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ON THE EXPRESSIONS OF THE TYPE §d/" =0 AND THE STATE AND PATH
FUNCTIONS IN CHEMICAL THERMODYNAMICS

I. Mathematical formalism and the true significance of line integrals in chemical
thermodynamics — internal energy and work
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Arhimedova 5, 91000 Skopje, Republic of Macedonia

Mathematical aspects of the state and path function concepts are discussed. It is shown by rigorous
mathematical analysis, appealing on the definition of line integrals of the second type, that the widespread
usage of notations of the type J[d' W in the case of hydrostatic systems, is mathematically incorrect and a

new symbol for the total work (physical quantity that is not a state function of a system) in such cases is
proposed. Green’s formula is applied on a typical thermodynamic problem as a proof of the independence of
the value of the line integral of the second type over linear differential form on the path of integration if the
linear differential form is a total differential of a state function.
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INTRODUCTION

The main criterion for a given physical quantity
to appertain to the set of state functions of systems', as
is well known, is the independence of its change (due to
the change of the system’s state) on the path of the
process along which the change is being made [1].
Mathematically formulated, the previous attitude goes:

The physical quantity / is a state function of a
given system if the line integral along the closed con-
tour of the form:

par
is identically equal to zero, i.e.:

$dri =0 (0

The previous equation implies that the value of
the line integral is independent on the contour of inte-
gration (arbitrary line segment), but depends only on
the choice of the initial and final points (that represent
initial and final state of the system, respectively). The

U In this context, the term system is used in its thermodynamical
meaning.

convenience of such mathematical formalism for repre-
sentation of physical quantities that are not functions of
the path of the processes, but depend only on the state
of the system, is obvious.

From a mathematical viewpoint, the previous
equation is satisfied if dF) is true differential (full, ex-
act, or total differential of a function) [2]. Let us sup-
pose that /4 is a state function, that can be represented
as a function of two independent intensive parameters
with which the state of a system is uniquely defined,
ie

Fi = }‘1{.\”1, XZ) (2)

In such case. the total differential of this function is
given by:

dF = B(x. xy)dx; + Py(xy. x5 )dx; (3)
where
H@Aﬂ=g%%ﬁl )
and :
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51?1(351, xz)

Py(x), x;) = G

According to the Euler’s theorem [3]:

(Tl a))_ 0 (BRinn))

6x1 X7

or, in concordance with previously introduced symbols:

@Pl(xl, X'z) s E;‘Pz(xl, XZ) (7}

(3.‘(2 axl

According to all that was previously mentioned, in such
a case, the following equation is valid:

[ (1. )y + Py 3y xp )y =
AL B
®)
= [A(xn.x)dx + Py(x, x;)dx,
ALy B

where 4 and B are, respectively, the initial and the final
state of the system (or, more correctly, the points in the
x;x; plane that represent those states), and L; and L, are
two different line segments of integration. The last
equation is, obviously, a mathematical formulation of
the independence of the change of the value of physical
quantity F; when the system passes from a given initial
to a given final state, on the way in which this passage
is made. From this equation. it follows, using the prop-
erties of line integrals of the second type [2], that:

I;Dl(xl,xz)dxl +P2[X|.X2)d.\”2 =

ALLB
9
= IP[(I],Xz)dXI + Pz[xl.XQJdXE =0
AL2B
or
(1.{.18
(10)
=+ .[ P](xl. X:)dxl + PZ(XI> x2)dx2 =0
BLZA
and finally:
$ Pi(x1. x2)dxy + Py(x1. xp)dxy =0 (11)

If F; is a state function of a given system, which
is uniquely determined by more than two independent
parameters, i.e.:

By =Fy(x),%,0..,%) (12)
it’s total differential is given by the equation:
dF, = z[i‘?J dx; (13)
A L& i Ij(j'*f}

The condition of independence of the value of
the line integral on the path of integration may be
written in the form:

§Z(aﬂ dr, =0 (14)

i 6X} XI(}#I)

Of course, in the first case (the state function
F)). the integration is performed along a plain curve.

