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The ill. intensities of the bands due to OD stretching vibrations of lIDO molecules increase, as a mle, with
the increasing strength of the hydrogen bonds. One is apt to explain this behaviour in terms of non-statistical sub-
stitution of hydrogen with deuterium, the deuterium thus preferring the stronger bonds. It has been shown [I] that
this notion fails to explain the intensity differences in the OH stretching region. hl the present paper an Einstein
model of a crystal containing two types of hydrogen bond is considered, at a temperature low enough to prohibit
creation/existence of phonons in the crystal. The most probable HID distribution is the one leading to minimisation
of the Gibbs energy of the crystal. The results of the model show that deuterium atoms, as a mle, prefer weaker hy-
drogen bonds but in certain cases (two very strong bonds or one extremely weak hydrogen bond) might prefer
stronger hydrogen bonds as well.
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INTRODUCTION

In more than 30 years, our distinguished Pro-
fessor Soptrajanov has given quite a remarkable
contribution in the study of hydrogen bonded sys-
tems and the aspects of the hydrogen bonding itself
[2-7]. The problem of the non-equal intensities of
the various OD stretchings in the IR spectra of
crystallohydrates, which was briefly mentioned in
his Ph.D. Thesis [2] still deserves attention. Very
often, namely, the studied IR spectra of deuterated
crystallohydrates, follow the same general pattern:
the band intensity of the OD stretching vibrations
increases with increasing the hydrogen bond
strength [8, 9]. One might be inclined to conclude
that these findings clearly show that deuterium at-
oms, for some reason, prefer the stronger hydrogen
bonds.

The results of Lutz [I], suggest that this no-
tion is probably incorrect, in the sense that it is not
capable of explaining the spectral picture in the OH
stretching region of the HDO molecules. One may

* Dedicated to prof. Sojan Soptrajanov, on the occasion of his 60th birthday.

assume, at first, that deuterium indeed prefers
stronger H-bonds. In that case, however, protium
should be forced to occupy the weaker ones, and the
OH stretching bands at highest frequencies should
be the most intense. This not being the case [1], one
is left with alternative explanations. Lutz et al. [10]
and Corn and Strauss [11] proposed an explana-
tion, based on the (empirical) fact of the correlation
between the intensity of v(X-H) mode and the hy-
drogen bond strength. According to this explana-
tion, one would a priori expect the lower frequency
stretchings to give more intense bands in the IR
spectra. Even this explanation is not justified in all
experiments. The explanation of Lutz [1] (in the
case of asymmetrically bonded water molecules)
which seems to be in agreement with all experi-
mental results, was based on the existence of non-
equal normal coordinates for the stretching OH/OD
vibrations of the H)OD2 and D10H2 species present
in the crystal.
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It seems that in certain cases non-statistical
HID ordering really takes place. Nelander [12] re-
ports that the above occurs in the partly deuterated
water-formaldehyde complex, studied in solid argon
and nitrogen matrices. According to Nelander, such
findings might be a result of zero-point energy dif-
ferences of the HOD...0(CH3)2 and DOH-..0(CH3h
species, the first one being preferred. Another ex-
ample is given by Ayers and Pullin [13] who stud-
ied the water dimer in argon matrices at low tem-
peratures and concluded that the HOD molecules
show strong preference to form a D-bond, in this
case too (in both cases, only one proton from the
water molecules is involved in hydrogen bonding).
These results were "...understood as once more

showing that the OD...O bond is more favourable
than the OH..O bond, as predicted by Scher-
aga..." [13]. However, when the cited paper of
Shipman, Owicki and Scheraga [14] was carefully
reviewed,no such prediction/statementcould be found
within it. Anyway, these results might suggest that
deuteriumprefersformingstronger hydrogen bonds.

On the other hand, crystallographic results
seem to show clearly that deuterium atoms prefer
forming slightly weaker (the ammonium ions in
(NI-4hC204.H2O[15]) and much weaker (the water
molecules in H2C204.2H2O[16]) hydrogen bonds.
The conclusions were derived on the basis of the
measured values of the separation factor S, which
was originally introduced [15] in the followingway:

S = (H / Dtater
(H / D) ..

ammOnIum IOn

I.e.

