empty decoding candidate set (or two empty sets) then
the decoding continues with the three (or two) nonempty sets (the set V' in
Step 4 is an intersection of the non-empty sets only).

If we obtain only one nonempty set, in some iteration, then the decoding
continues with the nonempty set using the standard decoding algorithm of
RCBQ.

If we obtain Si(l) = SZ@) = 553) = SZ-(4) = () in some iteration, then the
process will be stopped (null-error appears).

Second version of 4-Sets-Cut-Decoding algorithm
(4-Sets-Cut-Decoding algorithm#2)

In the experiments with 4-Sets-Cut-Decoding algorithm#1 we have seen that when
the decoding process ends with null-error, i.e., when all four reduced sets are
empty, very often the correct message is in three of four non-reduced sets. There-
fore, in the second version of 4-Sets-Cut-Decoding algorithm (4-Sets-Cut-Deco-
ding algorithm#2) we make the following modification in Step 4 of the procedure
for generating decoding candidate sets.

Step 4”2 Let V), = {wiwsy . . . Wy (0, w1wy . . . Wy.as) € Si(l)}, e

Vi = {wiws . .. Wyai | (6, 0105 . . . Wy.0) € SPYand V = ViNVaNV5NV,.
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. fV =0thenV' =ViNnVonNVgand V = V",
2. 1fV' =0 then V' =ViNVoNVyand V = V",
3.V =0then V" =ViNVsNVyand V = V.

4. IfV" = then V®” =VoNnVaNViand V = V™.

In fact, in this modification if the intersection of the four sets Vi, V5, V3,V is
empty then we try to find a nonempty intersection of three sets.

In this way we obtain a great improvement of the packet-error and bit-error
probabilities without decreasing the decoding speed. But, for greater improve-
ment of the performances we consider two more modifications of Step 4 when the
intersection of all four sets is empty set.

5.4 Third version of 4-Sets-Cut-Decoding algorithm
(4-Sets-Cut-Decoding algorithm#3)

In the experiments with 4-Sets-Cut-Decoding algorithm#2, we obtain better results
for PER and BER for all values of bit-error probability p of a binary symmetric
channel. But, analyzing the experiments with null-error obtained with this version,
we notice the following situation. Namely, in some experiments we obtained
V' # (b, but the correct message is not in ¥V’ and itis in V" or V" or V*. Similarly,
if (V' =0and V" # 0)or (V' = 0, V” = 0 and V" # () and the correct
message is in some of the next intersections (which are not considered if a previous
intersection is not empty).

Therefore, we consider another modification of Step 4. Namely, if the inter-
section of all four sets is empty then the set V. = V' U V" U V" U V™, i.e., the
new modification of Step 4 is the following.

Step 4#3 Let ‘/1 = {w1w2 . wr.a.i](é, wiwy . .. wm.i) < Sz(l)}, ceey
Vi =A{wiws ... Wygi [(0, 01w . . W) € 554)} andV = ViNnVhLnNVsnV,.

If V = 0thenV = (VinVanV3)U(VinVanVa)U(ViNVaNVL)U(VanVanVa).
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With this modification, if new V' # () we obtain a better improvement of the
probabilities for packet-error and bit-error than in 4-Set-Cut-Decoding algorithm#2.
Also, this modification does not decrease the speed of the decoding.

5.5 Fourth version of 4-Sets-Cut-Decoding algorithm
(4-Sets-Cut-Decoding algorithm#4)

In the third version of 4-Sets-Cut-Decoding algorithm, if new V' = () then we have
unsuccessful decoding with null-error. In order, to reduce these errors, we make
a new modification in the algorithm. Actually, if after Step 4*3 we obtain again
empty set V' then we set V' to be a union of all intersections of two sets, i.e., the
new Step 4 is the following.

Step 4™ Let V; = {wiwsy . .. Wy (0, w1wy . . . W) € SZ-(l)}, s
Vi = {wiws ... Wy | (6, 0105 . . . Wy.0) € SPYand V = ViNVaNV5NV,.
IfV = 0then V = (ViNVanV3)U(ViNVaNVy)U(ViNVaNVy)U(VaNVanVy).
If V = () then
V=MWnkh)uWnV)uWinvy)uanVs)uVanVy)u(VznVy).

With this new modification we obtain better results only for B,,,,, = 4. When
B,.ax = 5 we obtain a good percentage of eliminated null-errors but a larger
number of more-candidate-errors.

5.6 Comparison of the algorithms for rate R = 1/8

In this section we give the experimental results for the probabilities for packet-
error (PE R) and bit-error (B E R) obtained using the new 4-Sets-Cut-Decoding
algorithms and we compare them with the results obtained by the standard decod-
ing algorithm and Cut-Decoding algorithm. Also, we analyze the improvement of
the performances of the code with all modifications of Step 4, proposed above. In
this section we also compare the decoding speeds of all algorithms.

In the previous chapters of this thesis we have given experimental results for
the code (72,288) with rate 1/4 obtained by the standard and Cut-Decoding algo-
rithm. For obtaining a code (Nyoer, V) with rate R in the proposed 4-Sets-Cut-
Decoding algorithms, we use four (Nyoer, N /4) codes with rate 4 R. Therefore, in
these algorithms for a code with rate 1/4 we do not have redundancy (if R = 1/4
then N /4 = Nyoex, i1.€., the length of the codeword is equal to the length of the
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message). So, for comparison we made experiments for code (72,576) with rate
R=1/8.

In all experiments we used the alphabet Q = {0, 1,...9,a,b,¢,d, e, f} of nib-
bles, the quasigroup operations * and \ on () given in Table 2.1 and Table 2.2 and
blocks of 4 nibbles in the decoding process.

We obtained the best results for code a (72,576) with the standard decoding
algorithm for the following parameters:

— the pattern of redundancy: 1100 1000 0000 0000 0000 0000 1100 1000 0000
0000 0000 0000 1100 1000 0000 0000 0000 0000 1100 1000 0000 0000
0000 0000 1100 1000 0000 0000 0000 0000 1100 1000 0000 0000 0000
0000, and

— the key £ = 0123456789 of 10 nibbles.

With Cut-Decoding algorithm, we obtained the best results with the following
parameters:

— the pattern of redundancy: 1100 1100 1000 0000 1100 1000 1000 0000 1100
1100 1000 0000 1100 1000 1000 0000 0000 0000, for rate 1/4 and

— two different keys k1 = 0123456789 and ks = 5432897610 of 10 nibbles.

In the experiments with the new 4-Sets-Cut-Decoding algorithms, the best re-
sults are obtained for the following parameters:

— the pattern of redundancy: 1100 1110 1100 1100 1110 1100 1100 1100 0000
for rate 1/2, and

— four different keys k1 = 0123456789, ko = 5678901234, k3 = abcde f0123
and k4 = f0123abcde of 10 nibbles.

Experimental results for packet-error probabilities for B,,,, = 4 and differ-
ent values of bit-error probability p of a binary symmetric channel are given in
Table 5.1 and presented in Figure 5.1. In this table PE R, are the packet-error
probabilities obtained by the standard algorithm, and PE R, by Cut-Decoding al-
gorithm. There, we denote by PFEFR.1, PER. 2, PER.3 and PER.4 4 the
packet-error probabilities obtained using 4-Sets-Cut-Decoding#1, 4-Sets-Cut-
Decoding#2, 4-Sets-Cut-Decoding#3 and 4-Sets-Cut-Decoding#4, correspond-

ingly.
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For all considered algorithms we made experiments until we get BER > p,
since using the codes does not have sense when BER > p (the number of incor-

rectly decoded bits is greater than the number of incorrectly transmitted bits).

p | PER,| PER. | PERu, | PERuis | PER.s | PER..
0.02]0.0011| 0 0 0 0 0

0.03 [ 0.0029 | 0.0017 | 0.0020 | 0.0006 0 0

0.04 [ 0.0106 | 0.0074 | 0.0086 | 0.0031 | 0.0006 | 0.0006
0.05|0.0326 | 0.0134 | 0.0254 | 0.0074 | 0.0026 | 0.0026
0.06 | 0.0663 | 0.0371 | 0.0600 | 0.0106 | 0.0034 | 0.0029
0.07 | 0.1300 | 0.0643 | 0.1129 | 0.0237 | 0.0094 | 0.0063
0.08 | 0.2200 | 0.1257 | 0.1906 | 0.0383 | 0.0209 | 0.0091
009 / loiror| 0.0791 | 0.0437 | 0.0189
0.10| / / / 0.1329 | 0.0906 | 0.0277
011| / / / 0.2166 | 0.1649 | 0.0534
0.12| / / / 0.3140 | 0.2666 | 0.0977
0.13] / / / / 0.1537
0.14| / / / / / 0.2429
015| / / / / / 0.3631

Table 5.1: Experimental results for packet-error probabilities for B4,

=4

From the results obtained for PER, given in Table 5.1, we can derive the
following conclusions. Using Cut-Decoding algorithm instead of the standard
algorithm we obtain a great improvement of the probabilities for packet-error
(for p > 0.04, PER, are approximately twice smaller than PER;). Also, Cut-
Decoding algorithm is more than twice faster than the standard algorithm.

