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A b s t r a c t: In this paper, a geometric and a mathe-
matical model with computer algorithm of perpendicular and 
tangent lines of the synthetic surfaces, composed of splines in 
two directions, are presented. Synthetic surfaces are used in an 
engineering design for describing parts with aerodynamic or 
other functional and esthetic shapes. Synthetic surfaces can be 
represented by the majority of contemporary CAD systems. 
The modern NC machines contain highly sophisticated con-
trollers and processing tools, which provide complex synthetic 
surfaces manufacturing. During the machining process, ma-
chining tool's axis has to be placed perpendicularly to each 
point of the synthetic surface that is the product of machining. 
A mathematical model is necessary for determination of the 
tool's position during the machining process . 
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1. INTRODUCTION 

In order to perform mechanical parts with 
perfect and complex geometric shapes modern the 
computer science applies so called synthetic sur-
faces. Synthetic surfaces are three dimensional sur-
faces presented as a synthesis of several synthetic 
curves in two directions, characterized with 
smooth curve – linear shape, such as synthetic sur-
faces constructed of spline curves in two directions 
[1]. The synthetic surface can be presented with a 
simple parametric expression [2]. 

The parametric expression of the synthetic 
surface is explained with continual functions with 
two parameters: t and u, that can be changed from 
minimum to maximum value. Changing the values 
of the t and u parameters causes a definition of dif-
ferent curve's points. That means that t and u are 
acting like local parametric coordinates of the syn-
thetic surface's points. Parameters t and u are 

changing in the interval of 0 to 1. The parametric 
expression of the synthetic surface is: 
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Neighboring control points are connected 
with spline curves in two directions: 
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Spline curves are determined with points ob-
tained through the next mathematical expressions, 
that depend on t and u parameters: 
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where  
x, y, z – coordinates of the points 

)(0 tB  – blending function  

t – parameter 
The number of added points depends on the 

type of the applied curve, more precisely it de-
pends on the function of the surface's control 
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points connection. Depending on the connection 
function, there are several kinds of spline curves: 
B-spline, Cubic B-spline, Bezier etc. 

2. MATHEMATICAL EXPRESSIONS FOR  
THE TANGENT AND PERPENDICULAR 
LINES OF THE SYNTHETIC SURFACE 

The synthetic surface is bounded with parts of 
spline curves, defined with the values of the pa-
rameters: t = 0, t = 1, u = 0 and u = 1 (Fig. 1). 

The synthetic surface could be defined as a 
set of points through which the spline is passing 
[3]. There are also determined border values for 
the points. For the four-edged polygon, the border 
values are determined with 16 vectors and 4 spline 
curves, four position vectors for the points P(0,0), 
P(0,1), P(1,0), P(1,1), eight tangent vectors (two 
for each point) and four vectors of curvature (one 
for each point).  

For the different operations and applications 
with synthetic surfaces, it is necessary to calculate 
the tangent line (Tt and Tu ), the perpendicular line 
(N) and the curvature (Z) for the determined points. 

The tangent lines for a point of a surface are 
determined as tangents of parametric curves that 
are passing through that point. The parametric ex-
pression for the curve is obtained from the general 
equation P(t,u), for t = ti, and the other for u = uj,
which means that ti and uj are the parametric coor-
dinates of the surface's points (Fig. 1). The tangent 
lines Tu and Tt are determined with the first extract 
of both the curves in an accidental point. The sur-
face perpendicular line is determined as a vector 
product of both the tangent lines in an accidental 
point. The surface curvature Z in an accidental 
point is determined as a double extract of t and u.