(H / D) \
. .d

S = oxa lC aCl

. (H / D)water

where (HID) denotes the distribution ratio of
protium and deuterium in particular entity. The val-
ues of S were 1.07 :t 0.02 and 1.42 :t 0.03, respec-
tively, and both were found to be statistically sig-
nificant. Again, the zero-point energy differences

were mentioned as a possible cause. Other groups
have studied systems containing several types of
hydrogen bonds, one of which is very strong [17,
18] and concluded that deuterium prefers weaker
hydrogen bonds. In addition Brunton and Johnson
[17] studied the crystal structure of protiated, deu-
terated and partly deuterated YH(C204h-3H2O at
various temperatures. The results show that at low
temperatures the deuterium content in the weaker
hydrogen bonds increases, and that in the very
strong hydrogenbond decreases.

Kakiuchi and Matsuo [19] studied the HID
fractionation in the aquaous urea solution. Their
conclusion is that"... deuterium is enriched in the

weaker hydrogen-bonding site (the urea-water
cluster) and depleted in the stronger hyrogen
bonding site (free water)."

In conclusion to this brief introduction, it
should be mentioned that Petrusevski and Shemlan

[20] pointed to a somewhat similar phenomenon:
the preferred substitution of K+ with NI-I/ ions in
the potassium sulfate - ammonium sulfate system.
Namely, there are two crystallographically distinct
sites (I and H) occupied by ammonium (potassium)
ions in these crystals. In the mixed crystal ammo-
nium prefers site H, whilst potassium prefers site I.
The (qualitative) explanation which they offered
was based on the minimum value of the Gibbs en-

ergy of the mixed crystal.
One might say from the above that the results

seem to be somewhat confusing, hence the problem
deserves attention. To the best of our knowledge, no
detailed quantitative study of the isotopic effects on
the possible non-statistical distribution of protium
and deuterium has been done so far. In the present
paper a model is developed, which accounts for pre-
ferred HID distribution, on a basis of some ele-
mentary thermodynamic considerations. This model
resembles the one introduced by Newton and
Friedman [21]. The purpose is to, possibly, answer
the question: do deuterium atoms prefer stronger or
weaker hydrogen bonds?

THE THEORETICAL MODEL

Let us consider one-dimensional crystal (i.e.
one-dimensional linear chain) built of two chemi-
cally identical, but crystallographically non-equi-
valent X-H molecules, connected via hydrogen
bonds of unequal strength, as shown below:

...XA-HA...XB-HB XA-HA...XB-HB ...

Several different situations will be discussed.

The following approximations are assumed to be
valid in all cases:

Bull. Chem. Technol. Macedonia, 16, 1,65-74 (1997)
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1) X is a heavy atom: m(X»> m(H).
2) Hindered translations are considered unim-

portant and are omitted from the model.
3) The Einstein model [22] is suitable in the

description of the lattice dynamics (as a conse-
quence, there is neither correlation field splitting,
nor phonon dispersion).

4) The temperature is low compared with Ein-
stein's temperature ~.

It should be mentioned that none of the ap-
proximations seems to be critical or unrealistic, as
to affect appreciably the results derived form it. The
above approximations serve only as a tool used to
simplify the otherwise rather involved treatment of
the crystal dynamics.

Case I: HAID50 (harmonic vibrations; one
degree of freedom; XD= 50%)

The starting configuration is one in which 2N
hydrogen atoms are placed at 2N sites (N of A-type
and N of B-type). Then half of the total number of
hydrogens (N) are substituted by deuterium. The
final state is characterised by K deuterium atoms
and N - K hydrogen atoms at type A sites, while N
- K deuteriums and K hydrogens occupy sites of
type B (K :s;N). The basic idea is to calculate the
characteristic thermodynamic functions (more pre-
cisely, their changes) as functions of K and to re-
duce the question of finding the most stable con-
figuration (HID distribution) to the question of
finding the minima of those functions with respect
to K. The thermodynamically preferable configura-
tion is the one leading to minimisation of the Gibbs
energy change as a consequence of the change of
system's statel. Therefore, it is necessary to derive
an expression for /:t.Gas a function of K and to find
the value of K for which this function reaches its
mInimum.

One may start with the Gibbs-Helmholtz
equation. Since /:t.V~ ~ for condensed systems
(~= /:t.V+ P/:t.V,the P/:t.Vpart being vanishingly
small) one gets:

/:t.G = /:t.U - T/:t.S (1)

where U is the internal energy of the system, 8 is its
entropy and T is the thermodynamic temperature.