With 4-Sets-Cut-Decoding algorithm#1 we obtain worse results for P E R than
those with Cut-Decoding algorithm. But this algorithm is more than 3 times faster
than the standard algorithm and about 1.4 times faster than Cut-Decoding algo-

rithm.
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From the values for PE R, 5 in Table 5.1 we can see that with this modifica-
tion we obtain better results for P E R for all values of p compared with the values
obtained by the standard and Cut-Decoding algorithm(PE R, » are from 2 to 3.5
times smaller than PE'R,). Also, with 4-Sets-Cut-Decoding algorithm#2 we have
almost the same decoding speed as with 4-Sets-Cut-Decoding algorithm#1 (more
than 3 times faster than the standard algorithm).

0,40 +

PER

0,02 0,03 0,04 0,05 0,06 0,07 0,08 0,09 0,1 0,11 0,12 0,13 0,14 0,15
P

‘ —%—PERs —%—PERc —@—PERc4.1 —+—PERc4.2 —¢—PERc4.3 +PERC4.4‘

Figure 5.1: Comparison of PER for B, = 4

From the results for PE R4 3 we can see that with 4-Sets-Cut-Decoding algo-
rithm#3 we have succeeded to eliminate a large number of null-errors (for p >
0.04, PER_.4 3 are from 1.2 to 5.2 times smaller than PE R4 ), again without
decreasing of the decoding speed. And with the last modification, i.e., 4-Sets-Cut-
Decoding algorithm#4, for p > 0.05 we have obtained better results for packet-
error probabilities with almost the same decoding speed. Moreover, for p > 0.09,
the values of PE R, 4 are approximately 3 times smaller than PE R, 3.
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p | BER; | BER.| BER.1 | BER.s | BER.3 | BER.
0.02 | 0.0007 0 0 0 0 0
0.03 | 0.0016 | 0.0011 | 0.0010 | 0.0003 0 0
0.04 | 0.0054 | 0.0036 | 0.0050 | 0.0019 | 0.0003 | 0.0003
0.05 | 0.0162 | 0.0079 | 0.0137 | 0.0043 | 0.0013 | 0.0013
0.06 | 0.0333 | 0.0198 | 0.0339 | 0.0057 | 0.0019 | 0.0017
0.07 | 0.0672 | 0.0345 | 0.0639 | 0.0125 | 0.0048 | 0.0033
0.08 | 0.1323 | 0.0712 | 0.1067 | 0.0196 | 0.0090 | 0.0049
0.09 / 0.1051 / 0.0424 | 0.0206 | 0.0103
0.10 / / / 0.0670 | 0.0395 | 0.0136
0.11 / / / 0.1072 | 0.0771 | 0.0279
0.12 / / / 0.1618 | 0.1214 | 0.0515
0.13 / / / / / 0.0828
0.14 / / / / / 0.1294
0.15 / / / / / 0.2009

Table 5.2: Experimental results for bit-error probabilities for B,,,, = 4

In Table 5.2 and Figure 5.2 we present values for bit-error probability (BER)
from the same experiments and we use the same labels, as in Table 5.1, for values
obtained using different algorithms.

From the results for BE R in Table 5.2 we can derive the same conclusions as
for PER (for all algorithms and for all p, BER is approximately PER/2).

Also, we made experiments for the same codes using B,,,,.. = 5 in the decod-
ing process. In Table 5.3 (Figure 5.3) and Table 5.4 (Figure 5.4), we present the
obtained results for packet-error and bit-error probabilities for different values of
bit-error probability p of a binary symmetric channel.
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Figure 5.2: Comparison of BER for B, = 4

From the values for PE R, and PE R, in Table 5.3 we can conclude that using
Cut-Decoding algorithm for this code we obtain better results than with the stan-
dard algorithm. On the other hand, in terms of the decoding speed, for p < 0.06
the experiments with Cut-Decoding algorithm are 5.2 times faster than with the
standard one. But, for p > 0.06, in some experiments with Cut-Decoding algo-
rithm, we obtained a very large cardinality of the decoding candidate sets (after
an iteration), so the decoding speed decreases (but it is still better than the speed
obtained with the standard algorithm).

Similarly as for B,,,, = 4, now for p > 0.04, using the new 4-Sets-Cut-
Decoding algorithm#1 we obtained worse results for PER and BE R than those
with Cut-Decoding algorithm. But, from the duration of our experiments, we ob-
tain that this algorithm is 6.3 times faster than the standard algorithm and from 1.2
to 6.2 times faster than Cut-Decoding algorithm.
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p

PER,

PER,

PER44

PER.4»

PER.43

PER.44

0.03

0.00571

0.00007

0.00007

0

0

0

0.04

0.00714

0.00086

0.00057

0.00057

0.00029

0.00029

0.05

0.01000

0.00257

0.00286

0.00200

0.00114

0.00086

0.06

0.01086

0.00571

0.00743

0.00371

0.00229

0.00229

0.07

0.02457

0.01429

0.01571

0.00657

0.00286

0.00286

0.08

0.04829

0.03057

0.03171

0.02171

0.01114

0.01114

0.09

0.07171

0.05086

0.05914

0.03629

0.01514

0.01486

0.10

0.12057

0.08800

0.09514

0.05543

0.02429

0.02429

0.11

0.18057

0.13629

0.15114

0.09686

0.04543

0.04514

0.12

/

0.18886

0.22257

0.15029

0.07914

0.07829

0.13

0.28948

/

0.21514

0.10943

0.10629

0.14

/

0.28943

0.17200

0.16029

0.15

/

0.22857

0.22600

0.16

/

0.32314

0.30457

0.17

/
/
/
/
/

/
/
/

/
/
/
/

/

/

0.39143
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Table 5.3: Experimental results for packet-error probabilities for B, = 5

From the results obtained by 4-Sets-Cut-Decoding algorithm#2, we can see
that we obtain an improvement of the values for PE'R and B E' R with significantly
small decreasing of the decoding speed (maximum difference is 0.84 sec. per
message). Also, with 4-Sets-Cut-Decoding algorithm#3, we obtain almost twice
better values for PER and BER than with 4-Sets-Cut-Decoding algorithm#2.
Again, the speed is almost unchanged.

The results for PER., 3 and PE R, , are almost identical, i.e., for the both
modifications of the algorithm, the total number of unsuccessful decodings is very
close. But, the ratios of the number of null-errors and more-candidate-errors ob-
tained by these two modifications of the algorithm are very different. Namely, with
4-Sets-Cut-Decoding algorithm#3, we obtained only few unsuccessful decodings
with more-candidate-error. On the other hand, with the proposed modification
(for reducing the null-errors) in 4-Sets-Cut-Decoding algorithm#4, we eliminated
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many of these type of errors, but we obtained a much larger number of more-
candidate-errors (especially for p > 0.08). Therefore, the results for BE R4 4
are smaller than BE R 4 3. Also, in some experiments for p > 0.08 with 4-Sets-
Cut-Decoding algorithm#4 we obtained (after an iteration) a very large cardinality
of the decoding candidate sets and in some cases we had to stop the decoding of
the message (due to insufficient memory for processing the elements). Therefore,
with the last modification of 4-Sets-Cut-Decoding algorithm, the decoding speed
continuously decreases (as p increases). For example, for p = 0.13, 4-Sets-Cut-
Decoding algorithm#4 is 6.4 times slower than 4-Sets-Cut-Decoding algorithm#3.

p | BERs | BER:. | BERu, | BERcy2 | BERy3 | BERy4
0.03 | 0.00117 | 0.00005 | 0.00004 0 0 0
0.04 | 0.00195 | 0.00047 | 0.00037 | 0.00021 | 0.00011 | 0.00007
0.05 | 0.00218 | 0.00148 | 0.00179 | 0.00096 | 0.00049 | 0.00025
0.06 | 0.00509 | 0.00302 | 0.00413 | 0.00251 | 0.00152 | 0.00087
0.07 1 0.01323 | 0.00831 | 0.00902 | 0.00339 | 0.00178 | 0.00113
0.08 | 0.02569 | 0.01778 | 0.01909 | 0.01186 | 0.00636 | 0.00378
0.09 | 0.03876 | 0.02836 | 0.03303 | 0.02115 | 0.00899 | 0.00521
0.10 | 0.07013 | 0.05131 | 0.05193 | 0.03279 | 0.01505 | 0.00906
0.11 | 0.11062 | 0.07755 | 0.08812 | 0.05017 | 0.02546 | 0.01472
0.12 / 0.10314 | 0.13179 | 0.08590 | 0.04704 | 0.02698

013| / |oa1eoes| 0.12251 | 0.06365 | 0.03789
014 / / / 0.16827 | 0.10289 | 0.06789
015 / / / / 0.13609 | 0.10059
016| / / / / 0.19017 | 0.13277
017| / / / / / 0.17911

Table 5.4: Experimental results for bit-error probabilities for B,,,, = 5
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From all presented results obtained in several experiments with different de-
coding algorithms for a code (72,576) we can conclude that for this code with the
new 4-Sets-Cut-Decoding algorithms we obtain a great improvement of the de-
coding speed and much better values for packet-error and bit-error probabilities.