RESULTS AND DISCUSSION

The purpose of the work

Although the previously explained mathematical
formalism seems both convenient and easy to under-
stand, still it deserves clarification and further expla-
nation. A typical example is mathematical treatment of
work, a physical quantity that is not a state function of
a system. The total balance of work in the case of hy-
drostatic systems is often expressed as a line integral
[3] (at least the symbol of line integration is used). So,
the total balance of work during a thermodynamic cycle
that takes place in a hydrostatic system is often ex-
pressed using the symbol for a line integral along a
closed contour. This is both mathematically and physi-
cally incorrect. Appealing on the rigorous mathemati-
cal definitions of Riemann and line integrals, it will be
shown that in the described cases, there is no need to

appeal on the generalization of Riemann integrals, i.e.
the used notation is incorrect, or, at least, it is not pre-
cise. Also, Green’s formula will be used as a proof for
the independence of the value of the line integral of the
second type over linear differential form on the path of
integration if the linear differential form is a total dif-
ferential of a state function, applied to a typical ther-
modynamic problem.

Mathematical treatment

Let F, be a function that represents the internal
energy U of a hydrostatic system. If the role of inde-
pendent variables (arguments) have the thermodynamic
temperature 7" and pressure, P, i.e.:

U=U(T,P) (15)
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the total differential of this function, i.e. the infinitesi-
mal change of it’s value due to the infinitesimal change
of the values of the parameters with which the state is
fully determined is given by the following equation [3]:

57 168
df;:(iJ d7‘+(d_J dp (16)
oT) , oP),

The finite change of the value of this physical
quantity, due to the change of the system’s state from
Ay to By, is a solution of the line integral of the form:

‘::()"I dU
fau= [ | = g ehSDliapd ien
” apP

aLs  4La T T

Of course, the path of the integration (the line
segment in P.7 plane that represents the path of the
process) is rigorously defined only il it represents a
process that satisfies conditions for thermodynamic
reversibility [4].

Having in mind that U/ is a state function of the
system, its change as a result of the change of system’s
state from 4, to B, is independent on the way in which
it was carried out (and also, independent of whether the
change was carried out as a result of a reversible or
irreversible process). So. it’s well enough to postulate a
reversible path from the state 4, to the state B, repre-
sented by a line segment in P.7 plane (or, in general
case, .X1.Y> plane)? to calculate the change of internal
energy due to a process that leads from the state 4, to
the state B.

Because U =U/(T.P). the following equations

are valid:
oU(T, P)
Riakin ool BV
{ oT L AL ) by
oU(T, P]] T o
CERNTE RS = T,P ¢
{ OBi; g AT P) il

These equations allow one to write the previous line
integral in the form:

[A(T. P)AT +1,(T. P)aP (20)
A1LBy

The line integral (21) is defined as a sum of the
limits [2]:

n
lim Z.fl(ﬂ'ﬂ)ﬁj} 2D
maxAT;—=0;-

and

2 Here X} and X3 are arbitrarily chosen independent parameters with
which the state of the system is uniquely defined.
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lim % £5(7,P)AT, 22)
maxAT; = 0;=1

which are, in fact, integral sums of the functions f; and
/> on the contour 4,LB, along the coordinates 7" and P.
respectively. AP, and AT, are projections of the line
segments As; on the P and 7 axis. respectively. and P,
and T; are arbitrarily chosen internal points of the in-
tervals AP, and AT,. In fact, it is general form of line
integral of the second type (along coordinates) [2].

This integral can be solved using standard
mathematical methods [5].

Because the contour of integration 4,L5,; is. in
fact, a line segment in the P.7 plane, P and 7 do not
change independently. so one can write:

T =gy(P)

(23)
P =gy(T)

where ¢,= ¢
According to all that was previously mentioned:

[A(T. PYIT+/5(7. P)aP =

ALBy
(24)
[A[T 02 T)|dT +15[01(P). PlaP
A1LB
or
Iff[T' ‘p]dT"‘fz(T, P)(IP &
ALLBy
(25)

L) Py
J-./II[T,WQ(T)]dT-F _[fz[ﬁ’l(f"), P]a’P
n A

and the line integral of the second type (along coordi-
nates) along plain contour, is reduced to a sum of two
single integrals.

Alternatively, if P and 7 are given in parametric

form:
P =z(&) o
T =z(¢)
one may write;
JA(L. PYAT +£,(T, P)ap =
A1LB) A
) dzy (& | | ™
1 {0128 el 8
(27)

In this way, the line integral is reduced to a single inte-
gral.
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If the initial and the final states coincide, i.e. in
the case of a cycle, represented by a closed curve in the
P.T plane, Green’s formula [2, 5] may be applied, and
the following equation that relates the line integral over
a closed contour and the double integral over the corre-
sponding area (closed by the contour that represents the
process) is obtained:

§f,(1 P)AT +£5(T, P)dP = U[[‘,fi ‘;’;

JdeP
YK

(28)

(Here K is the closed contour along which the integra-
tion is carried out, and o is the surface closed with this
contour),

If the condition:

_g_[au-*} -
dT\ 0P

is fulfilled, it follows that:

au 9. (o8| =
HL’T[ ] P[GTJ}WP_U (30)

and further:

g (oUu
29
0}"(0?"] =

$ /1(T. P)AT +/5(T. P)dP =0 @31)
+i

(it’s obvious that in the last equation the direction of
integration can be omitted from the entry).