I The Gibbs energy of the initial configuration does not depend on
K. Therefore, both the Gibbs energy of the final state and the difference
of the Gibbs energies of the final and initial states (tJ.G) regarded as
functions of K will be characterised by the same stationary points.
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The change of the internal energy upon deu-
teration may be easily calculated. In the initial state
(when no deuterium is present), as a consequence of
approximations 3 and 4, the main contribution to
the internal energy of the system is the zero-point
energy. In that case the internal energy function VI
takes the form:

UI=EI+C (2)

where C is some constant, and El is the zero-point
energy of the crystal:

N A N B
El =TliwH +TliwH (3)

with m:; and m~ being the eigenfrequencies of
XH oscillators of the type A and B, correspondingly
and tz=h/2rcis the Dirac constant.

The final state is characterised by K deuterium
atoms at sites of type A and the internal energy
function characterising this state will be of the
form:

U2 =E2 +C (4)

r: is given by:
(N - K)" B +DJ. K A + IIWo

E2 =-liwo 2
2 K B(
N-K)" A+-liwH

IlwH 2+ 2

(5)

where m; and mg are the eigenfrequenciesof the
XD oscillators of the types A and B correspond-
ingly. Assuming that there are no changes in the
potential energy of the oscillators as a result of
deuteration (that is, C is a true constant), the inter-
nal energy change /:t.V= V2 - VI may be calculated
as:

K
( A B)

K
( B A)I1U=zli Wo -Wo +zli wH -wH +

N
( B A)+ zli Wo -Wo

(6)

Now it may be seen that approximation 2 is fully
justified, since for heavy nuclei X there will be vir-
tually no frequency shifts upon deuteration and the
corresponding terms that describe the hindered
translations, even if taken into account in equations
(3) and (5) would simply cancel in equation (6).

The second term in the equation (1), (the en-
tropy term), may be calculated in the following
way: the entropy change of the system /j,S, is equal
to the difference of the entropies of the final (82)
and initial states (5\). Both 82 and SI may be calcu-
lated employing Boltzmann equation:
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S =klnW (7)

where W is the thermodynamic probability of the
state (the number of microstates that define par-
ticular macrostate), and k is Boltzmann constant.
The thermodynamic probability of the initial state is
1 (it is a perfectly ordered state), so f":1S= S2.S2may
be calculated assuming simply that there are N
"holes" of type A and N "holes" of type B in the
linear alternate chain, which are filled with
protium/deuterium according to the above scheme:

!'J.S=kln(c~c~c~-K) (8)

In equation (8), c~ and C~-K denote com-

binations of N elements, of K-th and (N-K)-th
class, respectively (see appendix 1). Making use of
the properties of binomial coefficients, equation (8)
may be transformed into:

[

NI

]

3
!'J.S= kIn . =

K!(N - K)!

=3k1J N!
]11 K!(N - K)!

or, using Stirling approximation (appendix 2):

!'J.S=3k(NlnN - N) + 3kN - 3kKlnK-
(10)

- 3kNln(N - K) + 3kKln(N - K)

Combining equations (9), (6) and (1), one ob-
tains expression for !1G as a function of K:

~ K
( A B)

K
( B A)!'J.G =2: Ji WD - WD + 2: Ji WH - WH +

N

{
NI

]

(11)
+-n (wg-wt)-3kTI .

2 K!(N - K)!

(9)

This function has its minimum (see appendix
3) when

0 (!'J.G)-=0
oK (12)

Differentiation of equation (1) with respect to K
gives:

0 (!'J.G) o(illi) 0 (!'J.S)-=--T-
oK oK oK (13)

and after some algebra manipulations, one finally
obtains:

o(!'J.G)=~(wt -wg)+~(wlf -W~)-
oK 2 2 (14)

- 3kTln(~ -1)

It is more convenient to express the stationary point
in terms of the quantity KIN, that is, the fraction of

deuterium atoms placed at type A sites. Combining
equations (12) and (14), solving for KIN (recalling
that OJ = c.v) and rearranging,an expressionfor
the stationary point is obtained:

K = 1 (15)N
[

he
(~A ~B ~B -A

)]1+ exp 6kT vD - vD + vH - vH

Finally, as a consequence of approximation 1 and
assuming harmonic vibrations, the ratio of the fre-

quencies p = OJ}{/Wo is very close to J2 and one
may write for simplicity:

1
z=

]
he 1 ~B -A

l+exp[ 6kT(I- J2)(VH-VH)

(16)

where Z denotes the ratio KIN.