Also, from the experiments we can conclude that 4-Sets-Cut-Decoding algo-
rithm#4 gives the best values of PER and BE R, especially for B,,,, = 4. But,
for B,,.. = 5, the decoding speed of this algorithm is smaller than the decod-
ing speed of 4-Sets-Cut-Decoding algorithm#3 and we obtain a larger number of
more-candidate-errors.

We can conclude that 4-Sets-Cut-Decoding algorithm#4 is the best for code
(72,576) for By, = 4. On the other hand, for B,,,, = 5, as a compromise be-
tween the speed and the correct decoding, 4-Sets-Cut-Decoding algorithm#3 is the
best algorithm.

5.7 Experiments with methods for reducing the number of er-
rors

As we mention in Chapter 2, an unsuccessful decoding with null-error (in RCBQ)
occurs when more than predicted B,,,, bit errors appear during transmission of
some blocks. Some of these errors can be eliminated if we cancel a few of iter-
ations of the decoding process and we reprocess all of them or part of them with
a larger value of B,,,,. Therefore, in Section 2.5 we have proposed a method for
decreasing the number of null-errors by backtracking. In this method if we get an
empty set in some iteration (for example, i*" iteration), then k previous iterations
((i —1)t, (i —2)*, ..., (i — k)™) are canceled. After that we reprocess the first of
canceled iterations ((i — &)™) with By,az = Bz + 1 0F Byae + 2, and the next
iterations continue with the old value of B,,,,. We obtained a good improvement
of the packet-error and bit-error probabilities using this method for reducing the
number of null errors in the standard algorithm (Section 2.5) and Cut-Decoding
algorithm (Section 3.4).

These improvements gave us an idea to use similar method with backtracking
in the case of more-candidate error, defined in Section 3.5. In this method, if the
decoding process ends with more elements in the reduced decoding candidate sets
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after the last iteration then we cancel a few of iterations and we reprocess the first
of cancelled iterations using smaller value of B,,,,, (the next iterations use the pre-
vious value of B,,,z).

We made experiments with the new 4-Sets-Cut-Decoding algorithms using the
following combination of these two methods with backtracking. If we obtain null-
error, 1.e., empty reduced sets in some iteration of the decoding process then we
cancel two iterations (or one iteration) and we reprocess the first of canceled itera-
tions using B, + 2. If the decoding process ends with more elements in the sets
after the last iteration, then we go two iterations back and we reprocess the penul-
timate iteration with B,,,, — 1. Also, if after the backtracking for null error we
obtain more candidates in the last iteration then we make one more backtracking
for more-candidate-error. We repeat the experiments, using the above combina-
tion of the methods for reducing the number of unsuccessful decodings, with the
third and the fourth version of 4-Sets-Cut-Decoding algorithm (by which we ob-
tained the best results).

For B,,.. = 5, with the both versions of the algorithm, we obtain best results
if we cancel two iterations in case of null-error. But, for B,,,, = 4 with 4-Sets-
Cut-Decoding algorithm#3 we obtain better results if we cancel one iteration in
the backtracking for null-error.

In Table 5.5, Figure 5.5 a) (for B,,.. = 4) and Table 5.7, Figure 5.6 a) (for
Binax = D) we compare the packet-error probabilities (P E Re4.3 packs PE Resa pack)
obtained using the above combination of the both methods with backtracking
and the probabilities (PER.3, PFER..,) obtained by the third and fourth
version of 4-Sets-Cut-Decoding algorithm without backtracking (from the tables
given in the previous section). Also, in Table 5.6, Figure 5.5 b) (B4 = 4) and
Table 5.8, Figure 5.6 b) (B, = 5) we compare the suitable bit -error probabili-
ties (BE Rc4.3 pack» BE Res.4 pack, BERc4.3, BER.4.4) obtained in the same exper-
iments. With the proposed methods by backtracking, we also made experiments
until we got BER > p.



248

Table 5.5: Experimental results for PER for B,,,, = 4 with and without back-
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p PERy3 PERc4.3back PERc44 PER4 4 back
0.02 0 0 0 0
0.03 0 0 0 0
0.04 0.0006 0 0.0006 0.0003
0.05 0.0026 0.0003 0.0026 0.0017
0.06 0.0034 0.0006 0.0029 0.0026
0.07 | 0.0094 0.0037 0.0063 0.0029
0.08 0.0209 0.0114 0.0091 0.0049
0.09 0.0437 0.0263 0.0189 0.0131
0.10 0.0906 0.0617 0.0277 0.0160
0.11 0.1649 0.1140 0.0534 0.0417
0.12 0.2666 0.2020 0.0977 0.0703
0.13 / 0.2974 0.1537 0.1134
0.14 / / 0.2429 0.1860
0.15 / / 0.3631 0.2903
0.16 / / / 0.3940
0.17 / / / 0.5340

tracking
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PERc4.3_back —<PERc4.4

a)

PERc4.4_back
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BERc4.3_back —+BERc4.4 -+BERc4.4_back

b)

Figure 5.5: PER and B E R without and with backtracking for B,,,,, = 4
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D BERc.3 | BERc3back | BERca | BER:4back
0.02 0 0 0 0
0.03 0 0 0 0
0.04 0.0003 0 0.0003 0.0001
0.05 0.0013 0.0002 0.0013 0.0008
0.06 0.0019 0.0003 0.0017 0.0012
0.07 0.0048 0.0020 0.0033 0.0014
0.08 0.0090 0.0044 0.0049 0.0021
0.09 0.0206 0.0124 0.0103 0.0056
0.10 0.0395 0.0287 0.0136 0.0057
0.11 0.0771 0.0554 0.0279 0.0191
0.12 0.1214 0.0983 0.0515 0.0285
0.13 / 0.1449 0.0828 0.0459
014 / 0.1204 0.0745
0.15 / / 0.2009 0.1184
016 / / / 0.1586
0.17 / / / 0.2225
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Table 5.6: Experimental results for BER for B,,,, = 4 with and without back-

tracking

We conclude from the results in Table 5.5 and Table 5.6 that for B,,,,, = 4 with
the proposed backtracking (in both algorithms) we have improvement of PE R and
BER for all p. For 4-Sets-Cut-Decoding algorithm#4, the values of BE'R ob-
tained by backtracking are approximately twice smaller than suitable values with-
out backtracking.
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p PER 3 PER 4.3 back PER 44 PER 4 4 back
0.03 0 0 0 0
0.04 0.00029 0 0.00029 0.00029
0.05 0.00114 0.00029 0.00086 0.00086
0.06 0.00229 0.00200 0.00229 0.00229
0.07 0.00286 0.00200 0.00286 0.00257
0.08 0.01114 0.00914 0.01114 0.01114
0.09 0.01514 0.01057 0.01486 0.01400
0.10 0.02429 0.01514 0.02429 0.02371
0.11 0.04543 0.03057 0.04514 0.04457
0.12 0.07914 0.05714 0.07829 0.07400
0.13 0.10943 0.07714 0.10629 0.10143
0.14 0.17200 0.12629 0.16029 0.15229
0.15 0.22857 0.17257 0.22600 0.21457
0.16 0.32314 0.26000 0.30457 0.28686
0.17 / 0.32514 0.39143 0.37486
0.18 / 0.44971 / 0.47143

Table 5.7: Experimental results for PER for B,,,, = 5 with and without back-
tracking

- PER o
_ BER _

p P
~+-PERc4.3 -m-PERc4.3_back PERc4.4  —<PERc4.4_back ~+BERc4.3 -m-BERc4.3_back BERc4.4 —<BERc4.4_back

a) b)
Figure 5.6: PE R and B E R without and with backtracking for B,,,, = 5
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p BER:43 BER:4.3 pack BERc4.4 BER 4.4 back
0.03 0 0 0 0
0.04 0.00011 0 0.00007 0.00007
0.05 0.00049 0.00015 0.00025 0.00025
0.06 0.00152 0.00080 0.00087 0.00080
0.07 0.00178 0.00087 0.00113 0.00097
0.08 0.00636 0.00437 0.00378 0.00361
0.09 0.00899 0.00463 0.00521 0.00453
0.10 0.01505 0.00724 0.00906 0.00778
0.11 0.02546 0.01437 0.01472 0.01465
0.12 0.04704 0.02592 0.02698 0.02438
0.13 0.06365 0.03212 0.03789 0.03256
0.14 0.10289 0.05622 0.06789 0.05675
0.15 0.13609 0.07500 0.10059 0.08532
0.16 0.19017 0.11002 0.13277 0.11241
0.17 / 0.13777 0.17911 0.14929
0.18 / 0.19689 / 0.19246

Table 5.8: Experimental results for BER for B,,,, = 5 with and without back-
tracking

Also, from the results in Table 5.7 and Table 5.8 we can see that for B,,,,, = 5,
with the proposed backtracking, we obtain a greater improvement of PE R and
BER using 4-Sets-Cut-Decoding algorithm#3. Even more, for all values of p,
PER. 340k are smaller than PE R4 4 pack, although these probabilities in the ex-
periments without backtracking are almost identical. The reason for that is the
increased cardinality of the decoding candidate sets in 4-Sets-Cut-Decoding algo-
rithm#4. Hence, the unsuccessful decodings with more-candidate-error end with
a great number of elements in the last sets. Therefore, the cardinality of these sets
1s not decreased to 1 if we use B,,,, — 1 in the first canceled iteration. But, if we
apply Ba: — 2, then the correct message usually is eliminated from the sets S.
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5.8 Visual illustration of the experiments

In this section we investigate performances of the new proposed 4-Sets-Cut-Deco-
ding algorithm#3 (with the above combination of the both methods with backtrack-
ing for obtaining the best results) for decoding images transmitted through a binary
symmetric channel. For that aim we made experiments with Figure 4.1. In these
experiments we use a binary symmetric channel and we code/decode the image us-
ing the code (72,576) with rate R = 1/8 and the parameters that gave best results
for 4-Sets-Cut-Decoding algorithms. Experiments are made using B,,,, = 5 in
the decoding process and following values of bit-error probability in the channel:
p=0.05,p=0.08,p=0.11,p = 0.14 and p = 0.17 (for p > 0.17 the values of
BER_4 3 pack are greater than p). In the experiments we use the same solutions for
the unsuccessful decodings as in Chapter 4.