Green’s formula, according to this, enables more
illustrative and more general proof for the independ-
ence of the value of the line integral over a linear dif-
ferential form on the path (contour) of integration, if
the linear differential form is an exact differential. It
also, rigorously shows that the condition (29) is suffi-
cient [2] for the line integral of the previously men-
tioned type to be identically equal to zero. It can be
easily shown that the condition is necessary, too [2].

Linear differential forms of the type:

> Ydx; (32)

are known in the literature as Pfaffian differential
forms [4]. The question about their integrabillity
(exactness) is of key importance in thermodynamics
[3]. If the Pfaffian linear differential form is an exact
differential of a function, than the following equation is
valid:

YdyY, =0 (33)
: i i

If the previously mentioned condition is not fulfilled,
than:

$>rdY; =0 (34)

That would be the case of a physical quantity
that is not a function of the state of a system, and also,
a mathematical function of several independent pa-
rameters of state of the system. that would represent
that physical quantity, does not exist. As an example of
such function, one may consider this work. In the case
of a hydrostatic system, its element is given by the fol-
lowing equation [3, 4/

d'w=-PdlV (

fard
h
~—

In a general case, the following equation is valid:
dw=-PdF +3 ¥dY, (36)
i

where ¥; are generalized forces, and d.\; are generalized
displacements. The element of the work is denoted by
d’w because it is not an exact differential, or, as it has
already been mentioned, a function of the type w = f
(X7, A%...., X)) that would represent the work does not
exist. So, as is well known, one cannot speak of a
definite value of work in a state of a system defined
with the multitude of parameters of the state (X0 Xa.
....Xn0). The system does not “posses” work. The linear
differential form, in general case of the type:

d'w=—Pdl + T ¥dY, (37)
i

is not a total (exact) differential.

If one considers a hydrostatic system, its state is
uniquely determined with two independent parameters
of the state [3]. This means that an arbitrary state func-
tion may be regarded as a function of two independent
arguments. The element of work, for such system, is
given by (35).

Since P = P(I):

d'w = -P(i")df-' (38)

The exchanged work, during the process accompanied

with the volume change from | to > can be obtained
integrating the last equation:
%)

Jdw=—[P(V)dr 39)
4

However. the change of the volume from I} to I, may
be obtained in various ways. Let us choose a certain
path of the process, that leads from the initial state (that
one in which the volume has the value 1}) to the final
(that one in which the volume has the value I5). If we
represent this process by a set of points (that represent
the intermediate states along which the system passes
and which are equilibrium states or infinitely close to
thermodynamic equilibrium) in a 2.7 (“indicator”)
diagram, the work can be calculated by solving the
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previous integral (knowing the explicit form of P(})). It
is a single, Riemann integral, defined as a limit of the
Riemann integral sum [6]:

[ P(rydv = lim 3 P(V;)aV (40)
I max Al ;=

1

It’s obvious that here, the integration is carried out
along the Faxis,

During the process that leads from the state of
the system characterized with the value of volume 15 to
the state characterized with the value of volume 1/}, but
along a different path of the process compared to the
previous, the exchanged work can be calculated solving
the integral of the type (taking care. of course, for the
sign convention, too):

"1
[dw=-[Pr)dr 41)
6)

The total balance of work during this cycle is a
simple difference of those two integrals:

Va "
w=—[P(V)dV -| - [ A(V)aV (42)
" Va

Having in mind the geometrical meaning of the definite
Riemann integral, the previous difference (its absolute
value) is equal to the area of the surface closed by the
contour of the cycle. That means, in this case. one deals
with the difference of two Riemann integrals, in which
the integration is carried out along the J axis. In the
literature [3], for the total balance of work during a
cycle in hydrostatic system. often the notations:

jgd'w (43)
and
§ PdV (44)
are used.
Such notations are incorrect, or, at least, not
precise. Their usage implies that the integration is car-
ried out along a closed contour which represents the

path of the process. According to all that was previ-
ously explained, the work exchanged during a cycle in

hydrostatic system is calculated as a simple difference
between two single integrals, and not as a contour in-
tegral. The conclusion about the incorrectness of this
symbol is obtained also from the geometrical meaning
of the line integrals along coordinates (of the second
type) [7], which essentially differs from the geometrical
meaning of a simple Riemann integral (or a difference
between two Riemann integrals).