Case 2: HA3D50 (harmonic vibrations; three
degrees of freedom; Xo= 50%)

The model presented above was somewhat
oversimplified.Firstly, it was based on the assump-
tion that only longitudinal vibrations (the stretching
OH/OD modes) are allowed. Allowing for perpen-
dicular vibrations (the two doubly-degenerate hin-
dered rotations [Note that the two bending modes
are not necessarily degenerate in a three-dimensio-
nal crystal (even in one containing linear chains).]
or bending modes), leads to differences only in the
enthalpy (i.e. internal energy) term of the expres-
sion for !1G, while the entropy term remains un-
changed. Accounting for the bending modes, one
arrives to the following expression for the oscillator
energies:

N A N A N A
El =2: nWH(s) + 2: IiWH(b I) + 2: n(()H(b2) +

(17)

N B N B N B
+2:nWH(s) +2:IiWH(bl) +2:IiWH(b2)

where OJ~(S) is the eigenfrequency of the stretching

OH mode for the type A oscillators (the subscript
" " d ~ h

'

) h
'

l A d A
s stan s tor stretc mg , w le OJH(bJ) an OJH(b2)

are the eigenfrequencies of the correspondent
bending (subscripts "b 1" and "b2") modes for these
oscillators. The same reasoning may be applied to
the oscillators of type B. As a consequence of dege-

neracy, it followsthat OJ ~(b 1) = OJ ~(b2) = OJ~(b)' so:

Bull. Chem. Technol. Macedonia, 16. 1.65-74 (1997)
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N A A N B B
El = 2nWH(s) + NnwH(b) + 2nWH(s) + NnwH(b)

(18)

For the final state 2, the corresponding E2 value is:

K A (N - K) B (N - K) A K B B B A B ( 19)
E2 ="2 tIWO(s) + 2 tlWO(s) + 2 tIWH(s) +"2 tlWH(s) + Ktw>f5(b) + N - K)flwO(b) + (N - K)fl{QH(b) + Ktl(QH(b)

The first partial derivative of ~G with respect to K takes the fonn:

o(liG) fl

[(

A B
) (

BA
)] [(

A B
) (

BA
)] (

N
)8K ="2 WO(s) - WO(s) + WH(s)- WH(s) + n WO(b) - WO(b) + WH(b)- WH(b) - 3k11n K - 1

(20)

Equating the right-hand side to zero and solvingfor Z gives:

Z = 1 ....

[

he
(~A ~B ~A ~B ~A ~B ~A ~B

)]l+exp 3kT F vO(s)' vO(s)' VO(b) , vO(b)' vH(s)' vH(s)' VH(b), vH(b)

where F(VD~S)'v~S)' VD~)'VD~)'VH~S)'V:Cs), VH~)'V:(b»)is a function of the wavenumbers of all included vi-

brational modes, that has the fonn:

(21)

F(
-A NB -A NB -A --B -A -B 1 (

-A NB B -A ) (
--A -B -B -A )VO(s)' VO(,), VO(b)' VO(b)' VH(s)' VH(s)' VH(b)' VH(b) = 2 VO(s) - vO(,) + VH(,) - VH(s) + VO(b) - VO(b) + VH(b) - VH(b)

(22)

Case 3 : AN3D50 (anharmonic vibrations; three degrees offreedom; XD= 50%)

Further extension of this model accounts for anhannonicity effects. These effects are reflected through

the changes of the p factors of the vibrational modes:

~j - 1 ~j

vO(i) - -:- vH(i)
,qJ

(23)

which are now allowed to deviate from the hannonic oscillator values (the subscripts in p factors refer to par-

ticular vibrational modes, and the superscripts to particular sites i.e.: iE {s, b} and j E {A,B} ).
The expression (21) is transfonned into:

z =

{
he

[
1 ~A

(
1 ] 1 ~B

(
1 1 I ~A

(
1 ] ~B

(
1

]]}I+exp 3kT 2vO(s) P~ -I +2vO(s) 1- p~) +vH(b) pt -I +vH(b) 1- p~

Case 4 : AN3DA (anharmonic vibrations;
three degrees of freedom; XD= arbitrary)

All previous expressions are valid for half-
deuterated compounds. However, in quite a general
case, the deuterium content may be arbitrary. The
treatment of this problem is given below.