Also, for comparison we made experiments with Reed-Solomon codes. In
the experiments with Reed-Solomon codes (RSC) we used a shortened version of
RSC(127,57) [63]. It is the code RSC(80,10) defined over the Galois field GF(27)
with primitive polynomial p(x) = 1+ X + X7 . This shortened RSC has the same
rate 1/8 and approximately the same length of messages and codewords ((70, 560))
as the considered RCBQ.

Images obtained for the considered values of bit-error probability p in the
binary-symmetric channel are presented in Figures 5.7 - 5.11. In these figures in a)
we give the images obtained using RCBQ with 4-Sets-Cut-Decoding algorithm#3
with the proposed combination of the both methods with backtracking. And in b)
the images coded/decoded with Reed-Solomon code are given.

Figure 5.7: Images for p = 0.05
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b)

b e
Figure 5.9: Images for p = 0.11

a) b)
Figure 5.10: Images for p = 0.14
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a) b)
Figure 5.11: Images for p = 0.17

From the figures, we can see that for all considered values of p, the images
obtained using RCBQ with 4-Sets-Cut-Decoding algorithm#3 (with backtracking)
are cleaner than the suitable images obtained using Reed-Solomon code. Also,
for p > 0.08 coding/decoding of the image with Reed-Solomon code does not
have sense (BE R > p). But, RCBQ with 4-Sets-Cut-Decoding algorithm#3 give
BER, paer. < pforall p < 0.17 (as in Table 5.8).

Conclusion

In this chapter we propose a new coding/decoding algorithm for random codes
based on quasigroups, called 4-Sets-Cut-Decoding algorithm (with 4 different me-
thods for generating reduced decoding candidate sets). With this algorithm the
decoding process is 6.3 times faster then the decoding process with the standard
RCBQ for a code with rate 1/8. Also, for some values of p we obtain 24 times
smaller values for PE R then with the standard RCBQ. We analyze the perfor-
mances of different decoding algorithms of RCBQ (the standard, Cut-Decoding
and 4-Sets-Cut-Decoding algorithms) for a code with rate R = 1/8. Also we
consider the application of the methods for reducing the number of unsuccess-
ful decodings in the new proposed algorithms. At the end of this chapter we in-
vestigate performances of RCBQ with 4-Sets-Cut-Decoding algorithm#3 for cod-
ing/decoding images transmitted through a binary symmetric channel. Also, we
compare these results with suitable results obtained with Reed-Solomon code.



Chapter 6

Some theoretical results for the new
algorithms of random codes based on
quasigroups

In this chapter we will give some theoretical results for the new algorithms (Cut-
Decoding and 4-Sets-Cut-Decoding algorithm) of RCBQ proposed in this thesis.

We will derive a theoretical upper bound for packet-error probabilities (without
more-candidate-errors) for Cut-Decoding and 4-Sets-Cut-Decoding algorithm.
We will show that this bound is equal to theoretical PE R; for the standard algo-
rithm of RCBQ. First we will give a theoretical proof of the upper bound for PER
and then we will verify it experimentally.

Also, at the end of this chapter we will give approximate formulas for cardinal-
ity of the reduced decoding candidate sets obtained in the decoding process with
the new algorithms.

6.1 Theoretical upper bound for packet-error probability in
the new algorithms

The formula for theoretical packet-error probability for the standard algorithm is
given in Theorem 2.1 ([30]). But, from the proof of this theorem, given in [30], it
is clear that in this formula more-candidate-errors are not provided. The number
of these errors strongly depends on the chosen quasigroup, the pattern for adding
redundancy and the length of the initial key. Therefore, it is very difficult to predict
the number of more-candidate-errors in the experiments with these codes.

In this section we will prove that the formula for PER; in Theorem 2.1 (for

255
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same code rate, length of the blocks and B,,,, in the decoding process) gives
an upper bound for PER obtained by Cut-Decoding and 4-Sets-Cut-Decoding
algorithms. From the same reasons as above, in the following theorem and its proof
we will consider probability only for null-errors and uncorrected-errors (decoding
that completes successfully, but the decoded message is incorrect).

Theorem 6.1. The packet-error probability (without more-candidate-errors) ob-
tained by the standard decoding algorithm of RCBQ is an upper bound for the
packet-error probability obtained using Cut-Decoding and 4-Sets-Cut-Decoding
algorithms (for same code rate, same length of the blocks and same B,,,, in the
decoding processes).

Proof. The probability that maximum ¢ bits in one block D® of r symbols are not
correctly transmitted is

t
P ,t — T'CL) kl_ 7“~a—k:’
(p;t) ; ( L )Pr=p)
where p is probability of bit-error in a binary symmetric channel.

The events A; : “maximum B,,,, errors appear in a block D®” for all i are
independent and the probability that the correct block C'® is contained in the set
H;is P(p; Bmam) =1-g¢s.

Since, for a code with rate R in Cut-Decoding algorithm, two codes with rate
2R are used, we have twice smaller number of iterations in the decoding process.
So, if the decoding process with the standard algorithm has s iterations for a given
code, then for the same code the number of iterations in the two parallel processes
of decoding in Cut-Decoding algorithm is s/2.

When we use Cut-Decoding algorithm, then the correct block L,
i =1,2,...,s/2is contained (as second part of an element) in the reduced sets Si(l)
and S if in the both processes the correct blocks C'¥ and C(*/2+9) (from the two
codewords) are contained in the corresponding sets H i(l) and H i(Q). The probability
for that event is (1 — ¢g)(1 — ¢p) for each i, since the both decoding processes
are independent. Therefore the probability each correct block L") to be contained
in the reduced sets Si(l) and Sz-@) fori =1,2,...,5/2is (1 — qp)(1 — qg))¥? =
(1 — gp)*. So, the probability for packet-error is 1 — (1 — g5)* = PER,, where
PFE R, is the theoretical packet-error probability for the same code (same code rate,
length of the blocks and B,,,,,.) with the standard decoding algorithm.

But, according to the decoding rule of Cut-Decoding algorithm, when one of
the decoding candidate sets is empty decoding of the message continues using the
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standard algorithm. In this case the process will end successfully if the correct
block is contained in the non-empty set. Therefore, probability 1 — (1 — ¢p)*
(which is probability P E R; in Theorem 2.1) is an upper bound for the packet-error
probability (without more-candidate-errors) obtained by Cut-Decoding algorithm.

Similarly, we obtained the same upper bound for 4-Sets-Cut-Decoding algo-
rithm. In this algorithm we have four decoding processes and for a code with rate
R we use four codes with rate 4R. Therefore, in 4-Sets-Cut-Decoding algorithm
we have four times (s/4) smaller number of iterations. In all iterations the correct
block LW, = 1,2,....s /4 is contained (as second part of an element) in the re-
duced sets SV, 5, S and 5™ if the correct blocks C'), C(s/4+) C/(s/2+1) apd
CB3s/4+1) (from the four codewords) are contained in the corresponding sets H.",
HZ@), H Z-(g) and H 54). As previous, the upper bound for packet-error probability is
1-— ((1 — qB)(l — qB)(l — qB)(l - qB))5/4 =1- (1 — qB)Sz PERt Again this
probability is an upper bound for PE R (without more-candidate-errors) since the
decoding of the message also continues when at least one of the decoding candi-
date sets is not empty. ]

With this theorem we proved that with the new decoding algorithms we have
improved not only the decoding speed, but also we decrease the number of unsuc-
cessful decodings (when the upper bound is not reached).

6.2 Experimental verification of the theoretical upper bound
for packet-error probability

For experimental verification of Theorem 6.1 proved in the previous section, we
will compare the values of P E R, together with the experimental results for PER
without more-candidate-errors obtained in the experiments with Cut-Decoding
and 4-Sets-Cut-Decoding algorithm.

6.2.1 Comparison for rate R = 1/4

First we will compare PE R; with the experimental results for packet-error prob-
abilities without more-candidate-errors PE R, obtained by Cut-Decoding al-
gorithm and PE R, ; by the standard algorithm for the code (72,288) with rate
R = 1/4 . These results are for the codes which parameters are given in Sec-
tion 3.3 and Section 2.4.2, respectively. In these experiments we have used blocks
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of 4 nibbles (16 bits) in the process of decoding. So, in the formula for theoret-
ical packet-error probability PER;, we calculate the probabilities gz using the
following formula:

B
o . _ a ]'6 k 16—k
qp =1 — P(p; Bpaz) =1 — E <k>p (1—-p)° "

k=0

The number of blocks in the codewords, i.e., the number of iterations in the de-
coding process is 18.