If a surface is presented as a function of 
f(x,y,z) = 0, then the equation of the tangent surface 
in the point M(x,y,z) is: 
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A line perpendicular (perpendicular) to the 
tangent surface in the point M is a perpendicular 
line of the surface: 
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Fig. 1. Synthetic surface bounded with 4 spline curves and two connected synthetic surfaces 

3. COMPUTER ALGORITHM FOR 
DETERMINATION  OF THE SYNTHETIC 

SURFACE IS TANGENT AND 
PERPENDICULAR LINES 

The problem of NC machine tool positioning 
perpendicularly to the surface is more complicated 

because the designed surface is not always a syn-
thetic surface, nor a geometric function. The com-
puter algorithm for providing a tangent line and a 
perpendicular line has to involve all possible vari-
ants of designed surfaces, and it has to be univer-
sal. Also, it has to work with imported surfaces, 
created in any graphical package [4].  
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An analysis of a synthetic surface has been 
made. The surface is created using synthesis of 
Cubic B-spline curves in two directions. The first 
spline curve f(xy) lays in the xy plane and moves 
along the other spline curve f(xz) that lays in the xz
plane (Fig. 2). 

The geometric algorithm for determination of 
tangent and perpendicular lines in a determined 
synthetic surface consists of several operations: 

– section of synthetic surface with yz plane, 
– construction of tangent and perpendicular 

lines of the obtained section curve f(yz),
– section of synthetic surface with xz plane, 
– construction of tangent and perpendicular 

lines of the obtained section curve f(xz) (Fig. 3), 
– construction of synthetic surface perpen-

dicular line (Fig. 4). 
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Fig. 2. Synthetic surface designed from Cubic B-spline curves f(xy) and f(xz) 

Fig. 3. Cutting curves f(xz) and f(yz)  of a synthetic surface 
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Fig. 4. Construction of a synthetic surface perpendicular line in the M point 

The computer algorithm has the same struc-
ture as the geometric one, which is consisted of the 
same operations. On the base of the presented al-
gorithms, a computer program for determination of 
the perpendicular and tangent lines for each point 
of a specified surface is created. This software is 
created as an upgrade of a commercial graphical 

package, using the C++ language. The procedures 
of the program enable a surface created in any 
graphical package to be imported and necessary 
elements for the NC tool path generation to be de-
termined as perpendicular and tangent lines for 
each point of the imported surface. 

Procedure 1.  Section of a synthetic surface with yz plane 

Procedure 2. Section of a synthetic surface with xz plane 

4. CONCLUSIONS 

ads_command (RTSTR, "_section", 
  RTENAME, Mdel, 
  RTSTR, "",                                    < section of a surface (Mdel) with YZ plane>  RTSTR, "YZ", 
  RTSTR, "",  
  RTNONE);    
Res = ads_entlast (CurveYZ);                                         <obtained section curve yZ>
ads_command (RTSTR, "_ucs", 
  RTSTR, "y", 
  RTSTR, "90",                                <back to User Coordinate System>
  RTSTR, "",  
  RTNONE); 

ads_command (RTSTR, "_section", 
  RTENAME, Mdel, 
  RTSTR, "",                                    < section of a surface (Mdel) with XZ plane>
  RTSTR, "XZ", 
  RTSTR, "",  
  RTNONE);    
Res = ads_entlast (CurveXZ);                                      <obtained section curve XZ>
ads_command (RTSTR, "_ucs", 
  RTSTR, "x", 
  RTSTR, "90",                                 <back to User Coordinate System>
  RTSTR, "",  
  RTNONE); 
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4. CONCLUSIONS 

Actuality of the presented research results 
from a rising necessity for the NC machining of 
products with complex geometry. NC machining 
technology uses NC programs that specify the tool 
path for the product's machining. The NC tool path 
specifies the position of the tool for each point of 
the product's surface. The position of the tool is 
different for each point of the surface and its axis 
has to be perpendicular to the product's surface. 
This research includes a computer program, cre-
ated as an upgrade of a commercial graphical 
package, using the C++ language. This program 
has an ability to import a surface created in any 
graphical package and to compute necessary ele-
ments for the NC tool path generation: perpendi-
cular and tangent lines for each point of the im-
ported surface. Procedures for determination of 
perpendicular and tangent lines for each point of a 

surface are made on the base of presented geomet-
ric and computer algorithms, using simple math-
ematic expressions. 
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