Let NI be the number of deuterium, and N2 the
number of hydrogen atoms present in the linear

(24)

chain. Obviously, Nj + N2 = 2N. As earlier, ~U ~

Ml is valid. The energy due to the zero-point oscil-
lations of the initial state, is the same as in the pre-
vious simple model (because no deuterium atoms
are present in the chain), so it is given by equation
(18). The energy of the final state (the one charac-
terised by K deuterium atoms present at sites of
type A), is now given by the following expression:

K A (NI - K) B (N - K) A (N - NI + K) B A ( A

E2 =2nwO(s) + 2 nwO(s) + 2 nWH(s)+ 2 nWH(s)+ KnwO(b) + N - K)nwH(b) + (25)

+ (N1- K)nwg(b)+ (N - NI + K)nwN(b)

rJIac. xeM. TeXHOJI.MaKe,!\oHHja, 16, 1,65-74 (1997)



70 V.M PetruSevsld- Lj Pejov

by:
According to this, the change in the internal energy due to the change of the state of the system, is given

K
( A B ) NI ( BB )

K
( B A ) ( BA ) ( AB ) ( BB )!;.,.u=2f1WD(s) -WOes) +2tl Wo(s) -WH(s) +2tl WH(s) -WH(s) +KfI (OH(b) -WH(b) +KfI WD(b) -Wo(b) +N]tl WD(b) -WH:(b)

(26)

the same expression being valid for Mi, too.
The change of the entropy of the system, assuming again that the thennodynamic probability of the initial

state (this is the same as in the previous model: a perfectly proton ordered state) is equal to I, may be calcu-
lated using the expression:

D.S=kln(C~1C~C~I-K)

where C~ C~C~J-K is the thennodynamic probability of the state 2 (see appendix 5). Therefore:J

{(
I

)
2 N I

]
D.S' - kl N. I'

, - K!(NI-K)! (N-K)!(N-N1 +K)!

(27)

(28)

The first partial derivative of I:1Gwith respect to K is given by:

8(D.G) 11

[(
A B

) (
BA

)] [(
B A

) (
AB

)]
[

(N1- KY N - K

)--a.c- ="2 cvD(s)- cvD(s) + cvH(s)- cvH(s) + 11 cvH(b)- cvH(b) + cvD(b)- cvD(b) - 3kl1n K2 N - NI + K

(29)

Dividing by N3 and substituting the molar fraction of deuterium atoms XDinstead of the number of deute-
rium atoms, one finally arrives to:

(A + 1)Z3+[A(l- 2xD) - (4XD+ 1)]Z2 + 4XD(XD + l)Z - 4x5 =0

It is obvious that the equation (34), in the case of XD= 0.5 takes the fonn :

I

Equating the previous expression to zero, one obtains:

NfN -(Nf +2NIN)K+(2NI +N)K2 -K3 =A
(N -NI)K2 +K3

where A is defined by the following expression:

A =exp{ :~ [f(cvN(s)- ~(sJ +f(~(s) - ~(S»)+(cvN(b)-~(b»)+(~(b) - ~(b»)]}

or, includingthe p factors for particular sites:

fhe

[

1

(
1

)
~A 1

(

I

)
-B

(

1

)
~A

(

I

)
-B

]}11 = eXPl kT 2" rl -I vH(s)+ 2" 1- AB vH(s)+ 4,A -I vH(b)+ 1- 4,B vH(b)

Some algebra manipulations lead to the followingcubic equation with respect to K:

(A + 1)K3+[A(N-NI)-(2NI +N)]K2 +(Nf +2NIN)K-NfN=O

z=
1

I+A3

(30)

(31)

(32)

(33)

(34)

(35)

which is, of course, equivalent to equation (24).
A BASIC-coded computer program was developedfor the calculation of the value of Z which character-

ises the equilibrium HID distribution (the program is available from the authors, upon request).

Bull Chem. Technol. Macedonia, 16,1,65-74 (1997)
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RESULTS AND DISCUSSION

The second derivative of the function I1G =
fiK) (see appendix 3) for the simplest case
(HAID50), shows that the stationary point (Eq. 16)
indeed corresponds to a minimum of this function.
The same (or slightly modified) reasoning for the
character of the stationary points is also applicable in
cases 2, 3 and 4 (HA3D50, AN3D50 and AN3DA).

In the HAID50 case, the behaviour of the de-
scribed system is governed by Eq. 16. If the condi-

tion v: > VHA is satisfied (in other words, if sites

B correspond to weaker hydrogen bonds), than the
second term in the denominator is greater than one
and the most stable configuration will be charac-
terised with some excess of the deuterium atoms

present on sites B. It is also obvious that a tem-
perature increase leads to diminishing of the isotope
effects. In a case of hydrogen bonds of equal
strengths, the most stable configuration would be
deternlined by the entropy factor solely, that is, it
would be the configuration with equal number of
deuterium atoms placed on both site types. As the
temperature approaches the absolute zero, the iso-
tope effect becomes more pronounced (in agreement
with the results of Brunton and Johnson [17]).
However, this does not mean that the temperature
lowering will always be accompanied by immediate
changes in the actual HID distribution. The previ-
ous theoretical model is based on purely thermody-
namic arguments. Consequently, the conclusions
regarding the stability of a particular state are
purely thermodynamic. In case of the change in the
distribution (which is a dynamic process) with tem-
perature, one should account for kinetic factors and
be aware of the significance of potential barriers in
particular cases.