In Table 6.1, we give the experimental results for PE' R, ; and PE R, ; together
with the values of PE R, for different values of bit-error probability p of a binary
symmetric channel.

D PER, PER.; PER,,
0.02 | 0.000209 0 0.000313
0.03 | 0.001447 | 0.000857 | 0.002188
0.04 | 0.005541 | 0.003429 | 0.005313
0.05 | 0.015319 | 0.014286 | 0.014688
0.06 | 0.034361 | 0.025714 | 0.035938
0.07 | 0.066467 | 0.057714 | 0.065000
0.08 | 0.114889 | 0.104000 | 0.112500
0.09 | 0.181424 | 0.155429 | 0.186875

Table 6.1: Comparison of theoretical upper bound with experimental results for
code (72,288) with rate R = 1/4

From the results in Table 6.1 we can see that for all p, PER.; < PER;,
1.e., the theoretical packet-error probability is an upper bound for PE R (without
more-candidate-errors) obtained by Cut-Decoding algorithm. Also, comparing
the experimental results obtained by the standard (P E' R, ;) and Cut-Decoding al-
gorithm (PE R, ;) we can conclude that using Cut-Decoding algorithm we de-
crease the number of unsuccessful decodings with null-error and uncorrected-
error. Namely, for all values of p, PER, 1 > PER, ;.
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6.2.2 Comparison for rate R = 1/8

Now, we will compare P E R; with the experimental results for packet-error prob-
ability (without more-candidate-errors) obtained by the standard algorithm, Cut-
Decoding algorithm and 4-Sets-Cut-Decoding algorithm for code the (72, 576)
with rate R = 1/8. The results for these codes and used parameters are given
in Section 5.6. In the formula for PE R, we use the same formula for probabili-
ties ¢p, as above, since in the experiments for R = 1/8 we also used blocks of 4
nibbles (16 bits) in the decoding process. But, now the number of blocks in the
codewords (number of iterations) is 36.

The values of PER, together with the experimental results for PE'R (with-
out more-candidate-errors) obtained by the standard algorithm (PER; ), Cut-
Decoding (PE R, 1) and 4-Sets-Cut-Decoding algorithm#1 (PE R4, 1) are pre-
sented in Table 6.2 (for B,,,, = 4) and Table 6.3 (for B,,,., = 5). We compare
the upper bound for PE R only with the results obtained by 4-Sets-Cut-Decoding
algorithm#1, since in the other versions of this algorithm we have additional meth-
ods for increasing the number of null-errors and their probabilities are smaller than
PERcy11.

D PER, PER,, PER. 11 PER;,
0.02 | 0.0004 0.0000 0.0000 0.0009
0.03 | 0.0029 0.0017 0.0020 0.0026
0.04 | 0.0111 0.0074 0.0086 0.0103
0.05 | 0.0304 0.0134 0.0254 0.0320

0.06 | 0.0675 0.0371 0.0600 0.0660
0.07 | 0.1285 0.0643 0.1129 0.1294
0.08 | 0.2166 0.1257 0.1906 0.2200

Table 6.2: Comparison of theoretical upper bound with experimental results for
Binae = 4 for code (72,576) with rate R = 1/8

Comparing the values of PE R, with experimental results for PER.; and
PER.411 we can see that the Theorem 6.1 holds for rate R = 1/8, too. Namely,
with both new algorithms (Cut-Decoding and 4-Sets-Cut-Decoding algorithm) we
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D PER, PER., PER.11 PER,,
0.03 | 0.00016 | 0.00007 0.00007 0.00029
0.04 | 0.00083 | 0.00057 0.00057 0.00086
0.05 | 0.00291 | 0.00229 0.00286 0.00314
0.06 | 0.00793 | 0.00514 0.00714 0.00743
0.07 | 0.01818 | 0.01286 0.01571 0.02086
0.08 | 0.03667 | 0.02829 0.03171 0.04171
0.09 | 0.06685 | 0.04400 0.05914 0.06257
0.10 | 0.11209 | 0.08029 0.09486 0.11457
0.11 | 0.17491 | 0.12171 0.15086 0.17857
0.12 | 0.25605 | 0.14314 0.22229 /

Table 6.3: Comparison of theoretical upper bound with experimental results for
Binaz = 5 for code (72,576) with rate R = 1/8

obtain PER.; < PER; and PER.,11 < PER; for all values of p and two con-
sidered values of B,,,,..

Also, from the results in Table 6.2 and Table 6.3, we can see that for all val-
ues of bit-error probability p of a binary symmetric channel, PER, ; > PER,.
and PER,1 > PER..11. That confirms that with the new algorithms we have
decreased the number of unsuccessful decodings with null-error and uncorrected-
error for rate R = 1/8, too. These differences are greater for larger values of p.
Moreover, with the third and fourth versions of 4-Sets-Cut-Decoding algorithm
we have obtained much greater improvements of the performances in terms of the
number of null-errors.
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6.3 Approximate formulas for cardinality of reduced decoding
candidate sets

In [30] the authors give an approximate formula for calculating the cardinality |S;|
of the decoding candidate sets obtained by the standard algorithm of RCBQ. They
obtained approximation for |S;| in the following way.

Consider (Nyocx, N) code with rate R and let L = LW L®) . L) be a redun-
dant message. Let N; be the number of information nibbles in the sub-block L)
of r nibbles. Let B.p..ks be the cardinality of the set H;, for ¢ > 1. If we suppose
that the strings obtained as output of the inverse coding algorithm are almost ran-
dom, then the probability for obtaining string with  — IN; zero nibbles (as output)

is =N So, the approximate formula for the (expected) cardinality of the first

set Sy 1is:

chhecks
’Sl‘ ~ SA(—N1)

Since, in the i*" iteration (for i > 1) we apply the inverse coding algorithm
with the key from each element in the set .S;_; and each element in the set H;, the
cardinality of the sets .S; can be approximately calculated by the following formula

Bchecks
|S:| ~ |Si_1] A—N)

These approximate formulas for the cardinality of decoding candidate sets give
better approximation if for calculation of |.S;| we use experimentally obtained val-
ues of |S;_;| instead of the approximate one (obtained in the previous step of ap-
proximation).

Here, we will derive similar approximate formulas for the cardinality of the re-
duced decoding candidate sets obtained by Cut-Decoding and 4-Sets-Cut-Decoding
algorithms. These approximations are obtained using the same assumption, as
above, that the process of forming the decoding candidate sets is almost random.

Let SF) and SF) be the sets obtained in the first iteration of Cut-Decoding

S| =

algorithm before the proposed reduction in Step 4 and Step 5 and let =n

S£2) = n§2). As we mention above we suppose that the decoding candidate
sets are random. If V; is the number of information nibbles in the sub-block Lo
of r nibbles, then the strings (second parts of the elements) in the sets Sfj ) g =12
can be consider as strings of 4/V; bits. For any string £ of 4V, bits, the probability

and
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p; that k is a second part of some element in the set SP ,1.e., k € V] (see algorithm
in Section 3.2) is:

n{V

1
plzP{keVl}zl—<1—24Nl>

Similarly, the probability p. that the string % is a second part of some element in
the set Sf) is:

)

1
p2:P{k€VQ}:1—<1—24Nl>

Thus the probability that k£ € V' = V; N V5, i.e., that the elements with second part
k will be in the reduced sets is:

P{ke VinVa} = pips = (1 - q”51)> <1 - q"§2)> :

where g =1 — SNy

Hence, the approximate (due to the assumption for randomness) formula for
the (expected) cardinality of the set V' in Step 4 of Cut-Decoding algorithm, i.e.,
the cardinality of the decoding candidate sets Sgl) and S{z) after the reduction in

Step 5 is:

0

~ S P{keVinvy} =2 (1 - q"51)) (1 = q”52)> ,j=12
k

Now, let S}l) and SZ@) be the sets obtained in Step 3 (before reduction) of the i*"
iteration of the decoding process. We suppose that the number of elements in Si(l)
(and SZ-(Q)) obtained from each element in the corresponding decoding candidate
set in the previous iteration is approximately equal. This means that we have an
approximately equal number of elements in Sfl) (and Sl-(Q)) with strings that have
equal prefix. The experimental results show that this is (approximately) true. Let
m;_1 be the number of elements in the reduced decoding candidate sets obtained

in the (i — 1)" iteration and )Si(l)‘ = nz(l) and ‘52(2) = nf?). Then using the
)

above assumption, we find that in the set Si(j
()
n

%

, 1.e., sets V; (in Step 4), for j =

1, 2, there are m,;_; classes of elements that have strings in the second part

mi—1
with equal prefix of 7(i — 1) nibbles. So, in each of these classes the elements
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differ only in the last r nibbles, i.e., more precisely in /V; nibbles, where /V; is
the number of information nibbles in the sub-block L") of the redundant message.
The intersection V' = V3 N V5 (in Step 4) will be non-empty only for the elements
from the corresponding classes (of elements with the same prefix) in the sets V}
and V5. Using the same method, as for the sets in the first iteration, we have that
the cardinality of the intersection of corresponding classes from the sets V; and V5

is approximately:
(D ey
94AN; (1 _ qu) (1 — qu) ,

1 ) )
whereg = 1— JiN, Since, we have m;_; classes of elements with the same prefix

of 7(¢ — 1) nibbles, the approximate formula for the cardinality of the reduced
decoding candidate sets in the i*" iteration is:

"z<'1> nl(g)
SE (2‘““’ (1 — qmil) (1 — qmm>) . i=1,2.