Having all this in mind, it seems necessary (or,
at least convenient) to introduce an alternative symbol
for the total balance of work during a cycle that takes
place in a hydrostatic system. In spite of the notation of
the form (47), for the total balance of work, the follow-
ing symbols may be used:

[ Par (45)
v
>
or
[ Pav (46)

These symbols clearly indicate that the integration is
performed along the J” axis (the closed “contour” of
integration is, in fact, a segment of the J axis).

Namely, in case of a simple, hydrostatic system.,
it is not necessary to appeal on the generalization of
Riemann integral, which is necessary for more compli-
cated systems.

If the process takes place in a nonhydrostatic
system, for which the element of work is given by:

d'w=-PdV +3 KdY, (47)

than, really, the linear differential form of the type:

-PdV + ) YdX; (48)

may be integrated along a closed contour that repre-
sents the given process. In this case, the generalization
of Riemann integral is inevitable. It is necessary to
point out that in the last case, it is the general form of
the line integral of the second type (along coordinates)
[2].

CONCLUSIONS

According to the rigorous mathematical treat-
ment, appealing on the exact definitions of the Rie-
mann and line integrals, it can be concluded that in the
case of a hydrostatic system, as it was pointed out, the
total balance of work can not be represented by a line
integral. Therefore, notations of the type:

Inac. xem. Texnon. Makenonuja, 15, 2, etp. 119-124 (1996)

$ PV

are incorrect, or, at least, not precise. Having in mind
that thermodynamic treatment of such systems requires
a rigorous mathematical apparatus and approach, such
imprecise formulations (notations) of general principles
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should be replaced by (for instance) notations of the
following (as suggested) types:

[Pav, [Pav

Y o

b d

or similar.
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Pesu me

3A SBHAYEILETO HA U3PA3SHUTE O]/1 OBJ/IMK §dF =0 U PYHKUUMTE HA COCTOJGATA
N IMATOT BO XEMUCKATA TEPMOJIMHAMMWKA

L. MaremaTiukuor (bOpMaJ'lHZSﬂM H BUCTHHCKOTO 3HaY4elbe Ha JTHHHCKHTE HHTErpalin
BO XEMHCKaTa TEPMOHHAMHKA — BHATpeIHA euepmja H paﬁo'ra

Jbynuo Ilejor

Huciiuiayii sa xemuja, [IM®, Yuueepauiieii "Ca. Kupua u Meitoou; ",
Apxumedosa 5, 91000 Ckoiije, Peitybauxa Marxedoruja

Kay4ysn 300poBQ: THHUCKH HHTETPAIH; TMHEapHH Judepenunjansan hopmn; (DyHKIMA Ha cocTojbaTa;

fbyHKL[HH Ha ODaTOT. TCPMOAHHAMATKH CHCTEMH KPYKHH NPOLCCH; BHATPellHa CHI':pT‘ijIZ

pabBora

,U,HCK}JTHpaHH Ce MATSeMATHYKHTE dCIcKTH Ha
KOHLENTHTe 3a (pyHKUMH Ha cocTojbaTta W (PYHKUMHM Ha
OaTOT Ha NMpolUecHTe. YKaxkaHo e Ha HeOPaBHMHOCTA Ha
MOA3yBalke HOTAUWH Of] OBMHKOT -fd‘m BO cnyuaj Hd XH-

APOCTATHYKH CHCTEMM H OpEIIOKeHa € anTepHaTHBHA
O3HAKa 3a CEBKYNMHMOT GunaHc Ha paborarta (puszmtika
BelIMIHHA Koja He e (PyHKUMja Ha cocTojbaTa Ha cHCTe-
MHTE) BO Bakos ciydaj. [Tpumerera e Green-oBaTa hop-

MYJa Ha THIHYeH TePMOAMHAMHYKH CMydaj KaKo JOKas
38 HE3aBHCHOCTA Ha BPEJHOCTA Ha KPHBONHHWUCKHOT HH-
Terpan off BTop BHA (O KOOPAMHATH) OJ JMHeapeH gud-
epeHlMjaneH M3pa3 oOf NaTOT Ha HMHTerpaudjata Bo
clyyaj Kora JMHeApHHOT audpepeHLHjaleH H3pa3 ¢ To-
Taned JudepeHuujan Ha Hekoja (PYHKIHja Ha COCTOj-
Gara.
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