The important thing to summarise is that in the
simplest HAID50 case the deuterium always ex-
hibits preference for the weaker hydrogen bond, for
this is the condition ensuring minimisation of the
Gibbs energy function.

Now, let us consider somewhat more realistic
picture of a crystal containing one weaker and one
stronger hydrogen bond, employing the AN3D50
model. The variations of the separation factor will be
presentedas a functionof temperatureand the isotopic

shift ratios. Onemay start with VHA = 3400 cm-I; v:
= 3000 cm-I; 0(; = 1200 cm-I; 0: = 1250 cm-I

(the bending vibrations are known to be less sensi-

fJIac. XeM.TeXHOJI.MaKepoHllja, 16, 1,65-74 (1997)

tive to the hydrogen bond strength). Knowing from

experience [23] that when PsA > p,B, then also pt

< PaB,a series of calculations, covering a variety of
possibilities, were done and the results are pre-
sented in Table I.

Table I

Values for the separation factor (Sf) as a function
of temperature and isotopic shift ratios

(
~A I ~B 'I

VH = 3400 cm- ; VH = 3000 cm- ;

0(; = 1200 cm-I; 0: = 1250 cm-I as well as

pt = AA = 1.}4 were the default values)

It might be seen that, again, deuterium prefers
the weaker hydrogen bond. One may vary the input
parameters within certain limits, but unless systems
with two very strong hydrogen bonds are taken into
account or highly unrealistic estimates for the iso-
topic shift ratios are made, the results will invaria-
bly show that deuterium prefers weaker hydrogen
bonds.

Let us now briefly discuss the behaviour of
systems containing very strong hydrogen bonds. It
might be instructive to analyse a system containing
two very strong and syn1ffietrichydrogen bonds, one
characterised with ss-type potential, and the other

with sd-type. In this case, the values v(; = 1000 cm-I;
vB = 800 cm-I. 0 A = 1500cm-I. 0 B= 1550 cm-I.H ' H ' H '

A B A 5
B

p, = 0.95; Ps = 1.40; A =: 1.4 ; Pa = 1.32
may be considered as being feasible. (By the way
the cross-over of the stretching and bending fre-
quencies is a well established phenomenon [23, 24].
In the case of systems with ss-type potential of the
proton in the hydrogen bond, the X-H stretching
vibrations may show large HID isotopic ratios

TIK B B
PsB=I.320

B
Ps = 1.340 Ps =1.330 Ps = 1.300

PaB= 1.340
B B

PaB= 1.360Pa = 1.345 Pa = 1.350

300 Sr = 0.885 Sr= 0.872 Sr= 0.857 Sr=0.829

250 Sr= 0.864 Sr= 0.848 Sr= 0.831 Sr= 0.798

200 Sr = 0.833 Sr= 0.814 Sr= 0.794 Sr=0.754

150 Sr= 0.784 Sr= 0.760 Sr= 0.735 Sr= 0.687

100 Sr = 0.694 Sr= 0.662 Sr= 0.630 Sr=0.569

50 Sr = 0.482 Sr = 0.438 Sr=0.397 Sr= 0.324
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(close to ..)2) [24], while the corresponding ratios
for sd-type potentials have abnormally low values
(~I or even lower) [25]). The separation factor Sf =
(HlD)A/(H/D)B equals 1.117 (for XD = 0.5, at 300
K), showing that deuterium might prefer stronger
hydrogen bonds, as well.

How should the results of Nelander [12] and
Ayers and Pullin [13] be explained in terms of the
present model? First of all, it should be mentioned
that in both cases, the studied systems contain water
molecules forming a single hydrogen bond. This is
in a way equivalent to the study of a system form-
ing two hydrogen bonds, one of which is extremely
weak. Second, both groups have worked at very low
temperatures (Nelander at II K [12] and Ayers and
Pullin at 7 K [13]). In such cases, in the light of the
proposedmodel,/),U~ /),G(at low temperatures, the
Tf."S'term may be disregarded) and the isotope ef-
fect is expected to be very pronounced.