Similarly, we derive approximate formulas for the cardinality of the reduced
decoding candidate sets obtained by 4-Sets-Cut-Decoding algorithm#1 . The only
difference is the number of sets in this algorithm. Here, we have 4 sets instead of
2. Using the same notations as above and in Section 5.2 we obtain the following
approximate formulas:

‘ g0)

— for the cardinality of the reduced decoding candidate sets in the first iteration

‘ 59)

~ Y PlkevinVanVanVy}

for j=1,2,3,4;

— for the cardinality of the reduced decoding candidate sets in the i'" iteration,

1 >1

j=1,234.

‘ SZ.U)
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With these approximate formulas we obtain good approximation for the cardi-
nality of the decoding candidate sets after the reduction in the new algorithms for
RCBQ. The same as previous, the derived formulas give better approximation if
for calculation of |.S;| we use experimentally obtained values of |S;_| instead of
an approximate one. The precision is almost the same as in the formulas given in
[30] for the standard algorithm (the maximum deviation that we have obtained is
10).

Using these approximations for the cardinality of the decoding candidate sets,
we can check whether some pattern for redundancy is a good. Also, the speed
of decoding and the number of more-candidate-errors depend on the number of
elements in the sets S. From the formulas (derived in this section) it is clear that
the proposed reduction of the decoding candidate sets, in the new algorithms, sig-
nificantly decreases the number of elements in the sets.

Conclusion

In this chapter we have proved Teopema 6.1 for the theoretical packet-error prob-
ability obtained with the new algorithms proposed in the previous chapters. Also,
we derive approximate formulas for cardinality of the reduced decoding candidate
sets obtained in the decoding process with the new algorithms. With these results
we give theoretical (mathematical) methods for choosing good parameters in the
new proposed algorithms for RCBQ. Also, with the derived formulas we prove
that with the new algorithms the performances of these codes are improved.



Chapter 7

Parastrophic Quasigroup Transformation
and its application in cryptography

The quasigroup string transformations and their properties were considered in sev-
eral papers. In Chapter 1 we have described F -transformation and we have con-
sidered its properties useful for application in cryptography. Using quasigroup
parastrophes, Krapez in [35] gave an idea for a quasigroup string transformation
that can also be applied in cryptography. In this chapter we define modification
of this quasigroup transformation. First, we will describe the new transformation
called parastrophic quasigroup transformation and further on, we will consider its
cryptographic properties.

7.1 Parastrophes

A quasigroup (@, *) has a set of five quasigroups, called parastrophes denoted by
/.\,-, //,\\ which are defined in Table 7.1 .

Parastrophe operations
\y=z2z <= zrxz=y
rfy=2z <= zxy=ux
TYy=2 = yxr=2
r/jy=2z <<= ylr=z <= zxr=y
\N\y=2 <= y\r=2 <= yxz=21

Table 7.1: Parastrophes of quasigroup operation

265
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Foreach f € {x,\,/,-.//,\\}, (Q, f) is a quasigroup.

Example 7.1. Let Q = {1,2,3,4}. An example of a quasigroup (@, *) of order 4
and its parastrophes, are given on (7.1).

«|1 2 3 4 /112 3 4 \|1 2 3 4
1[1 2 3 4 1[1 2 3 4 1[1 2 3 4
212 1 4 3 212 1 4 3 212 1 4 3
304 31 2 314 31 2 313 42 1
413 4 2 1 413 4 2 1 414 31 2
(7.1)
|12 3 4 //11 2 3 4 W1 2 3 4
1[1 2 4 3 11 2 4 3 1]1 2 3 4
212 1 3 4 212 13 4 21214 3
313 41 2 313 4 1 2 313 421
414 3 21 414 3 21 404 31 2

We must note that not all parastrophes of a quasigroup are different. We can
see that from the 6 quasigroups given in Example 7.1, only three are different.
Using the number of different parastrophes of each quasigroup, in Section 7.3.1
we will give a classification of the quasigroups of order 4.

In this thesis we use the following notation for the quasigroup operation * and
its parastrophes:

filv,y) =z xy, folo,y) =2\y, filz,y) =2/y,
fale,y) =2y, fsla,y)=2//y, folz,y) = 2\\y.

7.2 Parastrophic Quasigroup Transformation

Let A = {1,...,a} be an alphabet of integers (a > 2) and denote by
AT ={xy...x| x; € A, k > 1} the set of all finite strings over A. Note that
At = U A where A* = {2y ... x| 2; € A}.

k>1
Let M = z1x5...x; be an input message. Let d; be an random integer such

that 2 < d; < k and [ be a random chosen element (leader) from A. Also, let
(A, %) be a quasigroup and fi, ..., fg be its parastrophe operations.
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Using previous transformation F, for chosen [, d; and a quasigroup (A, *) we
define a parastrophic transformation PE = PE; 4, : AT — AT as follows.

Atfirst, let ¢; = d, be the length of the firstblock, i.e., M1 = x122 ... 24124,
Let s; = (dy mod 6) + 1. Applying the transformation E on the block M; with
leader [ and quasigroup operation f,,, we obtain the encrypted block

Ci=yye- Ypy-1Yq = Ep, 1(T172. . T 174,).

Further on, using the last two symbols in C'; we calculate the number dy = 4y, —1+
Y which determines the length of the next block. Let ¢u = ¢ + da, 52 =
(da mod6) +1 and My = xg,41... Ty, 124, After applying Ey, , -, the en-
crypted block C5 is

Co=Ygt1- Ygr-1Ygo = Ef827yq1 (Tgr41 -+ Tgy1Tg, )

In general case, for given i, let the encrypted blocks C1,..., C;_; be obtained
and d; be calculated using the last two symbolsin C;_q,1.e.,d; = 4yy, -1+ Vg, ,-
Letg; = gi—1 + d;, si = (d;mod 6) + 1 and M; =z, ,11... 0417, We apply
the transformation £y, , ~ on the block M; and obtain the encrypted block

CZ = Efsiqui,1 (Iqifl"'l tee ‘/Eqi_l'rqi)'
Now, the parastrophic transformation is defined as
PEj g, (M) = PEq, (2123 ... 2) = C1]|Ca]| ... [|Cy, (7.2)

where || is a concatenation of blocks. Note that the length of the last block M,
may be shorter than d,.. It depends on the number of letters in the input message.
The transformation PFE is schematically presented in Figure 7.1.

For arbitrary quasigroup on a set A, random leaders /4, . . . [,, and random lengths
dgl), - ,dg"), we define mappings PEy, PFE,, ..., PE, as in (7.2) such that PE;
is corresponding to dgi) and [;. Using them, we define the transformation PE(™
as follows:

PE(TL):PE'(TL) :PE OPE o"'OPE
(U, d{),e,(11,d8) n n—1 1

where o is the usual composition of mappings.



268 Chapter 7. PE-Transformation and its application in cryptography

=d,
D=4 XXX, X,

5,=d, mod 6+1J E,
Is1,1

Voo VyoiVa
)

—d,

g, =g, +d,
X1+ X1 Xy,
sj=d mod 6+1| |
Tsis Vaiy

Vo102 Vg1 Vg,
&Y

|

Figure 7.1: Parastrophic transformation PE

We made experiments with P E-transformation using different ways to deter-
mine the length of the next block and the quasigroup operation, in each iteration.
Analyzing the output, we get the best results if we use the last two symbols from
the previous encrypted block in order to compute the length of the next block and
the corresponding quasigroup operation. Namely, if we take one symbol then we
can obtain only 4 values to choose the quasigroup operations, but we have 6 paras-
trophes. On the other hand, when we take more than 2 symbols to compute the
length of the next block and the corresponding quasigroup operation, we conclude
that the parastrophes do not change often enough. Therefore, in these cases we
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obtain worse results in terms of fractality, i.e., we have not increased the number
of quasigroups suitable for cryptography (Section 7.3).

7.3 Classifications of quasigroups of order 4 useful in cryptog-
raphy

Using an image pattern, Dimitrova and Markovski give a classification of quasi-
groups of order 4 in [17] as fractal and non-fractal. The number of fractal quasi-
groups of order 4 is 192 and the number of non-fractal quasigroups is 384. Fractal
quasigroups are not good for designing cryptographic primitives since they pro-
duce regular structures.

In order to increase the number of quasigroups suitable for application in cryp-
tography, we give new classifications of quasigroups of order 4:

— the classification by number of different parastrophes;

— the classification by parastrophic fractality.

7.3.1 Classification by number of different parastrophes

We consider all 576 quasigroups of order 4 and for each quasigroup we find the
set of all parastrophes. The cardinality of each of these sets is less than or equal to
6, 1.e., not all parastrophes of a quasigroup are different.