The situation may be pictured by the scheme:

... XA-HA ...XB-HB XA-HA ...XB-HB
XA-HA ...XB-HB ........

in which HA",XB corresponds to a weak hydrogen
bond and HB,,,,,,,,XA to an absence of hydrogen

. ~A 1 ~B

bondmg. One may assume VH = 3600 cm- ; VH =
3700 cm-I. 8 A = 400 Cm-I .. 8 B = 1';0 cm-I. p,A =

, H ' H - , s

PsB = AA = AB = 1.35; T = II K; XD= 0.5 (the
values for the bending vibrations are selected in
such a way, that the first one be in the range of
typical librational frequencies of weakly hydrogen
bonded water molecules and the second one in the

range typical for the hydrogen bond deformation
mode, that is the HA...XB-HBbending). The value
of the separation factor is Sf = 0.011, thus showing
that about 90.6 % deuterium atoms enter the A-type
sites which correspond to stronger hydrogen bonds.
Although the proposed model is a simple one, the
results of the calculations are in good agreement
with the observations of Nelander [12] and Ayers
and Pullin [13].

CONCLUSION

From the results presented above, it might be
seen that, as a rule, deuterium atoms prefer weaker
hydrogen bonds. This finding indicates, once again,
that the mentioned variations in the intensity of the
OD stretching bands (in partly deuterated crystallo-
hydrates) could not be interpreted in terms of HID
distribution isotopic effects. Under certain circum-
stances (when both hydrogen bonds are very strong,
or when one is extremely weak) the deuterium
might prefer stronger hydrogen bonds as well. It is
thus not possible to answer a priori the question
given in the introduction. For both weaker and
stronger hydrogen bonds the preferred distribution

is the one that leads to minimum Gibbs energy of
the final state. The deuteriumpreferenceover weaker
or stronger hydrogen bond, will depend on the de-
tails of the potential energy hypersurface of the
studied system.

The future goal is to make the model more re-
alistic and to account for the vibrations of polya-
tomic molecules (H2O, NH3, H3O+, NH/, HsO/
etc.), in order to make an attempt to give a quanti-
tative explanation for the HID distribution in deu-
terated (N~hC204.H2O [15] and H2C204.2H2O
[16].
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APPENDIX 1

The expression for the thermodynamic prob-
ability of state 2 can be obtained considering the
number of all possible "microstates" that would
lead to a macrostate characterised by K deuterium
atoms placed on type A sites. Treating the linear
alternate chain as consisting of "holes" of type A
and B, the process of deuteration could be regarded
as a process of distributing the N deuterium atoms
on the linear chain. The question is how to count the

microstates. There are c~ ways to choose K deu-

terium atoms of a total number N. For each such

choice, there are c~ ways for the distribution of K

deuterium atoms at N "holes" of the type A. Fur-
ther, for each particular distribution described,

there are C~-K ways for the distribution of the rest
N-K deuterium atoms at N type B sites. Finally, the
following expression for the thermodynamic prob-
ability of the state B is obtained:

W = CKCKCN-K2 N'N N (ALl)

APPENDIX 2

The Stirling approximation is often used in
calculations involving logarithms of factorials of
large numbers. On the basis of the geometrical

meaning of Riemann's integral, for large values of
N, the following approximate equality is valid:

InN! ~ NlnN - N (A2.1)

APPENDIX 3

As is well known from a viewpoint of mathe-
matical analysis, in a stationary point a function
may reach maximum, minimum or an inflection,
depending on the value of the second derivative in
this point. The second derivative of i':1Gas a func-

tion of K can be calculated as follows. Starting
from the expression for the first derivative of i':1G
with respect to K for the simplest case (HAID50),
given by the equation (14):

o(~G) - tz(
A B

)
tz
( B A) 3k71{

N

1)
- - OJD - OJD + - OJH - OJH - - -

2 2 K

it follows that:

(A3.1)

02 (~G) =~
(

O(~G»
)

= - ~
[ (

N - K

)]oK2 oK oK 3kT oK In K (A3.2)

Partially differentiating the logarithmicterm in parentheses, one finally arrives at:

a2(flG) 3klN

aK2 - K(N -K)

Since this expression is always non-negative,
it follows that the stationary point corresponds to a
minimum of the function i':1G(K).The same reason-

riIaC. xeM. TeXHOJI.MaKel\OHHja, 16, 1,65-74 (1997)

(A3.3)

ing is also valid for cases 2 and 3, because the first
term in the expression for the corresponding first
derivative, given by (20) is not a function of K, and
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the second tenn in (20) coincides with the second
tenn in (14). So, the expressions for the second de-
rivatives will coincide.

In the case of an arbitrary content of deute-
rium, the expression for the second derivative of t..G
with respect to K (note that the first derivative is
given by Eq. 29) takes the fonn

lP(~G) K2 N-Nj +K [-2(NI-KXN-K)-(NI-K?]K2(N-Nj +K)-(NI-K?(N-K)[2K(N-NI +K)+K2]---3kT
c:I(2 - (NI-K)2 N-K K4(N-Nj+K?

(A3.4)

Since Nj :S N+K, the second derivative is also positive, and the stationary point also corresponds to a
minimum of the function t..G(K).

APPENDIX 4

In the case of arbitrary deuterium content, the
thennodynamic probability of the final state (K
deuterium atoms at sites of type A) can be calcu-
lated in an analogous way as in the particular case
of 50% deuterium content. Let the number of deute-

rium atoms present in the one-dimensional chain
after deuteration be denoted as NI, and the number
of hydrogen atoms as N2. Obviously

Nl+N2=2N (A4.1)

where 2N is the total number of sites. There are

c~ independent ways of choosing K deuteriumI

atoms out of NI, and C~ independent ways of

choosing K of N sites (of type A). The number of
correspondent possible choices of the remaining NI
- K sites (of N of type B) for the rest of the deute-

rium atoms is C~I-K, so the total number of mi-

crostates corresponding to the macrostate charac-
terised by K (of a total number NI) deuterium at-
oms present at sites of type A is given by:

TV. =CK CKCNI-K
2 NI N jN (A4.2)

Pe3lIMe

3A CYTICTHTYIUIJATA HA BO.IJ:OPO.IJ:CO .IJ:EYTEPIIYM BO CHCTEMH
CO HEEKBHBAJIEHTHII BO.IJ:OPO.IJ:HHBPCKH

BJ]a~HMHp M.neTpyweBcKH, JLyn'lo nejoB

HHciuumym aa xeMuja, IlPUPOOHo-M£llueMaIUU'IKU cjJaKYJlIUeIU,YHl16epalllUelU "CB. KupUJl U Meluoouj",
ApxuMeooBa 5, CKoiije, Peiiy6J1llKa MaKeooHuja

KJIY'IUH 36opOBH: BO):jOpO):lHa BpcKa; HeCI1MeTpWIHa HID 3aMeHa; 3aMeHa Ha e):lHO):lHMeH3HOHaJIeH KpHCTaJI;

AjHIUTajHoB MO):leJI; 1116coBa eHepfl1ja, MI1MHMH3aI.\Hja

I1HCppal..\pBeHHTe JIeHTH 0):1 BaJIeHTHHTe OD Bl16pa-

I..\HHHa HDO MOJIeKYJIHTe ce, IIO IIpaBI1JIO, IIOHHTeH3HBHH

IIPH IIOCHJIHH BO):lOpO):lHH BpCKH. npHBJIeqHa e H):IejaTa

BaKBHOT HaO):l ):la ce 06jacHH KaKO pe3YJITaT Ha HeCTa-

THCTHqKa 3aMeHa Ha BO):lOpO):lOT co ):IeYTepIIYM, IIplI IUTO

):IeYTepHYMOT 61I fI1 IIpecpepl1pan IIOCl1nHHTe BO):lOpO):lHH

BpCKH. nOKa)J(aHO 6HJIO [I] ):Iexa BaKBaTa IIpeTIIOCTaBKa

He e BO cocToj6a ):la rH 06jacHH pa3JIHKI1Te BO IIHTeH'3II-

TeTHTe Ha neHTHTe 0):1 BaJIeHTHHTe OH BH6paI..\HH. Bo

cTaTHjaBa e ):IIIcKYTlIpaH MO):len Ha ajHIUTajHoBcKH KpHC-

TaJI IUTO CO):lp)J(H ):IBa THIIa BO):lOpO):lHH BpCKH, Ha ):IOBOJI-

HO HHCKa TeMIIepaTypa 3a ):la 61I):Ie OHeB03MO)J(eHO IIOC-

Toelbe Ha cpOHOHH. HajBepojaTHa HID pacIIpe):leJI6a e

OHaa IUTO BO):lH ):10 MHHHMaJIHa Bpe):lHOCT Ha llI6cOBaTa

eHeprHja Ha KpHCTaJIOT. Pe3YJITaTl:!Te IIOKa)J(YBaaT ):IeKa

,!\eYTepHYMOT MO)J(e ):la IIpecpepl1pa IIocJIa6H, HO H IIO-

CI1JIHH BO):lOpO):lHHBpCKH.
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