Using the number of different parastrophes of each quasigroup we divide the
set of all quasigroups of order 4 into 4 classes. The number of quasigroups in each
of these classes is given in Table 7.2.

No. parastrophes | No. quasigroups
1 16

2 2

3 240

6 318

Total 576

Table 7.2: Cardinality of classes by number of different parastrophes
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In Table 7.3 we give a sub-classification of the previous one. Namely, accord-
ing to the number of different parastrophes we classify separately, the fractal and
non-fractal quasigroups of order 4.

No. fractal | No. non-fractal

No. parastrophes | quasigroups quasigroups
1 16 0

2 2 0

3 96 144

6 78 240

Total 192 384

Table 7.3: Cardinality of subclasses by number of different parastrophes

From Table 7.3, we can see that the class of fractal quasigroups of order 4 is
divided in 4 subclasses, and the class of non-fractal quasigroups is divided in just
2 subclasses. Comparing Table 7.2 and Table 7.3 we can conclude that all quasi-
groups with 1 or 2 parastrophes are fractal. Quasigroups with 3 and 6 parastrophes
can be fractal or non-fractal.

The following proposition is proved by exhaustive verification.

Proposition 7.1. Parastrophes of fractal quasigroups of order 4 are fractal as
well.

Consequently, all non-fractal quasigroups of order 4 have non-fractal parastro-
phes.

7.3.2 Classification by parastrophic fractality

Using an image pattern as in [17], we made a similar classification using new
P E-transformation instead of £-transformation. We apply the new transformation
PE™ to the sequence 123412341234... as before and consider the fractal structure
of the obtained image. Depending on that structure, we define new types of fractal
quasigroups.

Definition 7.1. Quasigroups with fractal structure obtained after applying of P E-
transformation are called parastrophic-fractal quasigroups. In the opposite case,
the quasigroup is called parastrophic-non-fractal quasigroup.
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We made experiments with the image pattern for all 576 quasigroups of order
4 and found that 88 are parastrophic-fractal and 488 are parastrophic-non-fractal.
We conclude that all parastrophic-fractal quasigroups are in the class of fractal
quasigroups, but not all fractal quasigroups are parastrophic-fractal. This means
that the class of all 192 fractal quasigroups is divided in 2 subclasses:

1) parastrophic-fractal (88 quasigroups) and

2) fractal, but parastrophic-non-fractal (104 quasigroups), called fractal pa-
rastrophic-non-fractal quasigroups.

In Figure 7.2, we give the image patterns obtained with the quasigroup with a
lexicographic number 40 which is fractal (a), but it is parastrophic-non-fractal (b).

40 Kvazi gr upa 40 Kvazi grupa

L]
L]
L]
LY
L]
-
L]
L]

(b)

Figure 7.2: Fractal, but parastrophic-non-fractal quasigroup

On the other hand, the class of all 384 non-fractal quasigroups is completely
contained in the class of parastrophic-non-fractal quasigroups.

According to the above, we make a new classification of the quasigroups of
order 4:

1) class of parastrophic-fractal quasigroups (88 quasigroups);
2) class of fractal parastrophic-non-fractal quasigroups (104 quasigroups);
3) class of non-fractal quasigroups (384 quasigroups).

With this classification we increase the number of quasigroups useful for ap-
plication in cryptography. Namely, for cryptographic purposes we can use not
only the quasigroups from class 3, but the quasigroups from class 2, too.
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No. fractal

No. parastrophes | No. parastrophic-fractal | parastrophic-non-fractal

1 16 0
2 0 2
3 72 24
6 0 78
Total 88 104

Table 7.4: Cardinality of subclass of fractal quasigroups by number of different
parastrophes

Further on, according to the number of different parastrophes, we find the car-
dinality of subclasses of parastrophic-fractal and fractal parastrophic-non-fractal
quasigroups, separately. The results are given in Table 7.4.

Comparing Table 7.3 and Table 7.4 we can conclude that all fractal quasi-
groups with 1 parastrophe are parastrophic-fractal, all fractal quasigroups with
2 and 6 different parastrophes are fractal parastrophic-non-fractal quasigroups.
Only the subclass of fractal quasigroups with 3 different parastrophes contains
both parastrophic-fractal and fractal parastrophic-non-fractal quasigroups.

7.4 Algebraic properties of parastrophic fractal quasigroups

In [45], the authors give a mathematical model of fractality of quasigroups using
some identities. In this subsection our goal is to find a similar model, but for paras-
trophic fractality of quasigroups. For this purpose we investigate the algebraic
properties of parastrophic-fractal quasigroups of order 4. In order to find suit-
able identities to separate parastrophic-fractal quasigroups, we investigated many
identities, especially symmetric ones . Essential for our model are the following:

commutativity (x x y = y * x),

skew symmetry ((x * y) * (y % x) = const),

left loops (e x z = x),

right loops (z * e = x),
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— right symmetry ((x *x y) *x y = z),
— left symmetry (y * (y * ) = x),
— total symmetry (commutativity and left symmetry).

Using an exhaustive verification we find that each parastrophic-fractal quasi-
group of order 4 belongs to the set of quasigroups / that satisfies the identity
xz* (x % (z* (z*y))) = y and belongs to one of the following sets of quasi-
groups:

— Loops (L)

Totally Symmetric quasigroups (71'S)

Left Loops (L L) and Right Symmetric quasigroups (R.S)
— Right Loops (RL) and Left Symmetric quasigroups (L.S)

Left Loops (L L) and Skew Symmetric quasigroups (S5.5)

Right Loops (RL) and Skew Symmetric quasigroups (5.5)
— Commutative quasigroups (C') and Skew Symmetric quasigroups (5.5).
Using the above notation, we give the following proposition:

Proposition 7.2. The set of all parastrophic-fractal quasigroups PF'Q) of order 4
can be presented as:

PFQ=IN[LUTSU(LLNRS)U(RLNLS)U(SSN(LLURLUC))].

In this way, we have the mathematical model for parastrophic fractality and
without using the image pattern we can check if a given quasigroup is parastro-
phic-fractal.

7.5 Theoretical proof for resistance to statistical kind of attacks

To complete the proof of goodness of parastrophic quasigroup transformation for
cryptography, we have to prove that Theorem 1.2 holds for this transformation,
too. An important property of one transformation for application in cryptogra-
phy is the uniform distribution of the substrings in the output message. It will
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guarantee that message encrypted by the parastrophic quasigroup transformation
will be resistant to a statistical kind of attacks. Therefore, in this section, we will
investigate the distribution of substrings in the output message obtained using P F-
transformation.

Let the alphabet A be as above. A randomly chosen element of the set A* can
be considered as a random vector (X, Xo, ..., X%), where A is the range of X,
t = 1,...,k. We consider that vector as an input message. The transformation
PE = PE;4, : AT — AT can be defined as:

PEl,dl(Xla-- . ,Xk) = (Yi, . .,Yk) =

Yl = fs1(l7X1)7 Yj = fsl(y_vjbej)a .] = 27"'adla

Yqurj = f5i+1(Y;h+j*1?th+j)7i = 1, e, T — 1, ] = 1, .. .,di+1
(7.3)

Let (p1,p2, ..., pa) be the probability distribution of the letters 1,...,a in an

input message. That implies p; > 0 foreach¢ =1,2,...,a and Zpi =1.
i=1

At first we will prove that after applying the transformation PE() on an input
message «, the letters in transformed message are uniformly distributed.

Theorem 7.1. The letter Y; has uniform distribution on the set A = {1,... a},
ie,Y,~U({l,...,a}) foreacht (t =1,2,... k).

Proof. In this proof we use the same notations as in construction of parastrophic
quasigroup transformation given in the previous section.

At first, note that the leader / can be considered as uniformly distributed ran-
dom variable on the set A since it is randomly chosen from the set A. Therefore,
I~U({1,...,a}),ie.,

1
P{l=1i} = —, for each i € A.
a

Also, the leader [ is independent of each letter X; in the input message.
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Let ¢ = 1. Using the equation (7.3) and the total probability theorem, for
distribution of Y7, we obtain

P{Yi :j} = Pa{fm(l’Xl) :j}
= Y P =iP{fu (X)) =il =1)

a

=1
a

_ Zép{fﬂ@,)ﬁ) = j}

_ %ZP{X} = f1.(i,)}

Here, f! is the inverse quasigroup transformation of f;,, i.e. if fs,(u,x) = v,
then f; (u,v) = x. Note that if 7 runs over all values of A then for fixed j, the
expression X; = f; (i, j) runs over all values of A, too. Therefore,

L _1¢ . 1 & 1
PYi=jy= -3 P{X = fL6)) =2 =
=1 i=1

ie, Vi ~U({L,...,a}).

We proceed by induction, and assuming that Y, ~ U({1,2,...,a}). Similarly
as previous, using that f, , is the parastrophe operation applied in (r + 1) step
we compute the distribution of Y, as follows.

P{Y;Jrl - ]} - F;{fsv-+1(Y;“>Xr+1> = J}
- ZP{Y; = i}P{f5r+1<K’er+1) = ]|Y;” - Z}

=1
a

= Z %P{fsr-u <i7XT+1) = ]’Y;“ = 7’}

i=1

According to the definition of parastrophic quasigroup transformation, given with
(7.3), we can conclude that the random variables X, ; and Y, are independent.
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Applying that in the previous equation, we obtain

a

P{Y;_H = j} - Z lp{ferrl(i Xr+1) = .]}

- - ZP{XTH = fo,(5:9)}
1

a

As previous, f! .., is the inverse quasigroup transformation of f;, .. In the last

equation, we use that X, | = f;H (4, 7) runs over all values of A when j is fixed
and 7 runs over all values of A, i.e.

D P{X=f 0} =) pm=1
i=1 1=1

In this way, we proved that Y; has uniform distribution on the set A, for each
t>1. O

From Theorem 7.1 we can conclude the following. If M € A* and C =
PE; 4,(M) then the letters in the message C' are uniformly distributed, i.e., the
1
probability of the appearance of a letter 7 at an arbitrary place of the string C' is —,
a
foreachi € A.

Theorem 7.2. Let M € A" be an arbitrary string and C = PE™ (M). Then the
m-tuples in C are uniformly distributed for m < n.

Proof. Let (Y™, v\, ... v\'") = PE™(X,, X,, ..., X;). We will prove this
theorem by induction. Let suppose that the statement is satisfied for n = r, i.e.,
(Yt(g, Yt(g Yt(ll) ~U({1,2,...,a}!) foreach1 < < randeacht > 0. Now,
let n = r + 1. We consider the distribution of (Y;(fr"fl) Y;(J:; v Y;(fjl)) for each
1 <1< r+1and arbitrary ¢.

(r+1) r+1 r+1 r+1 r+1) (r+1
P{Y; y§+1 ) Y;(Jrz )= y§+2 )a--- Y( t+l )}

(r+1 (r+1) r+1 r+1
- P{Yt ) t+1 >f5t+2( t(+1 ) Y;(Jr%) = y7§+2 )7"'

r r—+1
o e VYD) = 50,

It
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where f is the parastrophe operation applied in the step j and f;j is its inverse
transformation, j =t + 2,...,t + [. Now,

r+1) r+1 r+1 r+1 r+1) (r+1
P{Y;tg-l y§+1 ) Y;e(+2 )= Z/g+2 )7--'7Y;(+l = t+l )}

(r+1 (r+1) r+1) r r+1
= P{Yt+1 = yt—l—l f5t+2(yt(+1 Yt(+%) = yt(+2 ); . -( R 1)
r+ r r+
oy _ ( D) i) (r4+1) "(' ;{)’swz (yt+l—17 Y;t+l) = Y }
—P{Yt Yiy1 > Yipo = st+2(yt+1 » Yiq2 ),

ry (r+1) (r+1)
LY = stH(yt—i—l 1 Yty )}

r+1 r+1) r r+1 r+1
= P{Y;Jrf_ )= ytJ: }P{Y;ﬁiz = f (y§+1 )7y§+2 ))7 e

St42
r r+1 r+1)
c }/;S—l) = ‘;t-!—l( 1E+l—?[7 y§+l )}'

The last equality is obtained by using the fact that Y;(J:fl) is independent of the

vector (Y;(Jr%, ce Y;(Q) since Yt(g, . Y;(H are not used for obtaining Y,;Sj”.

Using the inductive hypothesis (Yt(Jr%, . ,Yt(ll)) U({1,2,...,a}'™1),

Y;(f:l) ~U({1,2,...,a}) and from the previous expression we obtain that

1 1
v, 1) r+1 r+1 r+1 r+1) r41
P{ t—lj_ (+)Y(+)_ (r+1) Y( ( )}_ _

=y =y
t+1 > Y42 t+2 o i Yt o a1 4

So, we have proved that (Yt(fl), Yt(fQ) Yt(fl)) ~ U({1,2,...,a}") for each

I <nandeacht > 0. O

7.6 Experimental results

We made many experiments in order to present our theoretical results. Here we
give an example. We have randomly chosen a message M with 1,000,000 letters
of the alphabet A = {1, 2, 3,4} with the distribution of letters given in Table 7.5.

1 2 3 4
0.70 | 0.15 | 0.10 | 0.05

Table 7.5: The distribution of letters in the input message
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We used the quasigroup (7.4) and its parastrophes.

(7.4)

N = = W =
W = = NN
= W N =W
N W e e

%
1
2
3
4

After applying PE® on M, we got the encrypted message C' = PE®) (M).
In each P E-transformation, we chose the length of the first block d; = 3 and the
initial leader [; = 1.

The distribution of letters in the output message C' is given in Table 7.6.

1 2 3 4
0.2505 | 0.2498 | 0.2502 | 0.2494

Table 7.6: The distribution of letters in the output message

From the probabilities in Table 7.6, it is obvious that the distribution of letters
in the output message C' is uniform.

The distribution of pairs, triplets and 4-tuples of letters in C' are given in Figure
7.3, Figure 7.4 and Figure 7.5. In Figure 7.3, the pairs are presented on the x-axis
in the lexicographic order (‘11" — 1,’12" — 2, ..., 44" — 16). In the similar way,
the triplets and 4-tuples are presented in Figure 7.4 and Figure 7.5.

We can see in Figure 7.3 and Figure 7.4 that after three applications of P F-
transformation, the pairs and triplets are also uniformly distributed as we proved
in Theorem 7.2. We can also see in Figure 7.5 that the distribution of the 4-tuples
in C' is not uniform, but that distribution is closer to the uniform distribution than
the distribution of 4-tuples in the input message.
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———————

Figure 7.3: The distribution of pairs in the input message and the output message

,,,,,,,,,,,,,,,,,

input output

Figure 7.4: The distribution of triplets in the input message and the output message
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TE

input output

Figure 7.5: The distribution of 4-tuples in the input message and the output mes-
sage

In Theorem 1.4 ([2]), Bakeva and Dimitrova proved that the probabilities
of (n+ 1)-tuples in B = E™(a) are divided in a classes where a = |A|, if
(p1,D2, - - -, Pa) is the distribution of letters in the input string and py, po, . . . , p, are
distinct probabilities, i.e., p; # p; for i # j. Each class contains a” elements with

1
the same probabilities and the probability of each (n+1)-tuple in i-th class is —p;,
an
fori=1,2,...,a. If p;y =p;j, =~ =p;, forsome 1 <¢; <--- <14, < a, then
1

1 ) .
—pi, = -+ = —p;, Will be merged in one
a

the classes with probabilities —p;, = —
a

class with va™ elements. Using these results, the authors proposed an algorithm
for cryptanalysis.

Next, we check whether this theorem is satisfied when P E-transformation is
applied. The distribution of pairs after one application of P E-transformation is
presented in Figure 7.6 a). In Figure 7.6 b), we present the distribution of pairs
after one application of F-transformation. We can see that probabilities of pairs in
Figure 7.6 b) are divided in 4 classes as Theorem1.4 ([2]) claims. But we cannot
distinguish any classes for the probabilities in Figure 7.6 a). This means that the al-
gorithm for cryptanalysis proposed in [2] cannot be applied when an input message
is encrypted by P E-transformation. Therefore we can conclude that encryption
by P E-transformation is more resistant to statistical kind of attacks.
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a) b)

Figure 7.6: The distribution of the pairs in output messages obtained by P F- and
E-transformation

Note that for relevant statistical analyses, we must have an input message large
enough. Namely, in experiments, the probabilities of n-tuples are computed as
relative frequencies. So, a relative frequency of an event tends to probability only
if we have sample large enough. The relevant statistical analysis cannot be done for
a shorter message. Therefore, statistical kind of attack is impossible on not enough
large input message. Note that if an intruder catches and concatenates a lot of
short messages encrypted by the same P E™-transformation, it will obtain a long
message and it can apply a statistical attack. But, the attack will be impossible if
we change quasigroups used in encryption with P E"-transformation more often.

In [47], the authors concluded that E-transformation can be applied in cryp-
tography as encryption function since the number of quasigroups is huge (there
are more than 10°%°% quasigroups when |A| = 256) and the brute force attack is
not feasible.

If P E-transformation is used in encryption algorithm then the secret key will
be a triplet (x, [, d;). In that case, the brute force attack also is not possible since
the key contains not only the quasigroup operation * and the leader [, but also the
length of the first block d; which has influence on the dynamic of changing of
parastrophes.

Conclusion

In this chapter we define new quasigroup transformation (P E-transformation) and
we make two new classifications of the quasigroups of order 4 useful in cryptogra-
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phy. Also, we give a mathematical model for parastrophic fractality and we prove
Theorem 7.1 and Theorem 7.2 for the uniform distribution of the substrings in the
message obtained with the new transformation.

If we summarize the obtained results we can conclude that:

— parastrophic-fractal quasigroups should not be used for cryptographic prim-
itives, since they have a fractal structure and properties of symmetry;

— we have a mathematical model for separating the parastrophic-fractal quasi-
groups from other ones;

— the parastrophic transformation is more suitable to design cryptographic
primitives, since it increases the number of quasigroups useful for designing
of cryptographic primitives.

Finally, from all results presented in this chapter, we can conclude that PFE-
transformation is better as encryption function than E-transformation.
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